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The Basic Set-Up

Notation

G a finite group

X : G! GLn(C) a complex representation (a group
homomorphism)
� : G! C, g 7! tr(X(g)) the character afforded by X.
Irr(G) = the irreducible characters of G:

i.e. � 6= �1 + �2 for characters �1,�2 of G

CT(G) character table for G

rows: Irr(G)
columns: conj classes of G
entries: �(g)
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The Basic Set-Up

Example: The 194⇥ 194 Character Table of
the “Monster"
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The Basic Set-Up

Some Reasonable Considerations:

1 Can we somehow break the character table into
more manageable pieces?

And in doing so, can we gain information about the
group from these more manageable pieces?

† The Local-Global Philosophy
2 In general, what can we say about the group from

the character table? (A classical question!)
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The Local-Global
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The Local-Global Philosophy

The Local-Global Philosophy

G a finite group

The “local-global" conjectures relate the
representation theory of G to that of certain proper
subgroups

e.g. normalizer NG(P) of a Sylow subgroup.

Often, these have to do with the number of
characters of the group of a given type.
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The Local-Global Philosophy

The general idea:

Fix a prime p and a (Sylow) p-subgroup P of G

Local Side Global Side
Say something about

$

Say something about
NG(P) or Irr(NG(P)) Irr(G)
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The McKay Conjecture

The McKay Conjecture

Write |Irrp0(G)| for the number of � 2 Irr(G) with p 6 |�(1)

Conjecture
Let G be a finite group, p a prime, and P 2 Sylp(G). Then

|Irrp0(G)| = |Irrp0(NG(P))|.

Isaacs-Malle-Navarro ’07: Reduction of McKay
conjecture to simple groups
Malle-Späth ’16: Completed proof of McKay
conjecture when p = 2
But for p odd, still open (lots of ongoing work...)
Lots of refinements!
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The McKay Conjecture

Ex: Character Table of Sylow 71-Normalizer
of Monster
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The McKay Conjecture

Ex: Characters of the “Monster" with Degree
Prime to 71
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The McKay Conjecture

A More Managable Example...

Example (Character Table of G = A5)

Class ! (1) (12)(34) (123) (12345) (13524)
Character#

�1 1 1 1 1 1
�2 3 -1 0 � �0
�3 3 -1 0 �0 �
�4 4 0 1 -1 -1
�5 5 1 -1 0 0

� = 1+ �5 + �45
�0 = 1+ �25 + �35 where �5 := e2�i/5
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The McKay Conjecture

Case p = 2

Example (Irr20(A5):)

Class ! (1) (12)(34) (123) (12345) (13524)
Character#

�1 1 1 1 1 1
�2 3 -1 0 � �0
�3 3 -1 0 �0 �
�4 4 0 1 -1 -1
�5 5 1 -1 0 0

Character Table of NG(P): �1 1 1 1 1
�2 1 1 � �
�3 1 1 � �
�4 3 -1 0 0

� = �3

14 /42
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The McKay Conjecture

Case p = 3

Example (Irr30(A5):)

Class ! (1) (12)(34) (123) (12345) (13524)
Character#

�1 1 1 1 1 1
�2 3 -1 0 � �0
�3 3 -1 0 �0 �
�4 4 0 1 -1 -1
�5 5 1 -1 0 0

Character Table of NG(P): �1 1 1 1
�2 1 -1 1
�3 2 0 -1
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The McKay Conjecture

Case p = 5

Example (Irr50(A5):)

Class ! (1) (12)(34) (123) (12345) (13524)
Character#

�1 1 1 1 1 1
�2 3 -1 0 � �0
�3 3 -1 0 �0 �
�4 4 0 1 -1 -1
�5 5 1 -1 0 0

Character Table of NG(P): �1 1 1 1 1
�2 1 -1 1 1
�3 2 0 �� ��0
�4 2 0 ��0 ��
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The McKay Conjecture

The McKay–Navarro Conjecture: Adding
Galois Action

The Galois group G := Gal(Q(e2�i/ |G|)/Q) acts on Irr(G):

� 2 G,� 2 Irr(G)
† �� defined by ��(g) = �(�(g)).

Conjecture (Navarro 2004)
The bijection in the McKay conjecture should preserve
the fixed points of certain Galois Automorphisms H  G.
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The McKay Conjecture

The McKay–Navarro Conjecture: Adding
Galois Action

The Galois group G := Gal(Q(e2�i/ |G|)/Q) acts on Irr(G):

� 2 G,� 2 Irr(G)
† �� defined by ��(g) = �(�(g)).

Conjecture (Navarro 2004 - strong version)
The bijection in the McKay conjecture should commute
with certain Galois Automorphisms H  G.
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The McKay Conjecture

McKay–Navarro reduced!

Navarro–Späth–Vallejo ’20: Reduction of strong
version to simple groups

Now we need to prove “inductive McKay–Navarro
conditions" for quasisimple groups (i.e. G = [G,G]
with G/Z(G) simple)
These iMN conditions expand on the inductive McKay
conditions of Isaacs–Malle–Navarro
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The McKay–Navarro Conjecture: The Conjecture That Keeps on Giving!

The McKay Conjecture

The iMN Conditions, Roughly
For G quasisimple, we want:

an Aut(G)P-stable subgroup M of G with NG(P) ∂M

a bijection
⌦ : Irrp0(G)! Irrp0(M)

satisfying

(0) � and ⌦(�) lie over the same character of Z(G)
(1) ⌦(��) = (⌦(�))� for � 2 H⇥ Aut(G)P
(2) extensions to automorphism groups of �,⌦(�) must

“behave the same" with respect to H
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The McKay–Navarro Conjecture: The Conjecture That Keeps on Giving!

The McKay Conjecture

Results on McKay–Navarro (MN) and the
inductive (iMN) conditions so far

Navarro ’04: MN for groups with cyclic Sylows;
sporadic groups

† iMN for sporadics (verified Vallejo ’18)
Nath ’09: MN for p = 2 for alternating groups

† iMN (verified Vallejo ’18)

Brunat–Nath ’18: MN for alternating groups
Ruhstorfer ’17/’20: MN, iMN for most groups of Lie
type in defining characteristic
Johansson ’20: iMN groups excluded in Ruhstorfer
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Now to Reasonable Consideration 2: What Does CT(G) Tell Us?

Recall: CT(G) does not determine G!

Example
D8 = ha,b : a4 = b2 = 1,bab = a�1i

Q8 = {±1,±i,±j,±k : i2 = j2 = k2 = �1}

D8 6⇠= Q8

Both have character table:
2
6664

1 1 1 1 1
1 1 1 �1 �1
1 �1 1 1 �1
1 �1 1 �1 1
2 0 �2 0 0

3
7775
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The McKay–Navarro Conjecture: The Conjecture That Keeps on Giving!

Now to Reasonable Consideration 2: What Does CT(G) Tell Us?

Given CT(G), what can we say about G?

“Chapter 2 Statements"

|G|, |CG(g)| for g 2 G
normal subgroups N √ G, character table of G/N
Z(G), [G,G]
G simple? G abelian? G solvable?

More Advanced Statements

prime divisors of orders of g 2 G (Higman)
G,H two simple groups ) CT(G) 6= CT(H)
(Landazuri–Seitz 74)
cannot determine derived length of a solvable
group! (Mattarei 92)

These are all what we’d call "global" properties
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The McKay–Navarro Conjecture: The Conjecture That Keeps on Giving!

McKay–Navarro: a fountain of answers to Brauer’s Problem 12

Self-Normalizing Sylow Subgroups

P 2 Sylp(G)

The McKay–Navarro Conjecture ) The property
NG(P) = P can be detected from CT(G)
This is now a theorem on it’s own!

p odd:

Theorem (Navarro-Tiep-Turull ’07)

NG(P) = P () �!� 2 Irrp0(G) satisfying �(g) 2 Q(e2�i/m)
for some (m,p) = 1

p = 2:

Theorem (SF ’18)
P = NG(P) () every � 2 Irr20(G) is fixed by a certain
�0 2 H. (�0 fixes 2a-roots of 1 and squares odd roots.)
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The McKay–Navarro Conjecture: The Conjecture That Keeps on Giving!

McKay–Navarro: a fountain of answers to Brauer’s Problem 12

Example (Irr20(A5):)

Class ! (1) (12)(34) (123) (12345) (13524)
Character#

�1 1 1 1 1 1
�2 3 -1 0 � �0
�3 3 -1 0 �0 �
�4 4 0 1 -1 -1
�5 5 1 -1 0 0

� = 1+ �5 + �45; �
0 = 1+ �25 + �35 satisfy

�0(�) = �0

Here
��02 = �3 and P 6= NG(P)
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The McKay–Navarro Conjecture: The Conjecture That Keeps on Giving!

McKay–Navarro: a fountain of answers to Brauer’s Problem 12

Exponents of Sylow Abelianizations

P 2 Sylp(G)

P/P0 its abelianization
Exp(P/P0) = smallest pe so that xpe = 1 for all x 2 P/P0
Navarro–Tiep 2019: The McKay–Navarro Conjecture
) the property Exp(P/P0)  pe can be detected from
CT(G)
One direction proved by NT19, other direction
reduced to simples
p = 2 finished by Malle 2020
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reduced to simples

p = 2 finished by Malle 2020
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The McKay–Navarro Conjecture: The Conjecture That Keeps on Giving!

McKay–Navarro: a fountain of answers to Brauer’s Problem 12

A Short Digression: Blocks

p-Blocks give a way to relate the representation
theory over C to that over Fp

Also obtained as components of Linking Graph:

vertices Irr(G)
edge �$� iff

X

p 6||g|
�(g)�(g) 6= 0

Connected components define partition of Irr(G) into
“p-blocks": Irr(G) =

S
Irr(B)

The Principal Block B0 is the block with
1G 2 Irr(B0).
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The McKay–Navarro Conjecture: The Conjecture That Keeps on Giving!

McKay–Navarro: a fountain of answers to Brauer’s Problem 12

Example (2-Blocks of A5: B0, B1)

Class ! (1) (12)(34) (123) (12345) (13524)
Character#

�1 1 1 1 1 1
�2 3 -1 0 � �0
�3 3 -1 0 �0 �
�4 4 0 1 -1 -1
�5 5 1 -1 0 0

� = 1+ �5 + �45; �
0 = 1+ �25 + �35 with �5 := e2�i/5

33 /42



The McKay–Navarro Conjecture: The Conjecture That Keeps on Giving!

McKay–Navarro: a fountain of answers to Brauer’s Problem 12

Example (3-Blocks of A5: B0, B1, B2)

Class ! (1) (12)(34) (123) (12345) (13524)
Character#

�1 1 1 1 1 1
�2 3 -1 0 � �0
�3 3 -1 0 �0 �
�4 4 0 1 -1 -1
�5 5 1 -1 0 0

� = 1+ �5 + �45; �
0 = 1+ �25 + �35 with �5 := e2�i/5
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Principal Block Version of McKay–Navarro † More Answers to Brauer Problem 12

Principal Block Version
of McKay–Navarro †

More Answers to Brauer
Problem 12
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Principal Block Version of McKay–Navarro † More Answers to Brauer Problem 12

Normal p-Complements

p odd:

Theorem (Navarro-Tiep-Vallejo ’19)
NG(P) = P ⇥V () �! � 2 Irrp0(B0) satisfying
�(g) 2 Q(e2�i/m) for some (m,p) = 1

p = 2:

Theorem (Navarro–Vallejo ’17 + SF–Taylor ’18b)
NG(P) = P ⇥V () every � 2 Irr20(B0) is fixed by the
Galois Automorphism �0.
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The McKay–Navarro Conjecture: The Conjecture That Keeps on Giving!

Principal Block Version of McKay–Navarro † More Answers to Brauer Problem 12

Generation of Sylow Subgroups

�1 2 G fixes p0-roots of unity; �1(�) = �p+1 if |�| is a
power of p

Irrp0,�1(B0) = {� 2 Irrp0(B0) | ��1 = �}.

Theorem (Rizo–SF–Vallejo 2019)
For p 2 {2,3}, P is cyclic, |Irrp0,�1(B0)| = p.

Also, generalization to all blocks would follow from full
blockwise MN conjecture

Theorem (Navarro–Rizo–SF–Vallejo 2020)
Let p = 2. P is (minimally) generated by two nontrivial
elements, |Irr20,�1(B0)| = 4.

(Both of these false for p � 5!)
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38/42



The McKay–Navarro Conjecture: The Conjecture That Keeps on Giving!

Examples with A5

Example (2-Blocks of A5: B0, B1)

Class ! (1) (12)(34) (123) (12345) (13524)
Character#

�1 1 1 1 1 1
�2 3 -1 0 � �0
�3 3 -1 0 �0 �
�4 4 0 1 -1 -1
�5 5 1 -1 0 0

� = 1+ �5 + �45; �
0 = 1+ �25 + �35 with �5 := e2�i/5

P is 2-generated, � 4 �1-fixed characters in Irr20(B0)!
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Examples with A5

Example (3-Blocks of A5: B0, B1, B2)

Class ! (1) (12)(34) (123) (12345) (13524)
Character#

�1 1 1 1 1 1
�2 3 -1 0 � �0
�3 3 -1 0 �0 �
�4 4 0 1 -1 -1
�5 5 1 -1 0 0

� = 1+ �5 + �45; �
0 = 1+ �25 + �35 with �5 := e2�i/5

P is cyclic, � 3 �1-fixed characters in Irr30(B0)!
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Examples with A5

Example (5-Blocks of A5: B0, B1)

Class ! (1) (12)(34) (123) (12345) (13524)
Character#

�1 1 1 1 1 1
�2 3 -1 0 � �0
�3 3 -1 0 �0 �
�4 4 0 1 -1 -1
�5 5 1 -1 0 0

� = 1+ �5 + �45; �
0 = 1+ �25 + �35 with �5 := e2�i/5

P is cyclic, but � 4 �1-fixed characters in Irr50(B0)!
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Examples with A5

Questions?

Thank You!

42 /42


