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Abstract. This paper considers n-ribbon tilings of general regions and their per-tile entropy
(the binary logarithm of the number of tilings divided by the number of tiles). We show that
the per-tile entropy is bounded above by log, n. This bound improves the best previously
known bounds of n — 1 for general regions, and the asymptotic upper bound of log, (en) for
growing rectangles, due to Chen and Kargin.
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1. Introduction

A region R € R? is a union of finite number of unit squares [z, z+1] x [y, y+1], with (z, y) € Z>.
Two unit squares are adjacent if they share the same edge. We consider tilings of regions R by
ribbon tiles:

Definition 1.1. A ribbon tile of length n, or an n-ribbon, is a connected sequence of n unit
squares in R?, each of which (except the first one) comes directly above or to the right of its
predecessor.

For (z,y) € Z?, we say a square [z, z + 1] X [y, y + 1] has level z + 1. An n-ribbon can also
be defined as a connected set of squares containing exactly one square of each of n (consecutive)
levels. See Figure 1.1 for an illustration of the case n = 4. We call the first square of an n-ribbon
(the square with the smallest level) the root square, and the last square of an n-ribbon (the square
with the largest level) the end square.

Dominoes are a particular case of ribbon tiles with n = 2, and have been extensively studied.
Ribbon tilings of Young tableaux, known as rim hook tableaux, have also received attention
as part of the representation theory of the symmetric group. (See [Sta02], [Bor99], [FS98],
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Figure 1.1: n = 4. Picture (a) shows eight types of ribbon tiles. Picture (b) shows a tiling of
a region with a hole. Picture (c) is obtained by rotating picture (b) forty-five degrees counter-
clockwise. If the lowest square has level 0, the horizontal lines pass through squares of levels 2
and 5 respectively.

[JK84](Chapter 1) and [SW85].) The n-ribbon tilings with n > 2 for more general regions were
first studied in [Pak00].

Typical questions one might ask about tilings are: Does a tiling of a region R exist? If so,
can these tilings be enumerated?

The existence question for n-ribbon tilings of regions that are simply connected was studied
in [She02], who provided a remarkable algorithm, linear in the area of a region, that checks
whether the region has an n-ribbon tiling. The existence question for general (not necessar-
ily simply connected) regions is still open, but might be hard. Indeed, [Aka20] studied tilings
by 180-trominoes, which are sets of three connected squares forming an L-shape, where each
tromino in the set can be obtained from another by a 180° rotation. One such set consists of
two L-shaped 3-ribbons, while the other is obtained by reflecting these trominoes horizontally.
Building on the techniques of [MRO1], as well as [HINSU17], [Aka20] show that determining
whether an arbitrary region can be tiled by 180-trominoes is NP-complete. However, they also
identify a specific class of regions for which the tiling problem can be solved in polynomial time.

In this paper, we focus on the enumeration question. For domino tilings, this question has
been widely studied. The papers [Kas61] and [TF61] provide a formula for the number of tilings
of rectangular regions using a method based on calculation of Pfaffians. For rectangular regions
of fixed height, [KP80] used another method (a difference equation method) for enumeration, and
[Sta85] studied the properties of the generating function. For regions that are Aztec diamonds,
the enumeration problem was solved by [EKLM92].

In contrast, much less is known about the enumeration of n-ribbon tilings when n > 2. For
the remainder of this introduction, we express any enumeration results in terms of the following
quantity.

Definition 1.2. The per-tile entropy of the n-ribbon tilings of a region R is the binary logarithm
of the number of n-ribbon tilings divided by the number of ribbons in each tiling, that is,

Ent, (R) = —10%42((]7%:;51;))

where 7,,(R) is the number of n-ribbon tilings of the region R, and A(R) is the area of R.
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Intuitively, the per-tile entropy tells us how many bits of freedom each tile has, on average,
once we account for all global constraints. If there were no global constraints at all — so that each
tile could be chosen completely independently from the 2"~! possible ribbon types — then the
per-tile entropy would be log,(2"~!) = n — 1 bits. In reality, though, geometric and adjacency
constraints couple the choices of neighboring tiles, reducing the per-tile entropy below this upper
bound.

For n-ribbon tilings, it is not difficult to calculate that the number of tilings of an n X n square
region is n!. (See [AJ19] Corollary 25, with ¢ = 1, or [CK23b] Lemma 1.) If n — oo, then the
per-tile entropy is log,(n!) /n ~ log, n—log, e. In [AJ19], an exact formula for the number of n-
ribbon tilings of an n x 2n rectangle was proved. The formula implies that for n — oo, the per-tile
entropy is asymptotically equal to log, n —log, e+ 1 — % log, C' where C' =~ 2.4969 is a constant
associated to Bessel functions (See formula (0.9) in [KMZ96]). Observe that changing the n x n
square to the n x 2n rectangle leads to a significant increase (namely 1 — % log, C' ~ 0.3399) in
the asymptotic per-tile entropy.

In the above examples, n grows with the size of the region. Upper and lower bounds for
Ent,,(R) are known for various classes of regions when n is fixed. For example, [CK23a] study
tilings of strips, which are rectangles of fixed height equal to n. It is shown that the per-tile en-
tropy for strips is bounded above by log, n. In [CK23b], exact enumerations of n-ribbon tilings
are provided for two classes of regions, generalized Aztec diamonds and stairs. The per-tile en-
tropy of generalized Aztec diamonds equals 1/2. When n is odd, the per-tile entropy of stairs
converges to log,(n + 1) — 1 as the size of the region grows. By considering a generalization of
stairs, [Bev24] shows that (for any positive integer n) there are regions whose per-tile entropy
converges to log[n/2]. [CK23b] also considered the case of rectangular regions where the rib-
bon length is fixed and both the height and width of the rectangle go to infinity. In this situation,
it was shown that the per-tile entropy Ent,, (rectangles) converges to a limit 4™ that satisfies
the inequality

1
log,n — logy e +n~* (5 log, n + log, v 27T) < p™ < log,n + log, e.

The main result of this paper is as follows.

Theorem 1.3. For every finite region R and every n > 2, the per-tile entropy of R satisfies the
inequality
Ent, (R) < log, n. (1.1)

This bound significantly improves the previously best known upper bound for Ent,, (R) for
general regions of n — 1, established by [CK23b]. Moreover, the examples above (in particular
the enumeration results for stairs) show that the upper bound of Theorem 1.3 is close to being
tight.

The key observation used to prove the new bound is Lemma 3.1, which shows that a tiling
of an arbitrary finite region is determined uniquely by the positions of the root squares of the
ribbon. It follows that the number of n-ribbon tilings is equal to the number of valid choices of
the root squares. The inequality (1.1) in the main result is proved by an analysis of the constraints
on possible choices of the root squares in a tiling.
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We end this introduction by stating an open problem. Let n be a fixed integer with n > 2.
For each integer A = an that is divisible by n, choose a region R, of area A with the largest
number ¢, of n-ribbon tilings. Define s, = log, t,, s0 s,/a is the largest n-ribbon entropy of a
region of area an. For positive integers a and b, we see that s, + s, < S, (because the region
that is the disjoint union of R, and R, has at least ¢,t, ribbon tilings) and so the sequence (s, ) is
superadditive. Theorem 1.3 shows that s, /a is bounded above by log, n. Hence Fekete’s lemma
for superadditive sequences implies that lim,_,, S,/a = lim,_,, Ent,(R,) exists (and is equal
to sup{s,/a : a € N}). So we may define 7,, = lim,_,, S,/a. We ask: what is the value of 7,,?
From [Bev24] and Theorem 1.3 we can see that

loan —1 < Tn < IOgZ n,

but we conjecture that neither bound is tight. As a possibly more accessible problem, we ask:
does 7,, — log, n converge to a constant as n — co?

In the remainder of the paper we provide some preliminaries in Section 2 and prove our
results in Section 3.

2. Preliminaries

We say that a tile has level [ if its root square has level [. We call a square a boundary square if
it is not contained in R but adjacent to at least one square in R. Let S¢) and B" be the set of
squares and boundary squares of a region R at level [, respectively.

The paper [She02] introduced a ‘left-of * relation for both tiles and squares (including bound-
ary squares), denoted by <. Let S, , be a square (or a boundary square) [z, z + 1] X [y,y + 1].
We say S, , < Sy, if one of the following two conditions holds:

() z+y=2+y andx < 2’;

Q) |(x4+y) — (@ +y))=Lr<sandy >y
The ‘left-of” terminology makes sense if we rotate the region forty-five degrees counter clock-
wise so that square of a fixed level form horizontal lines; see Figure 2.1.

Let 7" be a tile and S be a square (or a boundary square). We write S < T if S < 5’ for
some square S’ € T, and T' < S if S" < S for some square S” € T'. If T and T5 are two tiles in
a tiling, we write 17 < T, if there exist a square S; € T} and a square Sy € T, with S; < S,. It
is not possible that both 77 < T5 and 75 < T} unless T} = T5.

For a region R and a fixed (n-ribbon) tiling, let o; and 7; be the number of squares of R and
tiles at level [, respectively. By the definition of ribbon tiling, we have

!
o= Y T (2.1)
j=l-n+1
for each level [ in every tiling of R. Clearly, o; does not depend on the tiling. Now 7, = 0 if R
has no tiles at level /, and so the equation (2.1) shows that 7; does not depend on the tiling, only
on the region R. So each tiling of R has the same number of tiles in a specific level. We can
order tiles of level [ from left to right, and denote the i-th tile of level [ in this ordering as Ti(l),

iZl,...,Tl.
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Figure 2.1: For the tiling shown in (a), all tiles are enclosed by solid lines, while the boundary
squares are indicated by dashed lines. The root squares are labeled as &° for the i-th tile at level
k. To better visualize the ‘left-of” relation, one may find it helpful to rotate the tiling forty-five
degrees counterclockwise, as illustrated in (b). The tile 7} 1(1), whose root square is 11, is ‘left-of’
all the shaded tiles and boundary squares, for example, Tl(l) < T2(1).

3. Proof of Theorem 1.3

In this section, we will always assume that the region R is rotated forty-five degrees counter
clockwise and that the lowest level of a square in R is 0. We will often write tiling to mean
n-ribbon tiling.

We first show that a tiling is uniquely determined by the positions of root squares.

Lemma 3.1. Let R be a finite region of the plane. Any n-ribbon tiling of R is determined
uniquely by the positions of the root squares of the n-ribbons in the tiling.

This lemma generalizes Lemma 8 in [AJ19], and its proof follows similar lines.

Proof. Fix a subset I C R of squares that are the root positions of our tiling. We show that the
whole n-ribbon tiling of R may be deduced from I, by building the tiling from the low-level
squares of R upwards.

All the squares in R of level 0 are root squares of (distinct) n-ribbons. (In other words,
must contain all these squares.) So we have no choice for the intersection of the tiling with the
squares of level 0. Suppose now (as an inductive hypothesis) that we have found the intersection
of the tiling with all squares in R of level [ or less, for some integer with [ > 0. We claim that
there is only one choice for the intersection of our tiling with the squares in R of level [ 4+ 1 or
less.

Certainly, the tiling is determined for the set of squares at level [ 4 1 in /, meaning that we
know exactly which tiles cover these squares. These are all covered by level-( + 1) tiles. We
will show that the tiling is also determined for the remaining squares at level [ 4 1.
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Indeed, the remaining squares at level [ + 1 are covered by the set 7" of level-£ tiles in our
tiling where [ — (n — 1) + 1 < k < [, with one square at level [ 4 1 covered for each tile in
T'. The tiles in 7" may be ordered from left to right, by the order in which we meet them as we
move rightwards along the squares at level [. Because no two n-ribbons in our tiling cross, this
order does not change if we instead order 7' by moving along the squares at level [ 4 1. But this
means that the tiling at level [ + 1 is determined: the ¢-th tile in 7" covers the i-th square at level
I+ 1in R\ I, moving from left to right. So our claim follows.

The lemma now follows by induction on /. [

We observe that there is a straightforward upper bound on the per-tile entropy of a region R
of area A as a direct consequence of Lemma 3.1, which can be derived as follows. Any n-ribbon
tiling of R contains A/n tiles, and so the set I C R of root tiles in the tiling satisfies |/| = A/n.
Hence the number of possibilities for / is at most ( Af/‘n) and hence (using a standard upper bound
for binomial coefficients)

log, AAn og, (Ae n))A/m
Bt (R) < gAﬁn/ )  log (A 1{1(/:/ )

= log, n + log, e.
This upper bound is weaker than Theorem 1.3, but is still reasonable.

To prove Theorem 1.3, we require more information on the structure of the subsets / of root
squares. We will proceed inductively, considering the choices for the root squares of level /, once
the root squares at level £ with £ < [ have been determined. We examine the squares in R of
level ¢ — 1 (where our tiling is determined) and level [ (where our root squares must lie), together
with the boundary squares of levels £ — 1 and /. We show that the root squares at level [ must
lie in certain disjoint subsets Agl) of squares in 1 at level . The subsets Agl) are determined by
the root squares at level & with £ < [. We now provide an argument which defines the subsets
AZ@, and shows their relationship with root squares. (See Lemma 3.2 below.)

Suppose all root squares at level k£ with £ < [ have been determined. The proof of Lemma
3.1 shows that the tiling is determined on all squares of level less than [. In particular, the tiles
at level [ — n are completely determined. Let DU~Y be the set of end squares of the tiles at level
| — n. Clearly, DU~1 C S and D¢~Y has been determined.

Let W = (S¢=D\ DU-D)uS® and K = DDy (BED U BWY). Tt is not difficult
to check that W U K® = (J,_,_, (8™ U B®) and W N K" = &. The squares in
Uiei—1,(S® UBW®) are linearly ordered by the ‘left of” relation defined in the previous section,
and so the set consists of runs of consecutive squares in W), separated by one or more squares
in K. (Alternatively, we can think of W) being divided into equivalence classes by their
‘left-of” relations with K() such that the squares in each equivalence class have the same ‘left-
of> relation with every element in K. Clearly, the equivalence classes are exactly the runs
above.)

In order to better understand the runs in W), we think of the squares in | J,,_,_, ,(S®)UB™®)

as being coloured black or white: the squares in K are black and those in W are white. Up
to left-right reflection, each run will have one of three forms (a), (b) or (c): see Figure 3.1. Let
d be the difference of the number of squares at level [ and [ — 1 in a run. Then the three forms
(a), (b), (c) correspond to the case d = —1, 0, 1, respectively.
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Figure 3.1: Three forms of a run. Black squares are either (i) the end squares of a tile at level
[ — n or (ii) the boundary squares at level [ or [ — 1.

Lemma 3.2. A run of the form (a) cannot be part of a tiling. A run of the form (b) does not
contain any root squares of level . A run of the form (c) contains exactly one root tile of level l.

Proof. For a fixed run, let SZ-(k) be the i-th square at level £ with k = [, — 1.

First, suppose we have a run of the form (b). By the definition of our black-white colouring,
it follows that the square Sflil) is covered by a tile 77 whose level is larger than [ — n and less
than [. Thus, the square Sﬁl) is also covered by the tile 77. By repeating this argument, we have
SZ-(l_l) and SZ-(l) must be covered by the same tile 7; for all . Therefore, a run of the form (b) does
not contain any root squares at level /.

Using similar argument for runs of the form (a), we see that the last square at level [ — 1 must
be the end square of a tile at level [ — n, so it must be black, which contradicts the definition of
the form (a).

Finally, suppose our run has the form (c). Since the number of white squares of level [
exceeds that of level [ — 1 by 1, there is exactly one root square of level [ in the run. 0

From Lemma 3.2, it follows that the number of runs of the form (c) is equal to the number
of tiles at level [ in any tiling. Indeed, the root square of tile T ) lies in the ith run of the form
(c) (reading left to right), which we denote Ei(l). Let AE C E be the set of level [ squares in
Ei(l). The root square of tile Ti(l) must be chosen from Al- , as it is of level [.

An example of this situation is depicted in Figure 3.2. In this example, the tiling is determined
on squares of level 5 or less. The set W) is separated into five runs: one of form (b) and four
of form (c). So there must be four level 6 root squares; the :th root square is contained in the set
of level 6 squares in the :th run of the form (c).

Note that our black-white colouring, and so the sets AEI), is completely determined by the
tiling on squares of level [ — 1 or less.

Proof of Theorem 1. From Lemma 3.1, it follows that for each level [ we need to choose 7
squares as root squares from the set S to construct a tiling. Let L be the highest level of the
tiles in R. We choose the root squares in each level from 0 to L in turn. Once the root squares at
level [ — 1 and below are chosen, we first construct the disjoint sets AEZ), 1=1,2,---,7. Then
we choose one root square from each set Agl) . All tilings arise in this way, by Lemma 3.2.

Let Z; be the number of possible choices of root squares at level [ as we construct a tiling.

We have
Tl
1, = H |Az(l)|
i=1
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Figure 3.2: An example with n = 3 and | = 6. The determined root squares are marked as k"
for the i-th tile at level £ for £ < [. The tiling restricted to squares of level below 6 has been
determined.
The black squares of K split W into five runs indicated by dashed segments at levels 5 and
6, including one run of the form (b) and four of the form (c). Each run Ei(l) of the form (c)
corresponds to the tile Ti(l), 1=1,2.3,4.

It is clear that the cardinalities |A§l)| satisfy the constraint ) | |A5l)| < [SW.
Let a:§”, i =1,2,---,7, be positive integers satisfying > " , xl@ < [SY] for every level
[l =1,---,L. Note that the constraints on the integers xgl) do not depend on the tiling in any

way, just the region R. Maximizing [/, \Agl)\ over all possible choices of root squares whose

levels are lower than [, we have
Tl
7; < max <Hx§l)>
i=1

(@

i

L L 7
Tu(R) <[] Zi < max (H ng”).

=1 =1 1i=1

Since the constraints on the integers x;’ do not depend on the tiling, it follows that

Therefore, the solution of the following maximization problem is an upper bound on 7, (R):

L 7
.. l
maximize H H T z( )
=1 i=1

)
(3.1
subject to: ZJCZ@ <ISY| fori=1,2,--- L, :
=1

W'>0 forl=1,2--,L,i=12...,7.

T
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For integers satisfying the constraints in this problem, we have

L T
SN 2P <80 = A).

=1 i=1 =1

Hence the following problem has weaker constraints than (3.1):

L 7
.. l
maximize | | | | SL'I()

=1 =1

L T
subject to: Z sz(»l) < A(R),

=1 =1
:lfgl)>0 forl:1727”'7L7i:1727"'77—l'

(3.2)

Since the constraints in (3.2) are looser than those in (3.1), it follows that the solution of (3.2) is
an upper bound on 7, (R).
We know that 37 S 1 = @ is the number of tiles in R. The maximum in (3.2) is

obtained by setting all 2" equal to A(R)/(22)) — p_ Then, the solution of (3.2) is

i n

wax (TTIT0) = "

=1 i=1

A(R)

Hence, 7,(R) < n"» , and Ent, (R) < log, n as required. O
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