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Math 227 Calculus Spring 2016 Exam 2

(1) (30 Points) For each power series below find the interval of convergence, checking
endpoints. SHOW YOUR WORK. Include the name and details of the test(s) used
when checking the endpoints.

r—3)"
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n=1
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(1) (Continued) (c) Z 71(953_1—2)"

n=1

(2) (15 Points) Find the second degree Taylor polynomial T5(z) which approximates the
function f(z) = Va3 = 23/* at a = 16.



(3) (32 Points) Write a power series representation for each function and give its
radius of convergence. Use summation notation to express all terms. Write out
and simplify any combinatorial expressions for coefficients.

(a) cos(—x?)

(b) In(1 — 2?)

(d) (1 —a)=1/*



(4) (30 Points) Use your knowledge of how functions are represented by power series to
determine the exact values for each of the following series. Write your answers in
terms of a known function and explain how you used a power series to get the answer.

oo (_1)nﬂ_2n+1

© 2 32n+1 (2 1 1)

n=0




(5) (18 Points, 6 Pts each) Simplify your answer in each part.

as a power series and as a function.

. d o0 (_1)n w2n—|—1
(2) Write & [Zo P

1] n
(b) Write / [Z x—] dz as a series and give its value.
0

|
0 n:

— [k
(¢c) The power series Z( )n(n— 1)2"~? converges to what function for |z| < 17
n

n=2



Math 227 Calculus 2 Spring 2016 Exam 2 Solutions

(1) (30 Points) Find the interval of convergence, checking endpoints.

(z —3)"
— 3)ntl 4m -3
(10 Points) The Ratio Test gives (z—3) vn = n_lz—3| Asn —
Vn+1 47+l (x —3)7 n+1 4

=3l o that L < 1iff |z — 3| < 4 iff =1 < z < 7. We must
check for convergence at the endpoints separately. At z = —1 the series is >~ , &%43; =
D (_\/17%" which converges by the AST since lim,, \/Lﬁ — 0 and n;ﬂ < \/%; At

n=1

oo this ratio goes to L =

. . n . . . . .
x = T the series is >, ﬁ =3, \/Lﬁ = > 0’| =iz which is a diverging p-series

with p = % < 1. So the complete domain of convergence is [—1,7), that is, —1 < x < 7.

o0 5N 21
(b) Z (2n)!

n=0

5n+1 2nt2 (27?,)' 5|ZC2|
10 Points) The Ratio Test gi = A
(10 Points) The Ratio Test gives Grn 1) 5 a2 Gnto)@n D) sm — 00

for any fixed x, this ratio goes to zero, so the series converges (absolutely) for all real z,

that is, on (—o00,00). There are no endpoints to check.

(c) 271(563—":2)71

(n+1)(x +2)"*t  3» _n+1|z+2]
3+l n(z+2)"| n 3

goes to infinity, this ratio goes to L = @ sothat L < 1iff [x+2| <3iff -3<z4+2<3

iff =5 < o < 1. We must check for convergence at the endpoints separately. At z =1 the

Asn

(10 Points) The Ratio Test gives

o 3 n o
series is Z n (3) = Z n which diverges by TFD since lim,, .., n = 0co. At x = —5 the
n=1 n=1

37’L
o _3 n [e.e]
series is Z n(g—n) = Z n(—1)" which diverges by TFD since lim,,_, . n(—1)" DNE.
n=1 n=1

So the interval of convergence is (—5,1), that is, =5 <z < 1.




(2) (15 Points) Find the second degree Taylor polynomial T5(z) which approximates the
function f(z) = Va3 = 2%/* at a = 16. We have
fO(z) = 3271/4 and f@(z) = $2275/4. Then f(16) = (16)%/* =8,
fO(16) = 3(16)71/4 = 2 and P (16) = T2(16) %/ = 1525 = =5

0 o = [@ey(32) — 512 °
1 2
Tr(x) = f(16) 4+ / 1(!16) (r—16)+ ! 2(!16)

(r—16)% = 8+

3 3
2(2—16)— ——(z—1
g(@=16) =5, 6)°.

(3) (32 Points) Write a power series representation for each function and give its radius
of convergence. Use summation notation to express all terms. Write out and simplify
any combinatorial expressions for coefficients.

) 3 0 n(_x3)2n 00 (_1)nm6n ‘ -
(a) (8 Points) cos(—z°) = Z(—l) — = Z ~———— with radius R = oo by
0

— (2n)! —  (2n)!
0 th
substituting t = —23 in cos(t) = Z(—l)”m, which has radius R = co.
n)!
n=0
. > n—l Q)n > (_1)x2n ) )
oints) In(1 — 22 = ~————— with radius R = 1 by
(b) (8 Points) In(1 Z > thradius R=1b
n
n=1 n=1
0 _1)n—1tn
substituting t = —2? in In(1 +¢) = Z ~————— which has radius R = 1.
n

[y

n=

x3 1'3 1 .733 oo . n [ee) (—1)”,{13""’3
8 Point = _ Ty _ (=1)"am ™
(c) ( Olns)5+x 5(1—|—%) 5;(5) nZ_O Hnt1
with radius R = 5 because Z (%) is a geometric series that converges for
n=0
| =*| < 1so |z| <5 gives radius 5.

o
k
(d) (8 Points) (1 — )~ /% is a binomial series (1 +t)* = Z ( )t” with ¢ = —z and
n
n=0
k= _Tl, with radius R = 1. It’s power series representation is:

> (_T>(—1)”:c“ _ip Yy EE Sl D (qyngn




(4) (30 Points) Use your knowledge of how functions are represented by power series to
determine the exact values of the following infinite series. Write your answers in terms
of a known function and explain how you used a power series to get the answer.

o /1N 1\ /2 4\ 12 3 3
(a) Z ( ; )3_n = (1 + g) = (g) = 1 = \/7_ since the binomial series

— (k
(1+a:)kzz 2" has radius R=1. Use k = 5 and z = 3.
n

n=0

2n

X (—1)n 5 (=) VB _ = (—1)" x
(b) E:O % = Z (()T = cos(V/5) since cos(z) = Z% % where

n=0

o0o. Used z = /5.

n—

R

oo (_1)n7.‘.2n+1 0

. (T V3. . (—1)" g2n+1
(c) Z 5201 (20 4 1)! = sin <§> = > since sin(x) = Z w where R =

n=0 n=0

0o. Used z = %

(5) (18 Points, 6 Pts each) Simplify your answer in each part.

d 0 (_1)n x2n+1 o0 (_1)n (2n+ 1).772” o0 (_1)n xZn
(&) % LZ_O 2n+1)! :7;) Cn+ 1l 2 Qny | cosl@)as

a power series and as a function. The left side is the derivative of sin(x).

L& gm e R I | > 1
(b)/0 Z ) dm:ZEn—l—l _Ozzmn+1:Z—(n+1)!:e—181nce
n=0 n= = n=0 n=0

1 1o n 1
elzzm. Also,/0 [Z %]dm:/oemdx:el—eoze—l.

n=0

— [k
(¢) The power series Z( )n(n— 1)2"~? converges to what function for |z| < 17

n
n=2

Taking two derivatives of the binomial series (which converges for |z| < 1) gives
d? d? = (k — [k
-1 k_2:—1 k:—g n:E -1 n—2'

So that series converges to the function k(k — 1)(1 + z)*=2 for |z| < 1.




