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y=sinz y =|sinz|

7.3 Absolute Value and Inequalities Combined ‘

Important Idea 7.3.1.

1. Ifa> 0, then |a| < a if and only if ~a < 2 < a.

2. Ifa >0, then o] > o if and only if [v < —a or & > a].

There are two ways to undorstand the statements in Important Idea 7.3.1. Both are useful. One
should not be ignored in favor of the other, I e

A geometric interpretation is an extension of the geometric definttion of sbsolute value (Defini-
tion 7.2.3). We think of |2| as the distance from 0 to @ on a numberline. So |2] < a would mean
all numbers & whose distance from 0 on a numberline is legs than a. This would certainly be all of

the numbers between ~a and g, in other words: —~a < & < q.. Similarly, 2| > a would be the set
of all numbers whose distance from 0 on the numberline is greater than a. Those numbers would




Y

CHAPTER 7. ABSOLUTE VALUE AND INEQUALITIES 210

be the positive nmumbers greater than ¢ and the negative numbers less than —a, in other words:
[z <~a or 2> q].

The second interpretation is an algebraic one. If |2| < @ then we are saying that if we ignore the
sign, the size of the number z is less than a. Certainly those would be the positive numbers less
than a and the negative numbers greater than —a, and of course 0. This combines to —a < z < a.
On the other hand the set of numbers whose size is greater than a would be the positive numbers
greater than a and the negative numbers less than —a. So |z| > a means exactly [z < —a or z > a].

Notice that when the sign is “<” we get a single interval result. When the sign is “>" we get
a disjoint set. This should make sense. For “greater than” we are looking at extreme values. For
“less than” we are looking to set a boundary.

-

Geometrically then, we could interpret |z| < 4 as being all of the numbers on the number line
whose distance from the origin is less than 4. This is the interval (—4, 4). Algebraically we think
of it as all of the numbers whose size is less than 4. This translates to —4 < z < 4.

Given |z| > 4 we think of all of those numbers on the number line whose distance from the
origin is greater than 4. These would be the numbers on the ends of the number line, those lying
beyond 4 to the right and beyond —4 to the left. This is the set (—oo, —4) U (4, 00). Algebraically we
think of |2z| > 4 as all of the numbers whose size is greater than 4. This would be [z < —4 or z > 4].

Notice that if we combine the sets from |2| < 4 and jz| > 4 we get (—4,4) U(—o0, —4) U (4,00} ,
which is the entire set of real mumbers, except for the numbers —4 and 4. It may seem obvious, but
it is worth the observation that |2| < 4 and |z| > 4 and |z| = 4 are disjoint (non-overlapping) sets
which together encompass all of R. Again, you can think of this two ways. Geometrically, we think
that the entire number line is covered by the union of these sets. Algebraically we think that every
real number is included in one, and only one, of these sets. In other words, for every real number,
its absolute value must be less than 4, equal to 4 or greater than 4.

In the previous section’; study of absolute value we interpreted |z - ¢| geometrically to mean
“the distance between 2 and ¢ on the number line.” So, |z + 3| = 5 meant that the distance between
2 and ~3 on the number line is 5. We solved that to say that 2 had to be either 2 or —8, We carry
this geometric interpretation to inequalities,

Important Idea 7.8.2,

1. Fora>0, |v~c<a r&pmaénm the set c)f numb«m a whose distam,@ Jrom ¢ on the number
line is less than a.

2 Fora>0, lr—c¢l>a repreamts me a@t r}f numbam @ 'whoa& distance from ¢ on the number
line is greater than a. 5

Our algebraic interpretations ave directly. applied iﬁ‘@m Important Idea.7.3.1: |¢ — ¢ < @ means
—~a < (2 —c¢) <a, and |@ — ¢| > a translates to [(@ = 0) < ~a or (@~ 6) > d].

Example 7.3.1,

Solve for z: |z — 3] < 8

Geometric solution: We want the set of all numbers  whose distance from 3 on the number line
is less than 8. So, beginning at 3 we mentally go a distance 8 in either direction to get the solution
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set (—5,11),

Algebraic solution |z —3| < 8§ = -8 < (2-3)<8 = —5<z<1l.
Comprehension Check 7.2.

1. Egzpress in words the geometric interpretation of |2 + 2| > 6 and then solve for z.

2. Eapress algebraically lz+2|>6 .and then solve for .

8. Express as an inequality that uses absolute value:

“The set of all numbers = whose distance
Jrom 6 on the number line is at legst 127

4. Dzpress as an inequality that uses absolute value:

“The set of all numbers z whose distance on
the number line is within 4 units of —97.

We will not always have expressions as simple as
function of 2 could be there. Algebraically,
7.3.1:

For a >0, |f(z)| < a if and only if —a < f{z) < a

For a >0, |f(2)| > a if and only if f(@) < —a or f(z)>a.

“(z — ¢)” inside our absolute value signs. Any
we still manipulate this using the idea of Important Idea

In the study of calculus there are several places where mathematicians are interested in how close
together the graphs of two functions are. Fo

v instance, if they want to find the values of for which
the graphs of functions f and g are within some vertical distance ¢ of each other, they will set; up

the equation | f(z) — g(z)| < ¢. We know that the geometric interpretation of this equation is “the
set of numbers z for which the distance between f and g is less than ¢.”

Example 7.3.2.
Solve for z and give o geometric interpretation: |2 — 5z| < 9.

We solve this algebmz‘cally’:
‘ [2-52] <9
-9<2~-b62<9

-1l < =<7

'11>m> 7
5 - b

(note the sign change in the last step as we multiply by o negative number)

So, the solution set is all z in the interval (-%, ),

N For a geometric interpretation we can think of f(z) =2 and g(z) = 5z and so say that the graphs
0T the equations y = 5z and y = 2 are within nine (vertical) units for any 2 in the interval (-4 ,

518 /)

Actually, our geometric interpretation is not unique. We could think of flz) = 2 — 5z and
9(z) = 0 and say that the graphs for y = 2 — 5z and y = 0 (the 2-axis) are within nine (vertical)
units for any z in the interval (—Z, 1),

Or, we could even think of f(z) = 2 — 3z and 9(2) = 2z and say that the
and y = 22 are within nine (vertical) units for any z in the interval (—Z, 1%

).
All of these interpretations fit the form [f(2)—g(z)| <cforc=9

graphs for y =2 — 3
z .
5>




CHAPTER 7. ABSOLUTE VALUE AND INEQUALITIES ' 212

Comprehension Check 7.3.
1. On the same set of aves, carefully sketch f(z) = (3z) and g(z) = 5.

2. From your graphs, estimate the x interval over whick values the vertical distance between your
graphs is less than 4.

8. The inequality that describes this situation is |3z — 5| < 4. Solve this inequality and compare
the result to your estimate in part (2). '

We now look at several examples to reinforce the algebra of absolute values and inequalities.

Example 7.3.8.
Solve for x: |2 — 6z + 9| < 25.
|z? — 6z 4 9] < 25
I(z—3)?* <25
lz—3l <5
So, (by mental geornetric interpretation), the solution set is (—2,8).

Example 7.3.4, X
Solve for x: '3- —2"11’ > 1.

. z
g DS
p-3l=1
T
23_%>24
-5l
6—a|>2

So, the solution set is (—e0,4] U [8, c0).

In Examples 7.3.3 and 7.3.4 we see that the last step is easier to do mentally than to write out
the corresponding inequalities —5 < (2 — 3) < 5 and [(6 —z) < —2 or (6 ~2) > 2] and solve them.
In Example 7.3.4 we are also reminded that |a — b = [b~ a|.

Example 7.8.5.
Solve for x: H— e 1' <3,
l:ﬁ - 1' <38
@
i-a <4
O el
]

~3< =8 anp =B oy
z @

Now we need to consider the cases & > 0 and # < 0. (The domain tells us z #0).

T —
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If z > 0, the last statement can be rewritten as:

—3r<l—2z AND 1—z< 3z
—9x <1 AND 1< 4z

4

So, bilfm >0 AND 2 > —% AND z > 3 we simplify to z > 3 is part of the solution to the original
problem.

1
m>—%ANDm>—

If z < 0, we have similar algebra, butvmust change the sign when multiplying by x:
—32>1—2 AND 1—2>3z
—2z>1 AND 1> 42
1 1
w<—§ANDm<Z
So, if <0 AND z < —% AND z < § we simplify to © < —1 s the other part of the solution to

the original problem.
Our solution set is (—o0,—%) U (§,00)-

Example 7.3.6.
, z+1 2z -1
For what values of x are the graphs of the functions fl2) = 5 and g(z) =
vertical unit of each other?

within one

We need to solve the equation |f(z) — g(z)| < c. We use f and g as defined above, and ¢= 1.
z+1 22—1
We get:

5 < 1 and need to solve for z.

a:+1_2w—1
2 3

:1:+1_2m—1
2

3(z +1) — 2(22 — 1)] <6
| —2+5 <6

<1

‘<6-1

So, the solution set is (—1,11).
Example 7.3.7.

Solve for x: 48

2

21

>

4= Bo
2

4 - b
,2,‘_,_,,,,2m

221

|4 ba| > 2
4-Bx 22 or 4 by < ~2
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~bx>—-2 or —-Hx<—6
2
z< = o :1:2E
5 5

So, the solution set is (—oo, 2) U (§,00)
Example 7.3.8.

Solve for z: |22 — 7| > |2 — 3|

Solution 1: This is true for & = £, so include 2 in the solution set. Then, for z # 2, rewrite as
|22 — 7|
12 — 3z

Solution 2: We use the squaring technique:

> 1 and solve in the manner as Ezample 7.3.5.

|22 — 7| > |2 — 3|
|22 —7|* > |2 — 3a|?
42 — 281 + 49 > 4 — 122 + 92°
~ba? — 16 +45 > 0
(% +5)(~ba -+9) >0

Z (—00,~B) {6} (-5, %) {%} (%a o0)
(z +5) - 0 + + +
(~52+9) + + o+ 0 -
(z +5)(—bz +9) - 0 + 0 -

So, the solution set is the interval (—5, 2).
There will be times, particularly in calculus, where it is important to know the absolute value of
a function, |f(z)|. From the definition of absolute value we can get:
o { —f@) if fle) <0
rei={ 3§ 105
So, determining | f(z)| essentially amounts to determining for which values of x the function f is
positive and for which values of & the function is negative. Then we just apply the appropriate sign.

Example 7.3.9.
Rewrite |3 — 5x% + 4| as a piecewise defined function,

3 x2, gy | —(@®—5a%+4w) if (2%—Ba?+4w) <0
|2* — 5z +4“"{ 2® — 522 +4z if (2% =00 hdw)20

_f —(2® 52 +4z) if z(e-1)(z~4)<0
- 22 —522+4z if z(@-1)(xz-4)20

To simplify the inequalities, we use the table method. Our division valucs are 0, 1 and 4.

z (—o0,0) {0} (0,1) {1} (1,49 {4} (4,00)
x - 0 + -+ “} “+ +
(z—1) — - - 0 + + +
(z-4) - - - e - 0 -+
z(z —1)(z—4) — 0 + 0 - 0 +
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So, our solution is:

—(2®~ 52?7 +-42) if z<0
3 2 ;
3_ g 2 0 r° -5z +42 if 0<z<1
o7 = 5 + da] = —(@3—522442) if 1<z<4
2 —b52% {4z if z>4

7.4 Exercises

Problems for Section 7.1 7 R o RN S

2
Problem 1. Solve, Graph your solutions on a number line. 1o ( (
(@) 32 +1>2+¢ (b) —1<2-2<1 © 22—2—6>0
22 2 =z
P e N2 1Y4 <z
(d) (z+3)(z 2Pz~-1)¢<0 (e) :1:—2>0 () -<3

Problem 2. Solve. Write solutions in interval notatior.

() —1<32% 4 (b) 2* +22% ~d5-8<0  (g) %ZmiS
(d)g—%+z~>% () 22 —224+1<0
Problem 3. Solve. Write the solutions in algebraic notation.
(a) —6z+3>z+5 (b) 2t —16<0 (c) $2j2>1
-2 + 2 i z+12 o
(d) o >—j,+3 (e) poareg 320 € 2°2~1) <0

Problem 4. Find the domain for each of the following functions:

(@) f@)=v22+dz+3  (b) sinl(1— z?)

n
Problem 5. For what non-negative integers n is it true that Zz << 46567
==l

Problem 6. Your friend Cletus wrote: “5%-—8— > 2—5:-2, and 80 bz > (2 — 2)(3z + 8).”

Please explain to him (kindly) why this is not correct.

Problems for Section 7.2

Problem 1. Find numbers a and b to-show that @t b] % |a] + [b].
Problem 2. Find numbers a and b to ghow that a = b # |af = |b],
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Problem 3. For what values of z does 8z — 4] = 8z — 47

For what values of z does [3z — 4| = —(3z ~ 4)7
Problem 4. Clive (Cletus’ twin brother) wrote: “|z — 5| = gz + 5.7 Explain to him (also kindly)
why this is not correct,

Problem 5. Solve each of the following;

(a) |2z =2 +1 (b) |—32+6]=09z (¢) j2z—5]=9
z+3

(d) 2—|z|=1 () |lz— 10| =22 - 102 M 2$_11=

(8) [2% + o] = |2 — 15| (h) J1—22/=38+[z+5| @) |22+ 2] —12=0

Problem 6. Simplify:

|z + 2| [2% — 4]

(a) ) for @ #£ —2 (b) mfora:#—Z
Problem 7. Express the following using absolute value:
(2) The distance between z and 3 is 12, (b) zis four units away from 7.
(c) The distance between 22 and —4 is 1., (d) @ is six units from the origin.

Problem 8. Graph the following:  (a) y =]z —3|+2 (b) y=|z® 1] (¢) y=|~z
What does this last graph tell you about the function f(z) = || concerning even/odd/neither?

Problems for Section 7.3

Problem 1. Express each of the following as an inequality statement involving absolute vahe:
o

(a) “@ is less than 6 units from 4 on a number line.”

(b) “y is at least 8 units from —1 on a number line,”

(c) “ is no more than 5 units from the origin of a number line.”

(d) -3<z<3 (e) ~4<z<10

) <-4 or 2>4 (8) 2<2 or z>10
Problem 2. Solve for z. Express your answer in algebraic notation, For (a) and (b) also sketch
your solution on a number line,

2z 4~ 5z
@) lz+7 <5 () 1—22|>5 () 1—?"‘ <1 (@) Zl>1
(e) [cosz —243| < —2 ) |z|>z+1 (8) lz+2/-5> 10 (b) |z —1] > |3z ~ 5|
) _1 <1 ) z+3 <3 &) jz2+3+]z—-2/>6 (Hint: Check four cases).
|22 +7) = 4 z—1|— '
Problem 3. Rewrite as a piecewise function: f(z) = |2? — 4z — 21 See Example 7.3.9.

Problem 4. Suppose f(z) = 22 — 2 and 9(z) = 22 4 3z — 8. For which values of z is the vertical
distance between the graphs of f and g less than 47
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7.5 Answers to Exercises
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Answers for Section 7.1 Exercises
Answer to Problem 1.

(@) 221

(b) 3<a<9

() z<-20r z>3

(d) z<-3

(6) 2<0or z>2

® -2<2<0 or z>2

Answer to Problem 2, :
@ L5 1) (~02 (o) (coo V00 @) (coo-2) (g
Answer to Problem 3.

(@) 2<-2 (b) ~2<2<2 () 2<~20r g>9
(d) z<-2 () ~2<2<3 ) z<1

Answer to Problem 4.
@) (00, ~31U[-1,00) (b) [-v2,v3)
Answer to Problem 5.
1<n<29
Answer to Problem g,

We don’t know the sign of (3z + 8) 80 we can’t be sure which inequlity sign is valid,

Answers for Section 7.2 Exercises

Answer to Problem 1, . \

Answers will vary, C&?‘PQSW‘\*Q S \a»ﬂme A+ \‘3
Answer to Problem 2,

Answers wil] vary,

Answer to Problem 3,
(a) z>4 (b)wS%.
Answer to Problem 4.

_ =5 if z>5 \ , ) .
|z — 5] = —¢+5 if g5 (@+5)isnot always non-negative.
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(a) 1, =1 (b) % () -2, 7 (d) no solution (e) —1,10
() & -5 3 (h) -% 9 0 ~33
[ Answer to Problem 6.
| l2+2] [ -1 if 2«0 2% ~4 lw—2l
(&) 242 | 1 if z>—2 () 13z +6] ~ foz-2
Answer to Problem 7.
(a) |z - 3l =12 b) lz-7=4 () [2z+4=1 (d) |z]=
Answer to Problern 8.
Graphs not shown. (b) even
Answers for Section 7.3 Exercises
Answer to Problem 1.
(a) [z2—4]<6 (b) ly+1]>8 (¢) |2|<5 (d) l2] <3
(e) lx—3|<7 ) |z] >4 (&) lz—6>4
Answer to Problem 2.
(a) —12<2<—2 ’i 5 i02>
(b)a:<—20ra:>3 _2. ................................ §\__>
(c) 0<z<3 (d) z<forz>8 _ (e) mno solutions
(f) z < -1 (8 e<~7Torz>3 ) 3<z<2
(i z<-4 or z>-$ () 2<00r >3

Answer to Problem 3.

]a:2~49:——21[={

Answer to Problem 4.
l<z<3

k) z<-Loraz>s

2% — 42— 91 if
~q:2+4a,+21 if
z? — 4z — 21 if

r< -3
—d<a<?
x>7




