Math 226 (White) Midterm Exam
Integration Techniques and Applications April 20, 2016

Do NOT turn over this page until instructed to begin.

Name:

Section:

Binghamton ID Number:

I nstructions

Write clear, careful, neat solutions to the questions irsfiece provided.
No books, no notes, no electronic devices (calculatorspbeines, smart watches, etc.) allowed!

Write all your work on the test—nothing else will be grad¥du must show all your work and
justify your answers. Solutions presented without sufficient supporting work megeive no
credit. Your work must be legible, and numerical answersikhbe presented as exact
mathematical expressions, simplified as appropriate, ahtyna decimal approximation, unless
explicitly required by the problem.

On some problems you may be asked to use a specific method/&teelproblem (for instance,
“Use the Fundamental Theorem of Calculus to find...”). Om#der problems, you may use any
method we have covered. You may not use methods that we hacevered.

Wandering Eyes Policy

You must keep your eyes on your own work at all times. If youfatad looking around, you
will be warned once, and only once. A second infraction mayltén automatic zero on this test,
and possibly a referral to the Harpur College Academic Hyn€smmittee.

Duration of the Test

This is a timed test designed for one class period. You walttgshe test when your proctor tells
you to start, and you MUST stop working when your proctorstgthu to stop.

1 2 3 4 5 6 7 Total
24 pts| 10 pts| 24 pts| 10 pts| 15 pts| 9 pts| 8 pts| 100 pts




1. (24 points) Find the most general antiderivatives and atalthe following integrals. Be sure
to show your work carefully, using correct notation.

(a)/cos(l;l(x)) e
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(b) roart
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1
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2. (10 points) Use the technique of “logarithmic differentiat’ to compute the derivative of the
function f(x) below. Be sure to show your work.

ot 4 327
flw) = cos?(x)/x’
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3. (24 points) Compute the derivaties of the following funo8o Be sure to show your work
carefully, using correct notation.

(@) In(sin(z) cos(x))

(b) 5arcsin(m)
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(c) logy(5x* + 72 + 12)

(d) arctan (v/z)
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4. (10 points) A sum of $,000 is deposited in an account which earns interest waaititinuous
compounding. After one year, the amount has increasedit@2$0.

(a) How much money will be in the account afteyears? [This amount can be computed
exactly without use of a calculator.]

(b) Write down anexact mathematical expression for the amount of time it takes for the
account to be worth¥), 000.
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5. (15 points) Compute the following limitsShow the steps required to perform each com-
putation. If you use L'HOspital’s Theorem, show where you use it anglaix what type of limit
you are using it on (i.e., which indeterminate form).

a) li T 3 1/x
(@) lim (" + 32)

(b) 1 0

T—00

. sin(5z?)
1
(©) — sin(3x2)
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6. (9 points)

(@) Suppose that(z) is a differentiable function with known invergéz) = f~*(z). Assume
as well thatf(a) = b, so that the pointa,b) lies on the graph off (z). Express the
derivativeg’(b) = (f~!)'(b) in terms of the derivative of. [No work need be shown for
thisquestion.]

(b) Explain (briefly) why the functionf(x) = sin(x) doesnot have an inverse. What is
required to define the functiamrcsin(z)?

(c) Use the fact thatin(r/4) = 1/+/2 and your formula for (a) and explanation in (b) to find
arcsin’(1/+/2).
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7. (8 points) Compute the following integrals.

(a) / arctan(z) dx

(b) / 2% dz
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Write clear, careful, neat solutions to the questions in the space provided.
No books, no notes, no electronic devices (calculators, cell phones, smart watches, etc.) allowed!

Write all your work on the test—nothing else will be graded. You must show all your work and
Jjustify your answers. Solutions presented without sufficient supporting work may receive no
credit. Your work must be legible, and numerical answers should be presented as exact
mathematical expressions, simplified as appropriate, and not by a decimal approximation, unless
explicitly required by the problem.

On some problems you may be asked to use a specific method to solve the problem (for instance,
“Use the Fundamental Theorem of Calculus to find..””). On all other problems, you may use any
method we have covered. You may not use methods that we have not covered.

Wandering Eyes Policy

You must keep your eyes on your own work at all times. If you are found looking around, you
will be warned once, and only once. A second infraction may result in automatic zero on this test,
and possibly a referral to the Harpur College Academic Honesty Committee.
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1. (24 points) Find the most general antiderivatives and evaluate the following integrals. Be sure
to show your work carefully, using correct notation.

cos(In(z)) :
(a) _/._.1:_-_ dr = jCo_s Cucxy) +u'ex) o x

SHBS\-l*'\A'IO;\: ) j Cos(u) du
Wists feilny Sm{uw) +C

wixy = 1 /x
Sin (|r\ () +C

"

e

a2’ -2z +1
W) ———i = jx"-z + % dx

1 T
I

e
-
J_f-X -2% + |r\(x)l

2 (1- er-ze - (n(e))"(é"l*l”‘c‘))

-

- (“'fe’—ze. +l)"(§"1)
o 14

> ¥e=dL +¢

s ole -weri)
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IT/:_

()/ _sin(z) - u'to
1+ cos?(z) £ & mdx

Su\us‘h'h.hon: ) j H’U" du
Uix) = Casin)
uon = ~sin . j v du
COS(O) = l ) 1
cos("h) =0 = arctan (o)
= Grc+av~. Q) - qm+an (o)
.
Y
.
l'l'
1+ _ I _)_c__
(d)f1+ = e = -——-sz + e $a
Subst Fotion: — I-th dx + j"'— d x
- =
u,(n - *_ ¢ h(x)
uo = = arecran (x> + l+ B dx

= arctan () + 5 +u

o/\d'am (x) + 'QL_ IE\[ lf-l\(x)l + C

= arctan 0 + ';'_' [n ( 14X) + ¢
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2. (10 points) Use the technique of “logarithmic differentiation™ to compute the derivative of the

function f(z) below. Be sure to show your work.
z* + 3x2

el = cos?(z)\/z

X' +3x"
ln(fm) R 18 (cos‘(x)-ff)

| (XH*JXl) -(ln (cos™(x)) + In (J?))

I (x*+3x) — 2 [ (costx) = = In ()

7
o0 d |
;’:—"" - g; ( ‘h ()“'4.3’:) - 2 l"\ (CO_SCIO) = :‘I{' I"\ ()‘))
&)
4 X+ 6 X 2sin(x
- XY +3%* T Zos cx) 2K
) XY+ 3xt Y X+l x 2 Sin(» ~
S(X) = (cm‘l(x)\r;') '5("-1'3)(" cos (x) 2%
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v
3. (24 points) Compute the derivat'kes of the following functions. Be sure to show your work
carefully, using correct notation.

(a) In(sin(z) cos(z))

s S

, 4
% - (S\h(x) 605(x)> ® iVl A% SO cos(x)

|
= Sin(w + CO0SM) CosCo
SIh(C05(x) ( SinGsinen )

Cos* (X) =S ¢x)
T S(x) C0SCX

"

_gd: |“ (S\h(x) COS (;0) % lh (S\h(x)) y 4 ln (605 (X)>

2 % b (5m(x)) + -d% ln (cos ()
s Sin)

—

Sin() (05(x)

(b) 5a.rcsin(x)

_.‘:'_. GresIn (O d Il aresin(x)
dx 3 = 4x C

In(s> e SinCx

= € = | (5) aac 5th (x)
A ¥
ArcsIh €Y b € €)
4 s. b ——

VT-x*
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(c) logs(5z* + 7x% + 12)

d In(sx% Fx +12)
A In (3)

\

f’; h':jii (sx'+ 76+ 12)

e -
In(3) f; I (5x*+ 3x +12)

"

A ( 20 x>+ 14x
G\ s 7xterz )

(d) arctan (v/z)

d . —— .4
Earc‘mv\(&) STV v F

3 1, T T
(I+ X ) 2Jx
i

2Jdx(\+x)

i
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4. (10 points) A sum of $1, 000 is deposited in an account which earns interest with continuous
compounding. After one year, the amount has increased to $1, 200.

(a) How much money will be in the account after 3 years? [This amount can be computed
exactly without use of a calculator.|

The L“;'1"f>+'l\ff5€’5 IW-\|3|J ﬂ_‘_(-_i\ = for some relatid rale v

A (4)
This ALY = jsooe™

Also A’(l) = logo e’ and Al = 1200. (['gl.
These |m|o\j 7717) C.-j l{;gﬂ 1 _l_}'L_.l
C = jowp = 1'% l.‘: "12
Fually  Al3)= tawe™ = 1av (12)7 = low (1s) Z%8
= (/128 1728

41728

(b) Write down an exact mathematical expression for the amount of time it takes for the
account to be worth $10, 000.

lodw = g (t.z)t
(1.5 = 10
t In(1.2) = InGo)

_ In o)
t- (n(l.2)

In(2) £
Con also solve f;n. r= (n(%—) and solwe loozrv:;me_"rJ

|h(lo\ = lh(%")t
t: )h(loj/[v\({/f)
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5. (I5 points) Compute the following limits. Show the steps required to perform each com-
putation. If you use L’'HS pital’s Theorem, show where you use it and explain what type of limit

you are using it on (i.e., which indeterminate form). " » 1.» y
- -
(a) lil'ff)1+ (€% + 3z)Y/* Use Ll'?Op-+a’5 Tlomsu 'i'}fk' :
T—
_ : Ll : x %
™ )oj (e"+3%)* Lins (& ¢35} ™
¥2ot l . e.:‘ 1 x"?ﬂ*
, X = Iwa, r ) , &
- ha !w) {(‘) X707 llM l°j (c,-rSX)“
x=o0" X — 8 ¥ o?
||' {IW\ e - 3)‘
] +
~ ]\\A.« (er.rs,\) (e,‘f‘3) X0 _ e‘{
=o't ‘ | - .
- |
= fim g +3 \/ s
x-20* E€*+3X
. 2
(b) lim M = x S\hcé l‘ws (\h ()‘)) = 9 & wd\
T—00 T X— do
¥ % ) . 2]“(,‘).&; hee % = o0, we caun use
x‘_“:;tm t X Do . , “[Q?__J "
RS HSP.)‘—aﬂ. 5 nvmw . Forw Llos
) )‘“"‘ 2 neo (Uscd ‘f'wfc'e.)
X200 X
- 2— /X) - : 2-
L ‘\w\ (—-———- - HN w T
a0 | X Doo
v 3
. sin(5z%) 8o [l SN (sx') =0 and
© al*-l—% sin(3z2) " e X0
e s1n(3X°) = © we cawn use
ISX° cos (s‘x,) Xe " »
o= . Q.
l::: Cx cos(3x") L’ |+3P“}'°‘|)9 Thoum: Fori, [o]
b [§x cos (5x°)
= Pwa
X=0 & cos(3x")
_ “M-.n-. 4% (o’s(.ﬁ.’) o
= X 2o . i e
—_— - é‘ - O

. _ a
e ¢ cos (557
bl
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6. (9 points)

(a) Suppose that f(z) is a differentiable function with known inverse g(z) = f~!(z). Assume
as well that f(a) = b, so that the point (a,b) lies on the graph of f(z). Express the
derivative g'(b) = (f~')(b) in terms of the derivative of f. [No work need be shown for
this question. |

=

/
% (b) = S/(a)

(b) Explain (briefly) why the function f(z) = sin(x) does not have an inverse. What is
required to define the function arcsin(z)?

Sin(x) does no’f have an INvease bccavsc F s “°+
one- to-one.

arcsinex) is th inverse of Sintxd whn restrcled
'I“o tHe dowma wm [—"7:,"7;] oh which Sincx)

'S owe- fo-one,

(c) Use the fact that sin(7/4) = 1/v/2 and your formula for (a) and explanation in (b) to find
arcsin’(1/v/2).

TLQ Pou'd' (T“-:] 7"{) ]lés oNn Flo 3r‘aP|n m" sSinx)

and i’l'; Sm (x> = CoS 00,

. [ -
onesin’(77) = Cos() ~ (W/z) z
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7. (8 points) Compute the following integrals.

(a) / arctan(z) dr = »

UCx) = anctan (x)  Vexd=1

»

—

(

il

w (x)

x arctan(x> - 3 5*;'* dw

B'&) = Tays V(x) = X
* = X arctan (;‘c)“jl_Ht e
L Cw'w w oo = x°
- - y -~ j__.....
= X arctan(x 2 Jaww Ax sy
= X arctan (0O - f T
L
:)(a/\c‘\'au(x)* z’h(lﬂ(z) t £
¢ 4 (w'w
* = X arctan (0 7 | — d» WX = [+ %2

Wiexd = 2%

- xarctou O — 2 fn(l-rx) +C

(b)fa:e dx

L X X
Xc-jlxcd;

e - [2 ch - j 2¢ dx ]

X?-Cx— erx + 2 fc"dx

2 x
Xe -2X¢E

X

—
—

+ZC'K + L

Uy =x. Vi =e”

W) =z2x v =e”

1

Reda.-g we. Udx):

Ulx) = 2% Vit =e ™

Uy = % V()‘)"-'c-’\
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