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The Basic Set-Up

Notation

@ G a finite group

@ X:G— GLy(C) a complex representation (a group
homomorphism)
@ X:G—C, g—tr(X(9)) the character afforded by X.
@ Irr(G) = the irreducible characters of G:
@ i.e. x # X1 + X2 for characters x1, x2 of G
@ CT(G) character table for G

e rows: Irr(G)
@ columns: conj classes of G
e entries: x(9)
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the “Monster"
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The Basic Set-Up

Some Reasonable Considerations:

@ Can we somehow break the character table into
more manageable pieces?

e And in doing so, can we gain information about the
group from these more manageable pieces?
~ The Local-Global Philosophy

@ In general, what can we say about the group from
the character table? (A classical question!)
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The Local-Global Philosophy

@ G a finite group

@ The “local-global" conjectures relate the
representation theory of G to that of certain proper
subgroups

@ e.g. normalizer Ng(P) of a Sylow subgroup.

@ Often, these have to do with the number of
characters of the group of a given type.
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The Local-Global Philosophy

The general idea:

Fix a prime p and a (Sylow) p-subgroup P of G

Local Side Global Side
Say something about <«— Say something about
Ng(P) or Irr(Ng(P)) lrr(G)
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The McKay Conjecture

Write |Irrp/(G)| for the number of x € Irr(G) with p fx(1)

Let G be a finite group, p a prime, and P € Syl,(G). Then

|Irrp (G) = [Irrpr (NG (P))].

@ Isaacs-Malle-Navarro '07: Reduction of McKay
conjecture to simple groups

@ Malle-Spath '16: Completed proof of McKay
conjecture when p = 2

@ But for p odd, still open (lots of ongoing work...)
@ Lots of refinements!
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The McKay Conjecture

Ex: Character Table of Sylow 71-Normalizer
of Monster

X.1 11 111117117111 1 1 1 11 1 11 1 1 1 1 1 1 1 11 1 1 1 1 1 1 1 1 1
X.2 11 1111111 E E E E EE E FF F F F F F (/E /E /E/E J/E [/E JE [/F [F [F [F [F [F
X.3 i1 1111111 FfF F F F F F F /fE/E /E /E /E /E /E [(F JF (F /F J/F (/F /F E E E E E E
X.4 i1 1111111 /F /F /F /F /F/F /F EE E E E E E F F F F F F F (/E /E /E J/E /E [JE
X.5 i1 1111111 /E /E /JE /E /JE/E /E /F/F /F (/F /F /F /F E E E E E E E F F F F F F
X.6 i1 18DC/MWMMmMYC D/MMm/MB//WLC C1 B /B 1 C B //)C D /OHY/WC /B B1L/H C D C D /C /D B /B
X.7 i1 1c¢c/p/mpD/)G BD/MB B /) DM Cy/pC11/mp Cc DO/ B DY/ C1 B /O /B /O /B D B C /C
X.8 i1 1DC/mpmMmmMY B CVYpCc /O B /B 1 O/ /8 O B C/pC B/ DI /C /B C /B C B /C D /D
X.9 i1 1/p0/CBDCY/VWG g C DB B11 /O DI B /M™Y/MmBY/WLC Cy/p ODM1IL C B /C B /C /B C /D D
X.10 i1 1/y8BODTC/WMGMD®T B/ C/mHH DI/ C1 ODY/pCyp 8B/ /D CY/ypCc111/ D B D B /W /B /C C
X.11 i1 1//p/pBDC/MWD D B C€CY/yC1/8 B81/gCy/p CcC/mp» D C B Y/ 1 D/ /O /C /O C D /B B
X.12 i1 18DC/HB/MM/NC G /I M /Q R/F /L KE P /N /0 I /H /R L /MF /6 Q 13 0 H /P /I /K N
X.13 i1 18DC/MB/MH/C H /I N /P O/ /K M/F R /L /Q G /3 /0 K /N E /M P I Q J /R /6 /M L
X.14 i1 18DC/mB/MH/ I /H K /0 PE/MN LF Q/m™M/R J /6 /p N /K/] /T 0 H R G /0 /3 /L M
X.15 i1 18DCY/MBMMTT I /6 L /R Q F /M N/E 0 /K /P H /I /Q M /L/F /] R G P I /O /H /N K
X.16 i1 1c¢c/B//C B D K /N /O I /HE P /RF /6 Q 13 L /M H / O0/E /K /T N /3 M G /L R /Q
X.17 i1 1 cCc/p/m/)C BD L /M /R I /G F Q /p/E /T O H N /K G /0 R/F /L /3 M /H K I /N P /0
X.18 i1 1 C/p/m/)C B D M /L /O G /I/F R /OE /M P I K /N J /R QF /M /6 L /I N H /K 0 /P
X.19 i1 1 C/p/m/C B D N /K /P H/T/]E OV/WQ/F /I R G M /L I /O PE /N /H K /6 L I /M Q /R
X.20 i1 1D0DC/m/Mm/MC B O /P /T /K NJ/E H /J/F ™M G /L R /Q /N /H I E /O K P L Q /M /R J /G
X.21 i1 1D0DC/m/Mm//PGC B P /O /H /N KE I /6 F L I /M Q /R /K /I H/]E / N 0 M R /L /Q G /]
X.22 i1 1DC/m/MmM/MC B Q /R /6 /M LF J /I/E N H /K O0/p /L /) G/F /0 M R K P /N /0 I /H
X.23 i1 1 1D0DC/B/mH/C B R /Q /) /L M/F G /HE K I /N P /0 /M /6 J F /R L Q N 0 /K /P H /I
X.24 i 1 1/0/C B D C/B /R Q 1 L /M F /G H/E /K /I N / O ™M G /J/F R /L /Q /N /O K P /H I
X.25 i1 1/ 0/C B DC/B /Q R G M /L/F /I I E/N /H K 0 P L J /6 F Q /™M /R /K / N 0 /I H
X.26 i1 1/ /C BDC/B /P O H N /K/E /I G/ /L /3 M /0 R K I /4 E P /N /0 /M /R L Q /G 1
X.27 i1 1/0/CBDCY/wB /0 P I K /MNE /MM IJ F MY/ L /AR Q N H/I/]E 0 /K / /L /O M R /) G
X.28 i1 1/ycBDC/B/WHD /N K P /MH I E /00 QF J /R /66 M L /I 0/ p/E N H /K 6 /L /3 M /0 R
X.29 i1 1/y0BDCY/B/H /M L Q /66 I F /R O/ H /P /I /K N /I R //MQ/Ff ™M 6 /L I /N /H K /0 P
X.30 i1 1/0BDTC/mB/WDO /L M R/J G/fF /Q PE I /O /H /N K /6 Q/RF L J /MM H/K /T N /P 0
X.31 i1 1/c B DC/B/H /K N O/ H/fE /P R/F G /Q /) /L M /H P /O E K I /N I /M /6 L /R Q
X.32 i1 1/8//Cc BDC /) G /L R /Q/F ™M /NE /O K P /MM I Q@ /M L F J /R /G /P /T 0 H N /K
X.33 i1 1///C BDC /I H /K OV /pP/f]E N /L/JFF /Q M R /I 6 P /N KE I /0 /H /R /6 Q I L /M
X.34 i1 1/8//C BDCV/MH I /N P /OE K /MF /R L Q0 /6 1] o /K N/JE H /P /I /Q /] R G M /L
X.35 i1 1i1///C BDCY/6 J /M Q /R F L /K/E /P N O0/I H R /L M/F G /Q /3 /0 /H P I K /N
X.36 35 A /A . . . . . . . . . . . . . .
X.37 35 /A A
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The McKay Conjecture

Ex: Characters of the “Monster" with Degree
Prime to 71

1

842689326

3879214937598
222879856734249
8988616927734375
8988616927734375
3583434660075044981
3583434660075044981
172399434281593354756
172399434281593354756
286243267692724486144
286243267692724486144
648558364167263622626
648558364167263622626
776097192277137500000
14808279477146615234375
14808279477146615234375
1496147941492260109082528
1496147941492260109082528
2615756212993609085468758
6808207726850645023929087
62687748361388730408408448
626877408361388730408408448
689763222744895005949242
689763222744895005949242
55141324248814632084439084
55141324248814632084439084
55141324248814632084439084
7567151576542452425781258
7567151576542452425781258
9416831858681585751556896
95922981436508908255171584
95922981436508908255171584
38471795739256565888575180
42001454887954515167503498
129572518017902934396764168
135226984222789977895783125

1

1139374
337844990
3864186921
-2720265625
-2720265625
-89143381899
-89143381899
1932029655556
1932029655556
-53936390144
-53936390144
-1925003475486
-1925003475486
291445167000080
98887234375
98887234375

321725878268750
19678520876247115

-389556578898630
-389556578898630
2642676197359616
-2642676197359616
-2642676197359616
-30899399926218750
-30899399926218750
9211433539600384
-1887462370115584
-1887462370115584
11754324719717580
8436234038236298
11854189736960000
82954527437083125

1

12974
-690690
-7196631
39414375
39414375
-755269515
-755269515
531831300
531831300
7514357768
7514357768
9988806114
9988806114
111637400080
-18110085625
-18110085625
-1653562408896
-1653562408896
-83582851250
328187590731

-286943847118
-286943847118

511362101258
511362101258

111379480576
111379480576
-2421327344436
1759984379010

-4497154536875

1

55912
4751823
26857022
1683525
1683525

-441897657
-441897657
-281388736
-281380736

18339920718
-593746725
-593746725

-3731718144

-3731718144

-1958194610

178514751987

-6897532928

-6897532928

65393917952
65393917952
65393917952
89656289808
89656289808
358364217344
6471756928
6471756928
96898990982
178514751987
-77108871168
-3186608767425

1

-221
-4173
11318
2808200
2808200

-6179173
-6179173

7326592

7326592
-3720087
-3720087

6141590
-4751175
-4751175
28917248
28917248
32814718

-65601536
-65601536

47151104
47151104
47151104
-44244200
-44244200
-97936384
-253425536
-253425536
-408783743

168183296
37948625

1

-248
-3876
34583
-116375
-116375
767637
767637
-1560013
-15608013
1646008
1646008

5884000
5742758
5742758

-22165248
-22165248
23122125

26411008
26411008
767637
767637
38507008
38507008
38507008
28861000
28861000
-26411008
51026248
510826248
-38390633

1

8878
345598
1187881
-9625
-9625
184437
184437
2288132
2288132
1835008
1835008
260882
260882
660837600
2498375
2498375

64355158
328575563

58535738
58535738

-85450758
-85450750

42205184
42205184
-335774516

. —321866622
. -16777216

569180816
46899125

335383125

1

782
-3874
-39831
-20825
-20825
161189
161189
-476476
-476476

-584766
-584766

106080
-251225
-251225

7794670
13586859

8855450
8855450
33554432

-16285150
-16285150
16777216

5581132
12478858

13265525

1

-82
-258
1577
8295
8295
39285
39285
-9212
-9212

9954
9954
-208648
154695
154695

-475570
-203445

787138
787138

-680198
-688190

562380
758978

467285

1

78

286
1881
1575
1575
18837
18837
-22204
-22204

-18942
-18942

36960
-64025
-64825

-246610
-3861

-263718
-263718

1

2451
54473
132374

-8019
-8019
-61369
-61369
-30856
-30856
39581
39581
1312508

374528
374528
-1312508
558657
368448
368448
-1858508
-1858508

. —-1284896
. —1284896

122858
122850

562388
55458

847925

-12840896

-1915904
-339416
-339416
1875385
1815748
-291840

-49

-126

4356
4356
1631
1631
11144
11144
13251
13251

2528
2528

8532
48448
48448
308492
308492
43984
43984
43984

-43904
-3416
-3416

-12320

6615

-35840



The McKay-Navarro Conjecture: The Conjecture That Keeps on Giving!

The McKay Conjecture

A More Managable Example...

Example (Character Table of G = As)

Class — (1) (12)(34) (123) (12345) (13524)
Character]
X1 1 1 1 1 1
X2 3 -1 0 o a’
X3 3 -1 0 a’ o
Xa 4 0 1 -1 -1
X5 5 1 -1 0 0

a=1+3s5+4;
o’ =1+ ¢2+4; where g5 :=e2™/>
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The McKay Conjecture

Casep=2
Example (lrry/(As):)

Class — (1) (12)(34) (123) (12345) (13524)
Character]
X1 1 1 1 1 1
X2 3 -1 0 o a’
X3 3 -1 0 a’ o
Xa 4 0 1 -1 -1
X5 5 1 -1 0 0




The McKay-Navarro Conjecture: The Conjecture That Keeps on Giving!

The McKay Conjecture

Casep=2

Example (lrry/(As):)

Class — (1) (12)(34) (123) (12345) (13524)
Character]

X1 1 1 1 1 1
X2 3 -1 0 a a’
X3 3 -1 0 a’ o
Xa 4 0 1 -1 -1
X5 5 1 -1 0 0

Character Table of Ng(P): x1/1 1 1 1

X211 1 B B

x3|1 1 B B

Xa|3 -1 0 O
B =43
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The McKay Conjecture

Casep=3

Example (lrrs/(As):)
Class — | (1) (12)(34) (123) (12345) (13524)

Character]
X2 3 -1 0 a a’
X3 3 -1 0 a’ o

v
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The McKay Conjecture

Casep=3

Example (lrrs/(As):)
Class — | (1) (12)(34) (123) (12345) (13524)

Character]
X2 3 -1 0 o a’
X3 3 -1 0 o’ o

Character Table of Ng(P): x1]1 1 1
X211 -1 1
X3 2 0 -1

v
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The McKay Conjecture

Casep =5
Example (lrrs/(As):)
Class —» | (1) (12)(34) (123) (12345) (13524)
Character]
X |1 1 1 1 1
X2 3 -1 0 o a’
X3 3 -1 0 a’ o

X5 5 1 -1
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The McKay Conjecture

Casep =5
Example (lrrs/(As):)

Class — (1) (12)(34) (123) (12345) (13524)
Character]
X2 3 -1 0 o a’
X3 3 -1 0 a’ a
X« |4 O 1. -1 -1
X5 5 1 -1 0 0

Character Table of Ng(P):
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The McKay Conjecture

Casep =5
Example (lrrs/(As):)
Class — (1) (12)(34) (123) (12345) (13524)
Character]
o e
X2 3 -1 0 o a’
X3 3 -1 0 a’ o

X5 5 1 -1

Character Table of Ng(P):
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The McKay Conjecture

The McKay-Navarro Conjecture: Adding
Galois Action

The Galois group G := Gal(Q(e?™161)/Q) acts on Irr(G):
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~ x° defined by x°(9) = 0(x(9))-
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The bijection in the McKay conjecture should preserve
the fixed points of certain Galois Automorphisms H < G.
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The McKay Conjecture

The McKay-Navarro Conjecture: Adding
Galois Action

The Galois group G := Gal(Q(e?™161)/Q) acts on Irr(G):

oge€g, xelmr(G)
~ x° defined by x°(9) = 0(x(9))-

Conjecture (Navarro 2004 -

The bijection in the McKay conjecture should commute
with certain Galois Automorphisms H < G.
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The McKay Conjecture

McKay-Navarro reduced!

@ Navarro-Spath-Vallejo '20: Reduction of strong
version to simple groups

@ Now we need to prove “inductive McKay-Navarro
conditions" for quasisimple groups (i.e. G =[G, G]
with G/Z(G) simple)

@ These iMN conditions expand on the inductive McKay
conditions of Isaacs-Malle-Navarro
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The McKay Conjecture

The IMN Conditions, Roughly

For G quasisimple, we want:
@ an Aut(G)p-stable subgroup M of G with Ng(P) <M
@ a bijection
Q:lrrpr(G) = lrrpr (M)

1tk satisfying
(0) x and Q(x) lie over the same character of Z(G)
(1) Q(x°) = (Qx))? for o0 €W x Aut(G)p



The McKay-Navarro Conjecture: The Conjecture That Keeps on Giving!

The McKay Conjecture

The IMN Conditions, Roughly

For G quasisimple, we want:
@ an Aut(G)p-stable subgroup M of G with Ng(P) <M

@ a bijection
Q:lrrpr(G) = lrrpr (M)

satisfying
(0) x and Q(x) lie over the

(1) Q(x7) = (Q(x))’ fo
(2) extensions to automorphisnrgroups of x, Q(x) must
“behave the same" with respect to H

aracter of Z(G)

7~ A

B, & A= R ) JUH=AN

|/
| ( JUx) = JUT)
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iInductive (iMN) conditions so far

@ Navarro '04: MN for groups with cyclic Sylows;
sporadic groups
e ~ IMN for sporadics (verified Vallejo '18)
@ Nath '09: MN for p = 2 for alternating groups
e ~ IMN (verified Vallejo '18)
@ Brunat-Nath '18: MN for alternating groups
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type in defining characteristic = G( FFa)

— Plg




The McKay-Navarro Conjecture: The Conjecture That Keeps on Giving!

The McKay Conjecture

Results on McKay-Navarro (MN) and the
iInductive (iMN) conditions so far

@ Navarro '04: MN for groups with cyclic Sylows;
sporadic groups
e ~ IMN for sporadics (verified Vallejo '18)
@ Nath '09: MN for p = 2 for alternating groups
e ~ IMN (verified Vallejo '18)
@ Brunat-Nath '18: MN for alternating groups

@ Ruhstorfer '17/°20: MN, iMN for most groups of Lie
type in defining characteristic

@ Johansson '20: iIMN groups excluded in Ruhstorfer
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defined over F4 with p q)

@ SF '20: Part (1) of iIMN for most groups of Lie type
defined over g whenp | (g—1)

@ in particular: p =2, g odd
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The McKay Conjecture

Results on McKay-Navarro (MN) and the
iInductive (iMN) conditions so far

Groups of Lie type in non-defining characteristic? (i.e. G
defined over F4 with p q)
@ SF '20: Part (1) of IMN for most groups of Lie type
defined over g whenp | (g—1)
@ in particular: p =2, g odd
@ SF-Ruhstorfer '21: Part (2) of iMN for Sp,,(q) when
p = 2 (and some other of those cases)!

@ in particular, IMN now complete for p =2 and G of
type B, C, G2, F4,E7, Eg, 3Dy
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Now to Reasonable Consideration 2: What Does CT(G) Tell Us?

Recall: CT(G) does not determine G!

Dg = (a, b: a! :b! =1, bab:a‘!)

8:
Qs = {£1, i, +j, £k : i* = j> = k? =—1}
Dg # Qg
Both have character table:

1 1 1 1 1 7
1 1 1 -1 -1
1 —1 1 1 -1
1 -1 1 -1 1

' 2 0 =2 O 0
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The McKay-Navarro Conjecture: The Conjecture That Keeps on Giving!
Now to Reasonable Consideration 2: What Does CT(G) Tell Us?

Given CT(G), what can we say about G?

“Chapter 2 Statements"
® |G|, ICs(g)| forg € G
@ normal subgroups N <« G, character table of G/N
@ Z(G), [G, G]
@ G simple? G abelian? G solvable?

More Advanced Statements
@ prime divisors of orders of g € G (Higman)
@ G, H two simple groups = CT(G) # CT(H)
(Landazuri-Seitz 74)
@ cannot determine derived length of a solvable
group! (Mattarei 92)

These are all what we’d call "global" properties
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The McKay-Navarro Conjecture: The Conjecture That Keeps on Giving!
Now to Reasonable Consideration 2: What Does CT(G) Tell Us?

What about /ocal properties?

Question (Brauer’s Problem 12)

Problem 12. Given the character table of a group G and a prime p
dividing n = |G|, how much information aboul the structure of the
p-Sylow group P can be obtained? In particular, can it be decided
whether or not P is Abelian?
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Self-Normalizing Sylow Subgroups

@ PeSyl,(G)

@ The McKay-Navarro Conjecture = The property
Ng(P) = P can be detected from CT(G)

@ This is now a theorem on it’s own!

p odd:

Theorem (Navarro-Tiep-Turull "07)

Ng(P) =P < 3!x € Irry(G) satisfying x(g) € Q(e*™™)
for some (m,p)=1

p=2:

Theorem (SF '18)
P=Ng(P) < every x €lrr/(G) is fixed by a certain
Oo € H.
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McKay-Navarro: a fountain of answers to Brauer’s Problem 12

Self-Normalizing Sylow Subgroups

@ PeSyl,(G)

@ The McKay-Navarro Conjecture = The property
Ng(P) = P can be detected from CT(G)

@ This is now a theorem on it’s own!

p odd:

Theorem (Navarro-Tiep-Turull "07)

Ng(P) =P < 3!x € Irry(G) satisfying x(g) € Q(e*™™)
for some (m,p)=1

p=2:

Theorem (SF '18)

P=Ng(P) < every x €lrry/(G) is fixed by a certain
0o € H. (09 fixes 29-roots of 1 and squares odd roots.)
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Character]
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X4 4 0 1 -1 -1
X5 5 1 -1 0 0
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Class —» | (1) (12)(34) (123) (12345) (13524)
Character]
X1 1 1 1 1 1
X2 3 -1 0 a a’
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X5 5 1 -1 0 0

a=1+0s5+33; o’ =1+¢2+ 3 satisfy
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McKay-Navarro: a fountain of answers to Brauer’s Problem 12

Example (lrry/(As):)

Class —» | (1) (12)(34) (123) (12345) (13524)
Character]
X1 1 1 1 1 1
X2 3 -1 0 a a’
X3 3 -1 0 a’ o
X4 4 0 1 -1 -1
X5 5 1 -1 0 0

a=1+0s5+33; o’ =1+¢2+ 3 satisfy

Here
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McKay-Navarro: a fountain of answers to Brauer’s Problem 12

Exponents of Sylow Abelianizations

@ P e Syl,(G)
@ P/P’ its abelianization
@ Exp(P/P’) = smallest p€ so that x*° = 1 for all x € P/P’

@ Navarro-Tiep 2019: The McKay-Navarro Conjecture
= the property Exp(P/P’) < p€ can be detected from
CT(G)

@ One direction proved by NT19, other direction
reduced to simples

@ p = 2 finished by Malle 2020



The McKay-Navarro Conjecture: The Conjecture That Keeps on Giving!

McKay-Navarro: a fountain of answers to Brauer’s Problem 12

A Short Digression: Blocks

@ p-Blocks give a way to relate the representation
theory over C to that over [,



The McKay-Navarro Conjecture: The Conjecture That Keeps on Giving!

McKay-Navarro: a fountain of answers to Brauer’s Problem 12

A Short Digression: Blocks

@ p-Blocks give a way to relate the representation
theory over C to that over [,

@ Also obtained as components of Linking Graph:



The McKay-Navarro Conjecture: The Conjecture That Keeps on Giving!

McKay-Navarro: a fountain of answers to Brauer’s Problem 12

A Short Digression: Blocks

@ p-Blocks give a way to relate the representation
theory over C to that over [,

@ Also obtained as components of Linking Graph:
e vertices Irr(G)



The McKay-Navarro Conjecture: The Conjecture That Keeps on Giving!

McKay-Navarro: a fountain of answers to Brauer’s Problem 12

A Short Digression: Blocks

@ p-Blocks give a way to relate the representation
theory over C to that over [,

@ Also obtained as components of Linking Graph:
e vertices Irr(G)

o edge x — ¥ iff > x(9)¥(g) #0
[g)fe]



The McKay-Navarro Conjecture: The Conjecture That Keeps on Giving!

McKay-Navarro: a fountain of answers to Brauer’s Problem 12

A Short Digression: Blocks

@ p-Blocks give a way to relate the representation
theory over C to that over Fp
@ Also obtained as components of Linking Graph:
e vertices Irr(G)
o edge x — Y iff > x(9)¥(g) #0
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McKay-Navarro: a fountain of answers to Brauer’s Problem 12

A Short Digression: Blocks

@ p-Blocks give a way to relate the representation
theory over C to that over Fp
@ Also obtained as components of Linking Graph:
e vertices Irr(G)
o edge x — Y iff > x(9)¥(g) #0
[oJ'fe]
@ Connected components define partition of Irr(G) into
“p-blocks": Irr(G) = JIrr(B)
@ The Principal Block By is the block with
1 € |IT(B()).
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McKay-Navarro: a fountain of answers to Brauer’s Problem 12

Example (2-Blocks of As: Bg, B1)

Class — (1) (12)(34) (123) (12345) (13524)
Character]

a=1+3s+¢k o’ =1+¢2+¢3 with g5 :=e?™/>
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McKay-Navarro: a fountain of answers to Brauer’s Problem 12

Example (3-Blocks of As: B, B1, )

Class — (1) (12)(34) (123) (12345) (13524)
Character]

X2 3 -1 0 o a’

a=1+3s+¢k o’ =1+¢2+¢3 with g5 :=e?™/>
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Principal Block Version
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Normal p-Complements

p odd:

Theorem (Navarro-Tiep-Vallejo '19)

NG(P)=P xV <= 3! x € lrry(Bo) satisfying
x(9) € Q(e2™'™) for some (m, p) =1
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Normal p-Complements

p odd:

Theorem (Navarro-Tiep-Vallejo '19)

NG(P)=P xV <= 3! x € lrry(Bo) satisfying
x(9) € Q(e2™'™) for some (m, p) =1

p=2:
Theorem (Navarro-Vallejo '17 + SF-Taylor '18Db)

Ng(P) =P xV <= every x € lrry.(Bo) is fixed by the
Galois Automorphism oy.
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Generation of Sylow Subgroups

@ 0, € G fixes p’-roots of unity; 01(&) = EPTLif |E| is a
power of p
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Generation of Sylow Subgroups

@ 0, € G fixes p’-roots of unity; 01(&) = EPTLif |E| is a
power of p
@ Iy 0, (Bo) = {x € lrrpr(Bo) | X°* = x}.

Theorem (Rizo-SF-Vallejo 2019)

For p e {2,3}, Pis cyclic & |lrry, 6, (Bo)| = p.
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Generation of Sylow Subgroups

@ 0, € G fixes p’-roots of unity; 01(&) = EPTLif |E| is a
power of p

@ Iy 0, (Bo) = {x € lrrpr(Bo) | X°* = x}.
Theorem (Rizo-SF-Vallejo 2019)
For p e {2,3}, Pis cyclic & |lrry, 6, (Bo)| = p.

Also, generalization to all blocks would follow from full
blockwise MN conjecture
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Generation of Sylow Subgroups

@ 0, € G fixes p’-roots of unity; 01(&) = EPTLif |E| is a
power of p

@ Iy 0, (Bo) = {x € lrrpr(Bo) | X°* = x}.
Theorem (Rizo-SF-Vallejo 2019)
For pe {2,3}, Pis cyclic & |lrry 6, (Bo)| = p.

Also, generalization to all blocks would follow from full
blockwise MN conjecture

Theorem (Navarro-Rizo-SF-Vallejo 2020)

Let p=2. Pis (minimally) generated by two nontrivial
elements < |lrryr 6,(Bo)| = 4.
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Generation of Sylow Subgroups

@ 0, € G fixes p’-roots of unity; 01(&) = EPTLif |E| is a
power of p

@ Iy 0, (Bo) = {x € lrrpr(Bo) | X°* = x}.
Theorem (Rizo-SF-Vallejo 2019)
For pe {2,3}, Pis cyclic & |lrry 6, (Bo)| = p.

Also, generalization to all blocks would follow from full
blockwise MN conjecture

Theorem (Navarro-Rizo-SF-Vallejo 2020)

Let p=2. Pis (minimally) generated by two nontrivial
elements < |lrry, 5, (Bo)| = 4.

@ (Both of these false for p > 5!)
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Example (2-Blocks of As: Bg, B1)

Class — (1) (12)(34) (123) (12345) (13524)
Character]

a=1+3s5+¢k o’ =1+32+3 with g5 :=e?™/>

P is 2-generated, 3 4 o;-fixed characters in Irry/(Bg)!
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Example (3-Blocks of As: Bg, By, )

Class — (1) (12)(34) (123) (12345) (13524)
Character]

X2 3 -1 0 a a’

a=1+3s5+¢k o’ =1+32+3 with g5 :=e?™/>

P is cyclic, 3 3 o;-fixed characters in Irr3/(Bp)!
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Example (5-Blocks of As: Bg, B1)

Class — (1) (12)(34) (123) (12345) (13524)
Character]

a=1+3s5+¢k o’ =1+32+3 with g5 :=e?™/>

P is cyclic, but 3 4 o;-fixed characters in Irrs/(Bg)!
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Questions?

Thank You!



