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Math 227 Calculus Spring 2016 Exam 2

(1) (30 Points) For each power series below find the interval of convergence, checking

endpoints. SHOW YOUR WORK. Include the name and details of the test(s) used

when checking the endpoints.

(a)

∞∑
n=1

(x− 3)n√
n 4n

(b)

∞∑
n=0

5n x2n

(2n)!
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(1) (Continued) (c)
∞∑
n=1

n (x+ 2)n

3n

(2) (15 Points) Find the second degree Taylor polynomial T2(x) which approximates the

function f(x) =
4
√
x3 = x3/4 at a = 16.



(3) (32 Points) Write a power series representation for each function and give its

radius of convergence. Use summation notation to express all terms. Write out

and simplify any combinatorial expressions for coefficients.

(a) cos(−x3)

(b) ln(1− x2)

(c)
x3

5 + x

(d) (1− x)−1/4



(4) (30 Points) Use your knowledge of how functions are represented by power series to

determine the exact values for each of the following series. Write your answers in

terms of a known function and explain how you used a power series to get the answer.

(a)
∞∑
n=0

(−1
2

n

)
1

3n

(b)
∞∑
n=0

(−1)n 5n

(2n)!

(c)
∞∑
n=0

(−1)nπ2n+1

32n+1(2n+ 1)!



(5) (18 Points, 6 Pts each) Simplify your answer in each part.

(a) Write
d

dx

[ ∞∑
n=0

(−1)n x2n+1

(2n+ 1)!

]
as a power series and as a function.

(b) Write

∫ 1

0

[ ∞∑
n=0

xn

n!

]
dx as a series and give its value.

(c) The power series
∞∑
n=2

(
k

n

)
n(n−1)xn−2 converges to what function for |x| < 1?
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(1) (30 Points) Find the interval of convergence, checking endpoints.

(a)
∞∑
n=1

(x− 3)n√
n 4n

(10 Points) The Ratio Test gives

∣∣∣∣ (x− 3)n+1

√
n+ 1 4n+1

√
n 4n

(x− 3)n

∣∣∣∣ =

√
n

n+ 1

|x− 3|
4

. As n→

∞ this ratio goes to L = |x−3|
4 so that L < 1 iff |x − 3| < 4 iff −1 < x < 7. We must

check for convergence at the endpoints separately. At x = −1 the series is
∑∞
n=1

(−4)n√
n 4n

=∑∞
n=1

(−1)n√
n

which converges by the AST since limn→∞
1√
n

= 0 and 1√
n+1

< 1√
n

. At

x = 7 the series is
∑∞
n=1

4n√
n 4n

=
∑∞
n=1

1√
n

=
∑∞
n=1

1
n1/2 which is a diverging p-series

with p = 1
2 ≤ 1 . So the complete domain of convergence is [−1, 7), that is, −1 ≤ x < 7.

(b)
∞∑
n=0

5n x2n

(2n)!

(10 Points) The Ratio Test gives

∣∣∣∣5n+1 x2n+2

(2n+ 2)!

(2n)!

5n x2n

∣∣∣∣ =
5|x2|

(2n+ 2)(2n+ 1)
. As n→∞

for any fixed x, this ratio goes to zero, so the series converges (absolutely) for all real x,

that is, on (−∞,∞). There are no endpoints to check.

(c)
∞∑
n=1

n (x+ 2)n

3n

(10 Points) The Ratio Test gives

∣∣∣∣ (n+ 1)(x+ 2)n+1

3n+1

3n

n(x+ 2)n

∣∣∣∣ =
n+ 1

n

|x+ 2|
3

. As n

goes to infinity, this ratio goes to L = |x+2|
3 so that L < 1 iff |x+ 2| < 3 iff −3 < x+ 2 < 3

iff −5 < x < 1. We must check for convergence at the endpoints separately. At x = 1 the

series is

∞∑
n=1

n (3)n

3n
=
∞∑
n=1

n which diverges by TFD since limn→∞ n =∞. At x = −5 the

series is

∞∑
n=1

n (−3)n

3n
=

∞∑
n=1

n(−1)n which diverges by TFD since limn→∞ n(−1)n DNE.

So the interval of convergence is (−5, 1), that is, −5 < x < 1.



(2) (15 Points) Find the second degree Taylor polynomial T2(x) which approximates the

function f(x) =
4
√
x3 = x3/4 at a = 16. We have

f (1)(x) = 3
4x
−1/4 and f (2)(x) = −3

16 x
−5/4. Then f(16) = (16)3/4 = 8,

f (1)(16) = 3
4 (16)−1/4 = 3

8 and f (2)(16) = −3
16 (16)−5/4 = −3

(16)(32) = −3
512 so

T2(x) = f(16)+
f (1)(16)

1!
(x−16)+

f (2)(16)

2!
(x−16)2 = 8+

3

8
(x−16)− 3

1024
(x−16)2.

(3) (32 Points) Write a power series representation for each function and give its radius

of convergence. Use summation notation to express all terms. Write out and simplify

any combinatorial expressions for coefficients.

(a) (8 Points) cos(−x3) =
∞∑
n=0

(−1)n
(−x3)2n

(2n)!
=
∞∑
n=0

(−1)nx6n

(2n)!
with radius R =∞ by

substituting t = −x3 in cos(t) =
∞∑
n=0

(−1)n
t2n

(2n)!
, which has radius R =∞.

(b) (8 Points) ln(1−x2) =

∞∑
n=1

(−1)n−1(−x2)n

n
=

∞∑
n=1

(−1)x2n

n
with radius R = 1 by

substituting t = −x2 in ln(1 + t) =

∞∑
n=1

(−1)n−1tn

n
which has radius R = 1.

(c) (8 Points)
x3

5 + x
=
x3

5

1

(1 + x
5 )

=
x3

5

∞∑
n=0

(
−x
5

)n
=
∞∑
n=0

(−1)nxn+3

5n+1

with radius R = 5 because
∞∑
n=0

(
−x
3

)n
is a geometric series that converges for

|−x5 | < 1 so |x| < 5 gives radius 5.

(d) (8 Points) (1− x)−1/4 is a binomial series (1 + t)k =
∞∑
n=0

(
k

n

)
tn with t = −x and

k = −1
4 , with radius R = 1. It’s power series representation is:

∞∑
n=0

(−1
4

n

)
(−1)nxn = 1 +

∞∑
n=1

(−14 )(−54 ) · · · (−14 − n+ 1)

n!
(−1)nxn

= 1 +
∞∑
n=1

(1)(5)(9) · · · (4n− 3)

n! 4n
xn.



(4) (30 Points) Use your knowledge of how functions are represented by power series to

determine the exact values of the following infinite series. Write your answers in terms

of a known function and explain how you used a power series to get the answer.

(a)
∞∑
n=0

(−1
2

n

)
1

3n
=

(
1 +

1

3

)−1/2
=

(
4

3

)−1/2
=

√
3

4
=

√
3

2
since the binomial series

(1 + x)k =
∞∑
n=0

(
k

n

)
xn has radius R = 1. Use k = −1

2 and x = 1
3 .

(b)
∞∑
n=0

(−1)n 5n

(2n)!
=
∞∑
n=0

(−1)n
√

5
2n

(2n)!
= cos(

√
5) since cos(x) =

∞∑
n=0

(−1)n x2n

(2n)!
where

R =∞. Used x =
√

5.

(c)
∞∑
n=0

(−1)nπ2n+1

32n+1(2n+ 1)!
= sin

(π
3

)
=

√
3

2
since sin(x) =

∞∑
n=0

(−1)n x2n+1

(2n+ 1)!
where R =

∞. Used x = π
3 .

(5) (18 Points, 6 Pts each) Simplify your answer in each part.

(a)
d

dx

[ ∞∑
n=0

(−1)n x2n+1

(2n+ 1)!

]
=
∞∑
n=0

(−1)n (2n+ 1)x2n

(2n+ 1)!
=
∞∑
n=0

(−1)n x2n

(2n)!
= cos(x) as

a power series and as a function. The left side is the derivative of sin(x).

(b)

∫ 1

0

[ ∞∑
n=0

xn

n!

]
dx =

∞∑
n=0

1

n!

xn+1

n+ 1

∣∣∣∣x=1

x=0

=
∞∑
n=0

1

n!

1

n+ 1
=
∞∑
n=0

1

(n+ 1)!
= e− 1 since

e1 =
∞∑
n=0

1

n!
. Also,

∫ 1

0

[ ∞∑
n=0

xn

n!

]
dx =

∫ 1

0

exdx = e1 − e0 = e− 1.

(c) The power series
∞∑
n=2

(
k

n

)
n(n−1)xn−2 converges to what function for |x| < 1?

Taking two derivatives of the binomial series (which converges for |x| < 1) gives

k(k − 1)(1 + x)k−2 =
d2

dx2
(1 + x)k =

d2

dx2

∞∑
n=0

(
k

n

)
xn =

∞∑
n=0

(
k

n

)
n(n− 1)xn−2.

So that series converges to the function k(k − 1)(1 + x)k−2 for |x| < 1.


