
Problem 4. Let n > 0 be an odd integer. Prove that there exists a set S = {A1, . . . , A2n} of 2n distinct
points in the plane which are not collinear and such that if i+ j 6= 2n+ 1 then the line AiAj contains
a third point from S.

Solution. We start by reviewing some basic trigonometry. Recall that
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It follows that
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From (1) we get the following lemma.

Lemma. For any α, β such that cosα 6= 0 6= cosβ and cosα 6= cosβ the points (tanα, secα),
(tanβ, secβ), (− cot((α+ β)/2), 0) are collinear.

Indeed, the line through the points (tanα, secα), (tanβ, secβ) consists of all points of the form t(tanα, secα)+
(1−t)(tanβ, secβ) for some t ∈ R. Taking t = cosα/(cosα−cosβ) we get the point (− cot((α+β)/2), 0)
by (1).

We are now ready to solve the problem. Let n > 1 be an odd integer. Fix α which is not of the form
kπ/2n for k an integer. Define
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for k = n + 1, n + 2, . . . , 2n. It is easy to see that Ai 6= Aj for i 6= j. We will show that the set

S = {A1, . . . , A2n} has the required property. For any integer m let Bm =
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Writing m = nu+ r with 1 ≤ r ≤ n we see that Bm = A2n−r/2 if r is even and Bm = A2n−(r+n)/2 if r
is odd. We see that for any m we have {An+1, . . . , An} = {Bm, Bm+1, . . . , Bm+n−1}.

Note that the points An+1, . . . , A2n are collinear. From our Lemma we see that if 1 ≤ i < j ≤ n then
the points Ai, Aj , Bi+j−2 are collinear. Since Bi+j−2 is one of the points An+1, . . . , A2n, the line AiAj

contains a third point in S. Suppose now that 1 ≤ i ≤ n < j ≤ 2n. We have Aj = Bm for some
m ∈ {i − 1, i, . . . , i + n − 2}. Taking k = m − i + 2 we have 1 ≤ k ≤ n and the points Ak, Ai, Bm are
collinear. Note that k = i if and only if m = 2i − 2, which is equivalent to j = 2n + 1 − i. Thus if
i+ j 6= 2n+ 1 then the line AiAj contains a third point Ak in S. This completes our proof that S has
the required property.

Remark. The above solution may look mysterious. A conceptually simpler solution can be given using
projective geometry. Consider a regular n-gon A1, . . . , An in the projective plane (which is obtained by
adding the line at infinity to the affine plane). Let n = 2k + 1. The line Ai+kAi+k+1 intersects the line
at infinity at a point Bi. Set Ai = B2n+1−i for i = n + 1, . . . , 2n. Every line AiAj with 1 ≤ i < j ≤ n
is parallel to one of the sides of the n-gon, so it passes through one of the points Bs, s = 1, . . . , n. A
line AiBj is simply the line through Ai parallel to the side Aj+kAj+k+1, so it passes through a second
vertex of the n-gon unless i = j. This shows that S = {A1, . . . , A2n} has the required property.

Remark. The above problem is connected to the following well-known theorem.

Sylvester-Gallai Theorem. Given any finite set of n ≥ 2 points on the plane, there exists a line
passing through exactly two points in S.

Question. Is the problem true for n even?
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