Problem 4. Let A be the set of all positive integers which have 2025 digits in their decimal represen-
tation and all these digits are non-zero. For a € A let t(a) = a — m(a), where m(a) is the product of all
the digits of a. Find a for which t(a) is largest possible.

Solution. Let a be an integer in A for which the value t(a) is largest possible (it exists, since A is a finite
set). Let dg,dq,...,dag24 be the decimal digits of a so a = d2024102024 + d2023102023 + ...+ d110 + dy.
If b is an integer whose decimal digits form a permutation of the digits of a then m(b) = m(a) and
t(a) Z t(b) It follows that a 2 b and, COHSunthly, that d2024 Z d2023 Z ‘e Z d(). If d2024 < 9 then
t(a) < a < 9-1029%% < #(9911...1), which contradicts the definition of a. Thus we must have dag2s = 9.

Suppose that k& < 2024 and b is obtained from a by replacing the k-th digit di of a by another digit
d > 0. Then b = a — d;10¥ + d10¥ and m(b) = dm(a)/dy, so

t(b) = t(a) + (d — di) (10’“ - md(a))

k

Note that m(a)/dy, is divisible by 9 = dagas, so 10% # m(a)/dy. If m(a)/d; < 10¥, then we must have
dp = 9, as otherwise we could take d = 9 to get t(b) > t(a). If m(a)/d; > 10¥, then we must have
dr, = 1, as otherwise we could take d = 1 to get t(b ) > t(a). In other words, there is an 0 < s < 2024
such that dy = d; = ... = ds = 1 and dgy1 = ... = dogos = 9 and 10° < m(a)/ds = 92°24=% and
10°T > m(a)/dsy1 = 929?375, In particular,

2023 92024
92024 > 903 >

10~ 90
Taking logggxr = Inx/1n 90 of both sides we get
In9 In9
2024 -2 2024—— —1
044000 ~ 7 2000

|
ie. s= {2024111990J = 988. It follows that a = 99...911...1, where we have 1036 9’s followed by 989
1’s.

Problem. Suppose that we take a subset D of {1,2,...,9} and consider the set Ap of all 2025-digit
integers with all digits in D. Find a € Ap for which t(a) is largest possible.



