Ch 6 Summary of Rational Function Graphing

Rational functions have the form f(x) = —g;i)—% , where P(x) and Q(x)are polynomials (and Q(x) is not
X

the zero polynomial).

The domain of a rational function is the set of all x such that Q(x) #0.

Graphs of rational functions are distinguished by their asymptotes, those lines which the graph of f(x)
gets increasingly close to, but never touches. The terminology for “gets incregsingly close to” is ll Y'hk{ ,
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In its graph:
as x —> oo, f(x) >0 ‘
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as x — 0 on the right, f (x) = Da& x->-09, Y x .

as x — 0 on the left, f (x) & —©

The x-axis (that is, the line y = 0) is the horizontal asymptote (HA).
The y-axis (that is, the line x = 0) is the vertical asymptote (VA).

The location of the HA and the VA depends on a couple of features of f{x):

The VA is usually determined from those values of the denominator that are omitted from thé
domain. (Sometimes, these omitted values lead to a hole in the graph rather than a VA, as we’ll see.)

So for the parent function, f(x)= —1— , whose domain is all x# 0, the equation of thed¥ is x = 0.
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The HA is generally determined by comparing the degrees of P(x) and Q(x):
If deg of P(x) <deg Q(x), the HA is the line y = 0 (that is, the x-axis).
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If deg of P(x) =de x), the HA is the line y =
g ) g 2 Y leading coeff of Q(x)

(that is, the x-axis).

If deg P(x) >deg Q(x), there is no HA, but ...

If deg P(x) exceeds deg Q(x) by 1, there is a slant asymptote (SA).



Examples:

fx)= ;lc- deg P(x) <deg O(x) VA:x=0 HA:y=0
f(x)= 2 deg P(x) =deg Q(x) VA:x=-4 HA:y=-21=-2
X+
x+1
fx)= deg P(x) >deg O(x) VA:x=2 HA: none
x —
SA: none (deg P(x)exceeds deg O(x) by more than 1)
f(x) "\;CS +“1 : >'dc P(x) > deg O(x) VA: none HA: none
TEST R 7R ' ‘
NS SA: deg P(x)exceeds degQ(x) by more than 1

The last example is a little unusual. It is a rational function without a VA. The denominator cannot equal
zero. It has no HA because the deg of the top is greater than the bottom, but it has an SA because the top’s
degree exceeds the bottom by just 1. To find the SA, we proceed by long division of polynomials:
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We don’t need to look at the remainder of the division. The equation of the SA is simply the polynomial
part of the quotient.

Finally, we consider the possibility of holes in the graph. These occur only when the top and bottom
factor in such a way as one of the binomial factors cancel.
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For example: f(x)= L%‘B%‘Z . Factor the top and bottom (as always).
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We found there was a cancellation of the factor x — 1. That means there is a hole at f{1). Find the
coordinates by evaluating the reduced function:

Foy=21 A1) = b - Hole is at (1, 3)
x+1 z



Practice problems

Find all the features asked for. Asymptotes must be in equation form. Holes are ordered pairs.

Also, find y-intercept and any roots:
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3= 7
py P —
202X |5 0o+ %+
X+ZX=+X
2 2
roots: QR '2-'[ — 33:‘7(;-% 76"7{

FxkF



