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Chapter 1

Combinatorial Probability
and Basic Laws of
Probabilistic Inference

1.1 What is randomness and what is probability?

“Probability is the most important concept in modern science, especially as
nobody has the slightest notion what it means.” Bertrand Russell
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1.1.1 Setup and the classical definition of probability

Modern probability theory is a result of the scientific revolution which hap-
pened during the last 100 years. The basic setup can be seen in Figure
1.1. We have a data generation mechanism that produces outcomes ω. This
mechanism is often incredibly complicated and the consensus is that it is
difficult or maybe impossible to study it in all details. Instead, we study the
probability model. This model should tell us what is the probability that the
outcome ω belongs to a specific class of outcomes A which we call an event.
This is simpler than finding all the details of the data generation mechanism
and this is the reason why the theory of probability models is important.

Figure 1.1: Basic setup: Experiment,
outcome, event, probability

A very simple example of data
generating mechanism (or experi-
ment, – we use this two words in-
terchangeably) is tossing a die. The
possible outcomes form a set Ω =

{1, 2, 3, 4, 5, 6}. A possible event is
A = {1, 4, 5}. We say that the event
occurred in the experiment if the
toss of the die resulted in one of 1,
4, or 5.

Another possible “experiment” results in the vector of the stock price
data on a particular date. In this case, ω = (pApple, . . . , pZoom). A possible
event is that an average of these price vector is greater than the average on
the previous day (“stock market is up”).

Yet another example is the top image that a search engine provides
for the word “Picasso”. In this case, the outcome is an image which we
can represent as a three-dimensional array of pixel intensities (the third
dimension is for color information).

You can see that a random experiment and its outcomes can be very
complicated. Our task is simpler. This simply want to establish the basic
properties of the probability function P .

The probability theory grew up from the study of simple experiments
similar to tossing dice, and the definition of probability function in times of
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French mathematician Laplace (who taught mathematics to Napoleon) was
very simple. We start by considering this definition and move to a more
modern definition due to Kolmogorov.

Definition 1.1.1 (Laplace’s definition). If each outcome is equally proba-
ble, then the probability of a random event comprised of several outcomes is
equal to the number of favorable cases divided by the number of all possible
cases.

Essentially, this means that if a random experiment has N equally-
probable outcomes and the event A = {ω1, ω2, . . . , ωk} consists of k out-
comes, then

P(A) =
k

N
.

From the point of view of Laplace’s definition, probability is the art of
counting all possible and all favorable cases.

Example 1.1.2. Roll a fair die. What is the probability that you get an even
number?

Example 1.1.3. Suppose we toss two fair coins. What is the probability that
we observe a head and a tail?

The coins are distinguishable and the list of possible outcomes is in fact
HH = “H on first coin, H on the second coin”, HT, TH an TT. If we assume
that these 4 outcomes are equally probable, then there are two favorable
outcomes: HT and TH and, by Laplace’s definition, the probability is 2/4
= 1/2. This agrees with experiment eventually justifying our assumption.

The assumption that the coins are distinguishable and the four possible
outcomes are equiprobable works in the real world which we observe every
day. However, if we consider less usual objects, for example, objects in
quantum mechanics, then we encounter objects for which this assumption is
violated.

In particular, elementary particles called bosons, – for example, photons
are bosons, – are indistinguishable. So if we setup an experiment in which
we use polarizations of two photons as coins, then possible outcomes in this
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experiment will be HH, HT and TT, since we are not able to say which
photon is which. Moreover, these three outcomes are equiprobable. For this
experiment, Leibnitz’ prediction is correct and the probability of HT is 1/3.
The probability rules based on this set of assumptions are called the Bose-
Einstein statistics. Note that Laplace’s definition is OK in this situation. It
simply happens that the set of equiprobable outcomes is different.

Another set of probability rules that arise in quantum mechanics is
Fermi-Dirac statistics for fermion particles. If the coins behaved like electron
spins, then only HT is a possible outcome and the probability to observe it
is 1.

However suppose that we can identify the equally probable outcomes.
Why is even in this case Laplace’s definition not quite sufficient?

The problem starts when we have a very big number of outcomes. In
this case we simply cannot find out what is the total number of possibilities.
It is essentially infinite. We cannot count the number of possibilities for the
images that a search engine gives us. And the probability of each particular
image is essentially zero. Yet we want to build a probability model for this
experiment, and we want to be able to calculate the probabilities for events
such as “an image contain a person’s face”.

For this reason we allow the probability function to for every event from a
large collection of events. And we only require that it satisfies several simple
axioms. Whether it is a useful probability function should be defined by
comparing the probability with frequencies of the event occurrences observed
in data.

1.1.2 Kolmogorov’s Axiomatic Probability

We study in this chapter Kolmogorov’s axioms for probability function. The
second important contribution of Kolmogorov is the concept of conditional
probability of two events and and independence of two events. These is
something new relative to Laplace’s counting methods. However, we will
learn about this component later.

The main idea of Kolmogorov’s approach is that the probability function
can be defined arbitrarily as long as it satisfies a set of axioms. The justi-
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fication for a particular choice of the probability function eventually comes
from its agreement with experimental data. (Also, it is useful to keep in
mind that the axioms can be satisfied by “non-random” models so they are
not meant to describe what is “true randomness”.)

The standard setup is as follows. We have a set Ω which is the set of
possible outcomes of an experiment. A random event is a collection of some
outcomes, that is, a subset of the set Ω. (Sometimes not all sets of outcomes
are allowed to be valid events but only those in a some special class A. So
”event” = ”allowed collection of outcomes”.)

Example 1.1.4. We roll a die. The set of all possible outcomes is Ω =

{1, 2, 3, 4, 5, 6}. The event “the outcome of a roll is even” is the subset
A = {2, 4, 6}.

The probability P is a function, which assigns a real positive number to
every event A in a collection of allowed events A.

It is important to assign probability to every event, not only to every
outcome, since it is possible that every particular outcome has zero proba-
bility but the probability of some events is not zero.

The set Ω with the collection of all possible events A with probability
function P is called the probability space.

The function P should satisfy several axioms.
Axioms: Let Ω be the set of outcomes. We assign P(A), the probability

of A, to each (possible) event A ⊂ S, in such a way that the following axioms
are satisfied:

1. P(A) ≥ 0.

2. P(Ω) = 1.

3. If A1, A2, A3, . . . is a countable sequence of pairwise mutually exclusive
events, then

P(A1 ∪A2 ∪A3 ∪ . . .) =

∞∑
i=1

P(Ai).

Pairwise mutually exclusive events means that no outcome can be in two
or more of Ai simultaneously. These events are also often called disjoint.
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The third axiom is formulated for the infinite number of events but it is
not very difficult to prove that it also holds for a finite number of disjoint
events. So if we have disjoint events A1, . . . An, then we have:

P(A1 ∪A2 . . . ∪An) =

n∑
i=1

P(Ai).

Example 1.1.5 (Relation to Laplace’s definition). From the previous formula,
it is easy to see that if a set Ω is finite and consists of N outcomes that
have equal probability, then the probability of each outcome must be equal
to p(ω) = 1/N . Then the probability of an event is just the number of
outcomes in this event multiplied by the probability of each outcome, and
we recover Laplace definition:

P(A) ≡ Probability of event A =
|A| ≡ the number of outcomes in A

N ≡ |Ω| ≡ the number of possible outcomes .

Hence, Kolmogorov’s definition includes Laplace’s definition as a partic-
ular case.

The power of the axiomatic approach is that we can use more complicated
definitions for the probability function. The only thing is to check that they
satisfy axioms.

For example, there is an advantage even if the space of outcomes Ω is
finite, since we can deal with non-fair dices and coins by assigning arbitrary
probability to outcomes. Of course, the probability of each outcome should
be non-negative and they all should add up to 1.

Outcomes are usually denoted ω in probability theory. So if the proba-
bility of an outcome ω is p(ω) then we only need to check that p(ω) ≥ 0 for
all ω ∈ Ω, and that

∑
ω∈Ω p(ω) = 1.

Then the probability of an event A is

P(A) =
∑
ω∈A

p(ω). (1.1)

This definition can be extended to countable spaces Ω, since the sum makes
sense even is we sum a countable sequence. In this case, it is a sum of a
series that you studied in calculus.
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In the uncountable case formula (1.1) does not make sense as a series.
For example you cannot sum p(ω) if ω are all points of the interval [0, 1]. You
will run into a problem of enumerating the points ω and defining the limit
of the sum. However, even in this case there is a next level of sophistication,
which allows us to define the probability that generalize the area definition.

It is natural define a probability of an event A by the formula:

P(A) =

∫
ω∈A

p(ω)dω. (1.2)

In this formula p(ω) is not a probability of outcome ω but something which
is called a probability density. This is by analogy with physics: we cannot
talk about a mass of a point of a continuous material but we can talk about
a mass density at the point.

The mathematical content of this is that we can define probability of
events using formula (1.2) provided that it satisfies all axioms and so it is a
valid probability function. This will impose some conditions on the density
p(ω), which we will study later.

1.1.3 More about set theory and indicator functions

We have seen that the probability is a function P on events, and events
are subsets of a set Ω. This set Ω consists of all possible outcomes of an
experiment and often called probability space.

Example 1.1.6. Example: Ω = {1, 2, 3, 4, 5, 6} for a toss of a die.

The statement about events are often formulated in the language of
the set theory language because it is very concise and unambiguous. For
calculations, it is also very helpful to learn about the indicator functions of
events.

As we defined it above, an event is a collection of some outcomes. For
example, A = {1, 3, 5} is an event in the die rolling experiment. We say
that an event A occurred if the experiment resulted in an outcome ω which
belongs to the event A. For example, if the die rolling experiment gave 1 as
an outcome then the event A = {1, 3, 5} occurred.
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Example 1.1.7 (Die Rolling). Ω = {1, 2, 3, 4, 5, 6}
Let A = {roll number is odd} = {1, 3, 5}.
Let B = {roll number is ≤ 2} = {1, 2}.
Let C = {1, 3}.

By definition, B is a subset of A (denoted B ⊂ A) if every element of B is
also in A. Intuitively, if event B occurred in an experiment then necessarily
also event A occurred. In our example C ⊂ A but B ̸⊂ A.

The union of A and B (denoted A ∪ B) is the set of all points which
ar in A or in B or in both. Intuitively, the event A ∪ B means that either
event A, or event B, or both occurred in the experiment. In our example
A∪B = {1, 2, 3, 5} and A∪C = A (because C ⊂ A so C cannot contribute
any new elements to A).

The intersection of A and B (denoted A ∩B) is the set of all outcomes
that are both in A and in B. That is, the event A ∩ B means that both A

and B occurred in the experiment. In our example, A∩B = {1}, A∩C = C

(because C ⊂ A).
The complement of A (denoted either as A or as Ac) is the set of points

that are in Ω but not in A. Probabilistically, the event Ac means that event
A did NOT occur in the experiment. In our example Ac = {2, 4, 6}.

Sets A and B are called mutually exclusive (or disjoint) if A ∩ B = ∅,
where ∅ denotes the empty set (a set with no elements). Probabilistically,
events A and B consist of different outcomes and cannot happen together.
Disjoint sets have no elements in common. In our example, there are no
disjoint sets since all of them have the element 1 in common.

However, A and Ac are disjoint. This is always true: a set is disjoint
from its complement.

This is very flexible terminology. We can express many events using it.
For example, suppose that we have three events, A, B, and C, and we are
interested in the event that exactly two of them occur in the experiment.
We can write this event as

(A ∩B ∩ Cc) ∪ (A ∩Bc ∩ C) ∪ (Ac ∩B ∩ C).
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Note that the events in this union are disjoint so we can use the additivity
axiom and write that the probability of this event is

P(A ∩B ∩ Cc) + P(A ∩Bc ∩ C) + P(Ac ∩B ∩ C).

Now let us define another convenient tool.
The indicator function of an event A is a function on outcomes that

takes value 1 if the outcome is in the event and 0 otherwise. The indicator
function of an event A is denoted IA (or sometimes 1A ). Formally,

IA(ω) =

1, if ω ∈ A

0, if ω /∈ A

For event A = {1, 3, 5}, the indicator function works as follows: IA(1) = 1,
IA(2) = 0, IA(3) = 1, 1A(4) = 0, IA(5) = 1, IA(6) = 0. You can think
about IA as a vector of 0-s and 1-s where coordinates are outcomes. So
in our example we have vector IA = (1, 0, 1, 0, 1, 0) and the 1 in position 3

means that ω = 3 belongs to the event A. Similarly IB = (1, 1, 0, 0, 0, 0) and
IC = (1, 0, 1, 0, 0, 0).

This tool is very convenient both for calculations and if one wants to
represent events on a computer.

In terms of indicator functions, B ⊂ A if and only if IB ≤ IA in the
sense of functions, that is for every outcome ω, IB(ω) ≤ IA(ω).

Also, in terms of indicator functions: IA∩B = IAIB, That is, we simply
take the product of these two functions.

The formula for the union is a bit more complicated: IA∪B = IA + IB −
IAIB. You can easily check it by verifying all possible cases. For example if
both ω ∈ A and ω ∈ B then IA∪B(ω) = 1 by definition of the union. At the
same time IA(ω) + IB(ω) − IA(ω)IB(ω) = 1 + 1 − 1 = 1, which shows that
the formula is valid in this particular case.

For the complement, IAc = I − IA where we took the liberty to write I

for IΩ. (This is simply the function that takes value 1 on every outcome.)
Finally, in terms of indicator functions A and B are disjoint if and only

if IAIB = 0.
A Venn Diagram is a way to visualize simple sets.
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A ∪B A ∩B

A Disjoint A and B

Laws of the set theory The operations of the set theory satisfy a bunch
of rules, which are sometimes useful in derivations of various probability
formulas.

One set of rules is De Morgan’s Laws:

1.
(A ∩B)c = Ac ∪Bc

2.
(A ∪B)c = Ac ∩Bc

They can be checked by considering all possibilities for the outcome ω

(the first possibility ω ∈ A and ω ∈ B, the second is ω ∈ A and ω /∈ B and
two other possibilities) and verifying that in each case ω is an element of
the set on the left-hand side of the equality if and only if it is an element of
the set on the right-hand side.

Alternatively, it can be checked by using the indicator functions. (It is
helpful here that we know the distributive law for functions.)

For example for the first rule, we have
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I(A∩B)c = I − IA∩B = I − IAIB

IAc∪Bc = IAc + IBc − IAcIBc

= I − IA + I − IB − (I − IA)(I − IB)

= I − IA + I − IB − (I − IA − IB + IAIB)

= I − IAIB.

Another set of rules is Distributive Laws:

1.
A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C)

2.
A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C)

This formulas can be checked by considering all possibilities for an out-
come ω. (That is, first we check if the law is satisfied if ω ∈ A, ω ∈ B,
ω ∈ C, then we check if it is satisfied if ω ∈ A, ω ∈ B, ω /∈ C and so on.
Eight possibilities to check.)

Alternatively these identities can be checked by using indicator functions,
through a straightforward if lengthy calculation. For example, for the second
distributive rule, we can use the expression for the indicator functions of a
union and an intersection and calculate the left hand side of the formula as

1A∪(B∩C) = 1A + 1B∩C − 1A1B∩C

= 1A + 1B1C − 1A1B1C

At the same time, the right hand side is

1(A∪B)∩(A∪C) = 1(A∪B)1(A∪C)

= (1A + 1B − 1A1B)(1A + 1C − 1A1C)

= 1A + 1A1C − 1A1C + 1B1A + 1B1C − 1B1A1C

− 1A1B − 1A1B1C + 1A1B1C

= 1A + 1B1C − 1A1B1C ,
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which is the same. In this calculation in the third equality we used repeat-
edly that the square of an indicator function equals to itself: (1A)

2 = 1A,
(1B)

2 = 1B, (1C)2 = 1C .

1.1.4 What is randomness?

Laplace’s or Kolmogorov’s definitions of probability do not say anything
about what is randomness and what is the true nature of probability func-
tion. It is a very difficult question and mathematicians still struggle to find
a good answer. An Austrian mathematician Richard von Mises (do not con-
fuse with his older brother, economist Ludwig von Mises) suggested that
randomness can only be defined for a random generator (experiment) that
can produce an infinite sequence of outcomes and that the probability of an
outcome is the limiting frequency of the outcome in this infinite sequence.

The part about the probability as a frequency is very useful. If we have a
model for a function P(A) then we can perform the experiment many times
and check whether the frequency of the event A is close to the probability
predicted by the model.

But what about true nature of randomness?
Let an experiment produce only outcomes 0 and 1. Is the sequence of

outcomes S = 0101010101 . . . random? It does not look so, although the
limiting frequency of the outcome 1 is well defined and equal 1/2. Von
Mises suggested that the sequence is random only if it is not possible to
select a subsequence that will have a different frequency than the original.
(In the case of sequence S we could select all outcomes in odd places and
the frequency of 1 would become 0.) Crucially, the requirement is that the
selection should be done with a “computable” function. This lead to a study
of computable functions and complexity of computability.

The problem in this case is that this definition that it is not possible
to construct a truly random generator. We could only rely on physical
processes which are postulated to be random. For example, we can rely on
quantum-mechanical processes.

Recently, computer scientists started to study pseudo-randomness. Very
vaguely, a pseudo-random generator depends on a seed s, the original state
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of the generator. For example, we can define a rather bad generator

f(N, s) = sN mod q,

where q is a big integer and s is a seed. At time N it outputs ωN = f(N, s).
A pseudo-random generator is good (close to the true physical random

generator) if from an observation of a short portion of the sequence of out-
comes S = {ω1, ω2, . . .}, it is computationally hard to recover the seed s. It
is an area of research in computer science, and it is a tough area of research
because it is difficult to prove that a particular problem is computationally
hard. (It is a 1, 000, 000 dollar problem to show that a particular class of
problems (NP -complete problems) is computationally difficult. And it is
not clear how hard is the problem of factorization of integer numbers, al-
though most of cryptosystems used in financial and military applications
rely on the hardness of this problem.)

We will not study this problem in this course.

1.2 Discrete Probability Models

A discrete probability space Ω is a probability space that contains a finite or
countable number of points.

Example 1.2.1. Rolling a die. Here Ω = {1, 2, 3, 4, 5, 6}

Example 1.2.2. Flip a coin until the first “head” occurs and record the num-
ber of “tails” that occurred before that flip. Here Ω = {0, 1, 2, . . .}, where,
say, ω = 2 means that the outcome was TTH - two tails before the first
head.

For discrete probability spaces, if we know the probability of each out-
come, then we can compute the probability of all events.

Definition 1.2.3. The probability mass function (“pmf”) p(ω) is the func-
tion on the discrete probability space Ω which equals to the probability of
outcome ω.
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Then, for any event A we have:

P(A) =
∑
ω∈A

p(ω).

(This follows from Axiom 3 since the event A is a countable disjoint union
of the sets that consist of a single outcome.)

Remark: often, the name “probability mass function” (or simply “pmf”)
refers to a distribution of a discrete random variable. We will talk about
the pmf of a discrete random variable in the next section.

For the probability mass function p(ω), we should ensure that it is non-
negative for every outcome, and that the sum over all outcomes equals to
one:

∑
ω∈Ω p(ω) = 1. Otherwise, Kolmogorov’s Axioms would be violated.

In practice, this is often achieved by assigning non-negative weights to
outcomes and then dividing each weight by the sum of all weights.

Example 1.2.4 (Laplace’s pmf). If we assign weight 1 to each outcome and
the total number of outcomes is N , then every outcome will be assigned the
same weight p(ω) = 1/N . This is the case when all outcomes are equally
probable. For example if we have a “fair” die then the probability of the
event A = {1, 3, 5} is

P(A) = p(1) + p(2) + p(3) =
1

6
+

1

6
+

1

6
=

1

2
.

Example 1.2.5. Suppose we have a “loaded” die and suppose that according
to our model the probability of each outcome should proportional to the
number that the die shows. Then we assign weights to each outcome in
Ω = {1, 2, 3, 4, 5, 6} as follows w(1) = 1, w(2) = 2, …, w(6) = 6. The sum
of these weights is 1 + 2+ . . .+ 6 = 21 and so we can define the probability
mass function as
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p(1) =
w(1)∑
ω w(ω)

=
1

21
,

p(2) =
w(2)

21
=

2

21
,

. . . ,

p(6) =
6

21
.

Then, the probability of the event A = {1, 3, 5} is

P(A) =
1

21
+

3

21
+

5

21
=

9

21
=

3

7
.

Here are some simple probability rules that can be easily derived from
Kolmogorov’s Axioms:

1. Complement Rule: P(Ac) = 1− P(A).

2. Monotonicity: If A ⊂ B, then P(A) ≤ P(B).

3. Additive rule: P(A ∪B) = P(A) + P(B)− P(A ∩B).

These rules are true for all probability spaces, but their proof is especially
simple in the case of discrete spaces. For example, for the complement rule
we have:

P(A) + P(Ac) =
∑
ω∈A

p(ω) +
∑
ω ̸∈A

p(ω) =
∑
ω∈Ω

p(ω) = 1.

For the additive rule we have:

P(A) + P(B) =
∑
ω∈A

p(ω) +
∑
ω∈B

p(ω)

=
∑

ω∈A∪B
p(ω) +

∑
ω∈A∩B

p(ω)

= P(A ∪B) + P(A ∩B),

where to write the second equality we noted that in the sum in the first line
the outcomes in the intersection of A and B were counted twice.
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It is possible to write more general Inclusion-Exclusion formulas for
unions of more than 2 events. For example

P(A∪B∪C) = P(A)+P(B)+P(C)−P(A∩B)−P(A∩C)−P(B∩C)+P(A∩B∩C).

In general, an extended additive law holds for any n-events A1, A2, …,An:

P(A1 ∪A2 ∪ . . . ∪An) = P(A1) + P(A2) + . . .+ P(An)

− P(A1 ∩A2)− . . .− P(An−1 ∩An)

+ P(A1 ∩A2 ∩A3) + . . .

+ (−1)n−1P(A1 ∩A2 ∩ . . . ∩An).
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1.3 Sample-point method (Combinatorial proba-
bility)

To summarize, in the case of discrete spaces one method to calculate the
probability of an event A is as follows:

• Determine the probability of each outcome ω in event A.

• Sum these probabilities over all ω ∈ A.

This will give the probability of the event A.

Let us return to the situation when all outcomes are equally probable.
In this case, the probability of each outcome equals to 1 divided by the total
number of possible outcomes, and we get the Laplace rule, from which we
started this course:

P (A) =
Number of outcomes in A

Total number of possible outcomes

Example 1.3.1. Toss three “fair” coins. What is the probability of the event
A = {We got at least 2 “heads”}

The set of all outcomes Ω = {HHH,HHT,HTH, . . . , TTT}. The first
letter can be chosen in two ways: H or T, then the second letter – also in
two ways, and then the third one – also in two ways. So the total number
of possibilities 2× 2× 2 = 23 = 8. How many favorable outcomes? We can
list all of them: A = {HHT,HTH, THH,HHH}. So there are 4 of them
and the probability of A is P(A) = 4/8 = 1/2.

Example 1.3.2. Roll two fair dice. Consider the event “The sum of the two
dice is 7”. What is the probability of this event?

Figure 1.2: A Game of Dice

The probability space is
Ω = {(1, 1), (1, 2), . . . , (6, 5), (6, 6)}
– 36 ordered pairs in total. The pairs that
sum to 7 are (1, 6), (2, 5), . . . , (6, 1). Six of
them in total. So the probability is 6/36 =

1/6.
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Example 1.3.3 (Chevalier de Méré’s problem
of points). Two players A and B play a fair
game such that the player who wins a total
of 6 rounds first wins a prize. Suppose the
game unexpectedly stops when A has won
a total of 5 rounds (so have 5 points) and
B has won a total of 3 rounds (so have 3
points). How should the prize be divided
between A and B?

This is, of course, a more difficult prob-
lem. In a sense, the history of probability
theory starts from the solution of this prob-

lem given by two great mathematicians.
This problem was suggested to a French mathematician and philosopher

Pascal by his friend mathematician Roberval, who was asked for advice
by a writer, courtier and avid gambler Chevalier de Méré. This was in
1654, in the time of Louis XIV, the King-Sun of France, in the time when
D’Artagnan was already 50-year old. Pascal was also an inventor, a scientist,
and a religious dissident. He built a first-ever mechanical calculator when
he was around 20. For this reason, one of the modern computer languages
was named after him. Pascal has also a unit of pressure named after him
because Pascal discovered atmospheric pressure. (He implemented an idea
due to Evangelista Torricelli.)

Roberval gave the following solution to the problem of points. Assume
that the prize is divided according to the relative probabilities of A and B

to win the game, had they continued to play.
Consider how the game could develop further. The possibilities are Ω =

{A1, B1A2, B1B2A3, B1B2B3}, where A1 means, for example, that A wins
next round and since he won 6 rounds at that time, the game is over and he
is the winner.

Only one case is favorable for player B: B1B2B3. So the probability of
B to win the game is 1/4 and he should get 25% of the prize.

Pascal objected to this solution because it is clear that these outcomes
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Figure 1.3: Blaise Pascal and Pierre Fermat

are not equally probable: it is clear that the outcome A1 is more probable
than B1B2B3. So he developed a different solution, and decided to check
if it makes sense by sending a letter to Fermat, who lived in the south of
France, in Toulouse. Fermat was a judge and did his mathematical research
in his spare time.

Pascal was indeed correct but Pascal used a method different from the
sample point method, something like a backward induction: start with the
situation when there is only one game that will definitely decide the winner
(this happens when both won 5 games), then consider the case when there
are at most two games that decide who are the winner, and so on.

Here we are more interested in Fermat’s method of solution (which Fer-
mat sent to Pascal a couple of weeks later).

The equally probable outcomes could be obtained if the players played
3 rounds of the game after interruption:

Ω = {A1A2A3, A1A2B3, A1B2A3, A1B2B3,

B1A2A3, B1A2B3, B1B2A3, B1B2B3}
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Intuitively, these outcomes are all equally probable since the game is fair.
Player B would win the prize in only one of these cases: B1B2B3.

Hence the probability of his win is only 1/8 = 12.5%.
This solution is correct although it is a bit controversial: in the reality,

the players have no need to play 3 games to determine the result of the
game. However, there is no other way to introduce the cases with equal
probabilities.

The upshot of all these examples is that in principle, it is easy to calculate
the probability of an event if we know that the experiment outcomes are
equally probable. We only need to calculate the number of the outcomes in
the event.

However, in mathematics exact counting is often difficult.

Example 1.3.4. How many ways are to tile a 2m×2n chessboard with domi-
noes?

Figure 1.4: A domino tiling of
a 4× 6 board.

The number of the domino tilings of the
2m × 2n chessboard is given by a strange
formula:

4mn
m∏
j=1

n∏
k=1

(
cos2 jπ

2m+ 1
+ cos2 kπ

2n+ 1

)
For example for m = 2 and n = 3,

As another example, consider “meander
curves”: closed curves that cross a straight

line in a specific number of places. An exact simple formula for the number
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of these curves is not known. They can be enumerated only by an exhaustive
computer search.

Figure 1.5: A meander curve
with 10 crossings.

Fortunately, in many cases it is possible
to count number of outcomes in an event
by using relatively easy formulas. In other
cases, when exact formulas are unavailable
or unknown, it is still possible to count ap-
proximately.

Here we just remind you about some
tools from combinatorics and establish
some notations for useful numbers: bino-
mial and multinomial coefficients.

Basics of counting:
1. Multiplication Rule
If we select an element from a set having m elements and another element

from a set having n elements, then there are mn possible pairs that could
be selected. Note: This multiplication rule extends to any number of sets.

Example 1.3.5. We roll a 6-sided die, a 4-sided die, and a 20-sided die. The
total number of possible outcomes is 6× 4× 20.

2. Permutations
A permutation is an ordered arrangement of a specific number of distinct

objects. (Order matters!) For example, if our objects are numbers from 1

to 6 then (3146) is a permutation of four of these objects, and it is different
from (1346).

We denote the number of possible permutations of n distinct objects,
taken r at a time, as Pn

r . The first object can be chose in n ways, the
second, – in n − 1 ways and the r-th, – in n − r + 1 ways. So, by the
multiplication rule, the total number of permutations is

Pn
r = n× (n− 1)× (n− 2)× . . .× (n− r + 1) =

n!

(n− r)!
,

where n! denotes the factorial of n: n! = n × (n − 1) × (n − 2) . . . × 2 × 1.

By convention, 0! = 1.
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In the example above we have P 6
4 = 6× 5× 4× 3 = 360.

In particular, if we are interested in the number of permutations of all n
objects, then we have Pn

n = n! permutations.

Example: There are 24 members of a student club. Four members will
be chosen to be president, VP, secretary, and treasurer. How many different
arrangements of officers are possible?

P 24
4 = 24× 23× 22× 21.

3. Permutations when not all objects are distinct
In the previous example all objects were distinct. What happens if it is

not the case?

Example 1.3.6. How many distinct words can be formed by permuting the
letters of the name “BOBBY”?

We have total 5! permutations of all letters. But permutations of letters
B among themselves do not bring anything new. So in our original set of 5!
permutation there are some repetitions. For example if we will look at B-s
as distinct and denote them B1, B2, B3, then the permutations B1OB2B3Y

and B2OB1B3Y represent the same word. Since there would be 3! = 6

ways to permute letters B if they were distinguishable, hence every distinct
word corresponds in fact to 6 permutations in our set of 5! permutations.
Therefore, the true number of distinct words is

5!

3!
= 5× 4 = 20.

By extending this kind of argument to a more general situation one can
show the following theorem.

Theorem 1.3.7. Consider permutations of n objects, in which n1 are of
the first type, n2 are of the second type, …, ns are of the s-th type, and
n1 + n2 + . . . + ns = n (that is, there are no objects of other types). The
number of these permutations is:

n!

n1!n2! . . . ns!
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In Example 1.3.6 about BOBBY,(
5

3, 1, 1

)
=

5!

3!1!1!
=

5!

3!

Definition 1.3.8. A multinomial coefficient is defined as:(
n

n1, n2, . . . , ns

)
=

n!

n1!n2! . . . ns!

In the following we will often encounter one specific case of the multino-
mial coefficient.

Definition 1.3.9. In the case of only two types: s = 2, a multinomial
coefficient is called a binomial coefficient. It is denoted(

n

k

)
:=

(
n

k, n− k

)
:=

n!

k!(n− k)!
=

n(n− 1) . . . (n− k + 1)

k(k − 1) . . . 1
. (1.3)

In older books, the binomial coefficient if often denoted Cn
k and is called

the number of combinations of k from n. So Cn
k ≡

(
n
k

)
.

In calculations, a very useful property of binomial coefficients is that(
n

k

)
=

(
n

n− k

)
,

which is obvious from definition (1.3). So, for example,(
100

98

)
=

(
100

2

)
=

100× 99

2× 1
= 4950.

Binomial coefficients also form the Pascal triangle. The numbers
(
n
k

)
form the n-th row of this triangle, and each number in the row equals the
sum of two numbers directly above.
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This is also easy to prove by using definition (1.3).
A couple words on calculation. Some numerical software packages con-

tain specialized functions for multinomial coefficients. For example in Math-
ematica, the coefficient (

n

n1, . . . , nk

)
can be computed as

Multinomial[n1, . . . , nk].

For instance,

In= Multinomial[2, 4, 1]
Out= 105

Other packages do not have a built-in function for the multinomial coef-
ficient but have a function for the factorial or for the binomial coefficients.

For example, in Matlab one can calculate the multinomial coefficient int
the above example as

factorial(7)/(factorial(2)*factorial(4)*factorial(1)).

And for the binomial coefficients Matlab has function nchoosek(n, k).
In Python 3.8 the binomial coefficient can be computed using its stan-

dard library math, by using function math.comb(n,k). For earlier versions of
Python, it is not difficult to calculate multinomial coefficients using function
math.factorial():

from math import factorial
factorial(7)/(factorial(2)*factorial(4)*factorial(1))

which results in 105.0.
4. Partitioning and combinations So far we used multinomial co-

efficients to count the number of permutations when not all objects are
distinct.

Multinomial coefficients also appear in a closely related problem when
we want to count in how many ways wee can partition objects into distinct
subgroups but the order within the subgroups does not matter.
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Example 1.3.10. Suppose 10 children are to be divided into 3 groups: 3
children will be in classes A and B, and 4 children in class C. How many
ways to do it?

Here is a specific procedure for the division: line up the children and take
the first 3 children in the line to class 3, the next 3 children to class B, and
the remaining 4 children to class C. The total number of permutations in
the line is 10!. However, the order of the first 3 children does not matter for
the purposes of partitioning. The order of the next 3 children also does not
matter, and the order of the remaining 4 does not matter. If we apply any
permutation within these subgroups, they will result in the same division of
children into the required 3 groups. Hence, the total number of divisions is

10!

3!3!4!
=

(
10

3, 3, 4

)
Note that this problem is different from the problem of permutations

when some objects are identical. However, it also results in an answer that
involves multinomial coefficients.

If a similar argument is applied in the general situation, then we get the
following result:

Theorem 1.3.11. The number of ways to partition n objects in k distinct
groups, which have to contain n1, n2, …, nk objects, respectively (with n1 +

. . .+ nk = n), is (
n

n1, n2, . . . , nk

)
=

n!

n1!n2! . . . nk!
.

Proof. Arrange objects in a specific order and let the first n1 of them will be
in the first group, next n2 will be in the second group and so on. There are
n! different arrangements of objects in total. However, some of them results
in the same partition.

Namely, if an arrangement can be obtained from another one by per-
muting the elements in the first group, then the elements in the second
group, and so on, then these two arrangements both correspond to the same
partition of objects.
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Hence, the number of arrangements that result in a particular parti-
tion equals n1!n2! . . . nk!. and therefore the number of possible partitions is

n!
n1!n2!...nk!

.

Again, it is important particular case, when there are only two groups.

Example 1.3.12. How many ways to select a 3-person commission from 13
faculty members?

Note that here we assume that the people within the commission are
indistinguishable, for example, we do not care about whether one of the
committee members is a chair. So it is easy to see that this is simply
a particular case of the partitioning. We need to divide faculty into two
groups: a group of 3 people in the committee and a group of other 10 people
not in the committee. So, the answer is(

13

3, 10

)
=

(
13

3

)
.

It is a frequent problem when we need to select r objects from the total
group of n objects and we do not care about the order in the group of r

objects. For example if we have objects {1, 2, 3, 4, 5, 6} and want to select
4 of them, then (1346) is the same selection as (3146). This is different
from counting the number of permutations and often called the number of
“combinations”. The general argument is the same as in the example above
and we get the following result.

Theorem 1.3.13. The number of subsets of size r chosen from n objects is

Cn
r ≡

(
n

r

)
≡

(
n

r, n− r

)
≡ n!

r!(n− r)!
.

This is the reason why the binomial coefficient
(
n
r

)
is also called the

number of combinations of r elements out of n.

Figure 1.6: A lattice path from
(0, 0) to (8, 8) which is above the
main diagonal.

This coefficient arises in many combi-
natorial counting problems. For example,
suppose we want to count the number of
lattice paths from (0, 0) to (n, k) where the
path can go only to the right (in the East
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direction) or up (in the North direction).
Then it is clear that we need to make n+ k

steps to reach the point (n, k). Also, it is
clear that n of them should be to the East
and k, - to the North, and so to specify
the path we only need to choose which n of
these n + k steps are to the east. So the
total number of these paths is

(
n+k
n

)
.

Example 1.3.14. What is the probability
that a random lattice path from (0, 0) to (n, n) will be always above the
main diagonal.

We just calculated that the total number of possible paths from from
(0, 0) to (n, n) is

(
2n
n

)
. How many of these paths stay above the diagonal?

Figure 1.7: A reflection of a
path that goes below the main
diagonal. (Picture from Petersen
“Eulerian numbers”)

To answer this question we can use a
trick. Let us look at the first point that
the path went below the diagonal and re-
flect the remaining part of the path relative
to the line y = x − 1. It turns out that
this gives a bijections of all the paths which
go below the main diagonal with the paths
that go from (0, 0) to (n+1, n−1), and the
number of such paths is

(
2n
n+1

)
. So, we find

that the number of paths that always stay
above the diagonal y = x is(

2n

n

)
−
(

2n

n+ 1

)
,

and this can be simplified as

1

n+ 1

(
2n

n

)
,

which is called the Catalan number Cn.
So, by the Laplace definition, the probability that a random lattice path
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from (0, 0) to (n, n) does not go below the diagonal y = x is

1
n+1

(
2n
n

)(
2n
n

) =
1

n+ 1
.

Figure 1.8: Poker hands

In examples of elementary combinato-
rial probability, a deck of cards consists of
52 cards, which have 4 suits: diamonds (♢),
clubs (♣)1, hearts (♡) and spades (♠).

Every suit consist of 13 cards, which are
ranked (2 < 3 < . . . < 10 < J < D < K <

A), where J is a Jack, D is a Dame, K is a
King, and A is an Ace.

A hand consists of 5 randomly chosen
cards.

Example 1.3.15. In poker, a full house is
a hand that contains 3 cards of one rank
and 2 cards of another rank. (For example
10♠10♣10♡2♡2♢) What is the probability
of being dealt a full house?

The total number of hands is(
52

5

)
=

52× 51× 50× 49× 48

5× 4× 3× 2× 1

= 2598960 ≈ 2.6× 106.

(Note that we do not care about the order of cares in a hand.)
All hands have equal probability. We calculate the number of different

full houses as follows. Select a rank and then select 3 cards from this rank.
Then select a different rank and select 2 cards from that rank. This forms
a hand and all these hands are different from each other. So the number of

1Note that clubs have somewhat unsuitable symbol. In French, this suite is named
“Tréfle” which means ”clover” and the card symbol depicts a three-leafed clover leaf. The
Italian name is Fiori (”flower”).
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full houses is

13×
(
4

3

)
× 12×

(
4

2

)
= 13× 4× 12× 4× 3

2× 1
= 3744.

So the probability is

3744

2598960
≈ 0.0014 = 0.14%.

Example 1.3.16. A flush is a hand that contains 5 cards of the same suit. For
example A♣K♣10♣3♣2♣. What is the probability of being dealt a flush?

We choose a suit and then 5 cards out of this suit. So the total number
of flushes is

4×
(
13

5

)
= 4× 13× 12× 11× 10× 9

5× 4× 3× 2× 1
= 5148

So, the probability is

5148

2598960
≈ 0.2%.

This probability is larger than the probability of a full house, which is con-
sistent with the convention that a full house is a stronger hand than a simple
flush.

Example 1.3.17. A fair coin is tossed 4 times. What is the probability that
we get exactly two heads?

The total number of outcomes is 2× 2× 2× 2 = 24 = 16.
Now we need to count all favorable sequences that have exactly two

heads. This is a partitioning problem. We partition 4 tosses into two groups:
those which resulted in heads and those that resulted in tails. In this problem
we are interested in sequences that have exactly 2 tosses which resulted in
a head. There are

(
4
2

)
= 6 ways to select these two tosses among the four

possible. So the probability is 6
16 = 37.5%.

Problems of this kind will be important in later parts of the course. If we
look at more general situation with n tosses, the solution easily generalizes
and we see that the probability to get k heads in a sequence of n tosses is

pk,n =

(
n

k

)
2−n.
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Example 1.3.18. A group of people consists of 3 girls and 4 boys. In how
many ways, they can select a committee that consists of 2 girls and 2 boys?

The total number to select a committee of 4 persons out of 7 people is(
7
4

)
, the number of ways to select 2 committee girls out of 3 girls is

(
3
2

)
and

the total number to select 2 committee boys out of 4 boys is
(
4
2

)
. So the

probability is (
3
2

)
×
(
4
2

)(
7
4

) =
3× 6

35
≈ 0.5143 = 51.43%

1.4 Conditional Probability and Independence

In many cases, the sample point method does not work. It is either difficult
to find equally likely cases or difficult to count favorable cases.

The remedy is that we can postulate the probabilities of some events
and require that the system of probabilities have some additional properties,
which will allow us to calculate all other interesting probabilities. The most
important of these properties are independence, the Markov property, and
the martingale property. In this course we will study only independence.
However, both of these properties are based on the concept of conditional
probability.

1.4.1 Conditional probability

Figure 1.9: Conditional Probability

Suppose that we know that event B
realized in an experiment. What is
the probability of the event A given
this information? For example, our
calculations for the probability of a
“full house” hand in a game of cards
are valid only before we look at our
own cards. Once we know our cards
the probability that one of the other
players has a “full house” changes

34



since the set of possible card distri-
butions among players is now differ-
ent from the situation when we have

not known our cards. If we have K♠, then it cannot possibly be among cards
of our opponents.

We can calculate the probabilities in this new reality by defining a new
probability space, in which it is not possible that other players have the
cards in your hand. The conditional probability is a technique to do it
systematically.

We will simplify the situation a bit by making an additional assumption.
To motivated it, suppose originally there were 3 outcomes ω1, ω2, ω3 with
equal probabilities 1/3. Suppose that we learned the information that w3 is
not a possible outcome. (Technically, the event {ω3}c has occurred.) How
we should update the probabilities of ω1 and ω2? In principle, it depends
on the details of the information obtained. It is quite possible that the
information was of such nature that after we update our model we have
probabilities p(ω1) = 1/3 and p(ω2) = 2/3. While the probability theory
can handle this situation, however, we will adopt a simplifying assumption
that the probability of each individual outcome is updated proportionally, by
multiplying it by a constant which is the same for each outcome. So in this
example the updating results in probabilities p(ω1) = 1/2 and p(ω2) = 1/2.

More generally, consider the simplest case when all outcomes in Ω have
the same probability p(ω) = 1/N where N is the number of all possible
outcomes. And assume that after we learned that event B realized, all
outcomes in B are equally probable. Let the total number of outcomes be
N , and let number of outcomes in A, B, and A∩B be denoted |A|, |B|, and
|A ∩B|.

After it became known that event B realized the total number of possi-
bilities became smaller. It is now not N but |B|.

What is the new number of favorable outcomes, that is, the outcomes
in A? It is |A ∩B| since we now know (with the new information) that the
outcomes which are in A but not in B are no longer possible.
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So the probability in question is

P(A|B) =
|A ∩B|
|B|

. (1.4)

We can write this expression differently and relate it to the probabilities of
the events A, B, and A∩B before the information about B became known.
Namely,

P(A|B) =
|A ∩B|/N
|B|/N

=
P(A ∩B)

P(B)
.

This formula is derived under the assumptions about the equal probabil-
ity of outcomes both before and after observing event B. In general, we will
assume that even if the assumption about equal probabilities not true, the
information from observing B is absorbed in such a way that this formula
is valid.

In other words, we define the conditional probability by this formula.

Definition 1.4.1. Assume P(B) > 0. The conditional probability of event
A given event B is defined as

P(A|B) =
P(A ∩B)

P(B)
(1.5)

Example 1.4.2. We roll a fair die. Define A=“roll a 6“ and B=“roll an even
number”. What is P(A|B)? What is P (B|A)?

We have P (A ∩B) = P (A) = 1/6 and P (B) = 3/6 = 1/2. Hence

P (A|B) =
1/6

1/2
=

1

3
.

For the second question P (A ∩ B) is still 1
6 but now we have to divide by

P (A) = 1
6 and we find

P (B|A) =
P(A ∩B)

P(A)
=

1/6

1/6
= 1.

Conditional on rolling 6 we are certain that we rolled an even number.
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Example 1.4.3. Suppose you roll two fair dice. What is the probability that
at least one die is a 1, given that the sum of the two dice is 7?

Here all outcomes are equally probable and it is easier to use formula
(1.4). The number of all combinations of dices that add up to 7 is 6:
(1, 6), (2, 5), . . . , (6, 1). Among them the number of outcomes at which at
least one die is 1 is 2. These are (1, 6) and (6, 1). So the answer is 2/6 = 1/3.

Properties of conditional probability
The conditional probability satisfy the three Kolmogorov’s axioms with

the sample space Ω = B. Hence it satisfies all probability laws previously
derived.

For example, the complement law and the union law now become:

P(Ac|B) = 1− P(A|B),

P(A ∪B|C) = P(A|C) + P(B|C)− P(A ∩B|C).

1.4.2 Independence

Definition 1.4.4. Two events A and B are independent if (and only if)
P(A ∩B) = P(A)P(B).

If this equality does not hold, then A and B are called dependent.
Note that if P(B) ≠ 0, then independence of A and B implies that

P(A|B) :=
P(A ∩B)

P(B)
=

P(A)P(B)

P(B)
= P(A).

Similarly, if P(A) ̸= 0 then independence imply that P(B|A) = P(A). In
other words, if two events are independent and we observed one of them,
then it does not affect the probability of the other. Its conditional probability
is the same as its unconditional probability, that is, as it was before the other
event was observed.

Example 1.4.5. We roll a fair die. Define A=“roll a 6”, B=“roll an even
number”, and C=“roll a number greater than 4”. Are A and C independent?
Are B and C independent?
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It is easy to see that P(A) = 1/6, P(B) = 1/2, and P(C) = 1/3. Then
event A ∩C = {6} = A so P(A ∩C) = 1/6 ̸= P(A)P(C) so these two events
are not independent.

Event B ∩C = {6} so P(B ∩C) = 1/6 = P(B)P(C) and so the events B

and C are independent.

Example 1.4.6. Suppose you roll two fair dice. Consider the events: A =
“the first die is a 1” and B = “the sum of the two dice is 7”. Are they
independent?

The total number of outcomes is 36. Event A contains 6 outcomes,
(1, 1), (1, 2), . . . , (1, 6) so its probability is 1/6. Similarly, the probability of
B is 1/6. Event A ∩ B consist of only one outcome (1, 6) so its probability
is 1/36. Since 1

36 = 1
6 × 1

6 , these events are independent.

Example 1.4.7. Suppose we toss an unfair coin 5 times. The probability
that the coin lands heads up is p ̸= 1/2. What is the probability that we
observe exactly two heads in this sequence of tosses?

This example should be compared with the Example 1.3.17 for the fair
coin where we used the equiprobability of all outcomes to find that the
probability to observe k heads in n tosses is

(
n
k

)
2−n.

Here the argument of Example 1.3.17 does not work, and we need an
additional assumption to calculate the probability. The assumption that we
use is that the result of the first toss is independent from the result of the
second toss, from the result of the third toss and so on.

Let Hk and Tk denote the events that the coin lands heads or tails,
respectively, in the k-th toss. For example, event H1 consists of 24 = 16

outcomes HHHHH , HTHHH, HHTHH, HTTHH, …, HTTTT that
had H as the result of the first coin toss.

The assumption of independence allows us to calculate the probabil-
ities of various intersections of these events. For example, the outcome
{HHTTH} corresponds to the intersection of events H1, H2, T3, T4, H5,
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and we can calculate its probability as

P(HHTTH) = P(H1 ∩H2 ∩ T3 ∩ T4 ∩H5)

= P(H1)P(H2)P(T3)P(T4)P(H5)

= p× p× (1− p)× (1− p)× p

= p3(1− p)2.

It is easy to note that while the probabilities of all sequences are in general
different, these probabilities depend only on the number of heads in the
sequence.

We are interested in sequences of coin tosses that resulted in 2 heads
and by the previous argument the probability of each of these sequences is
p2(1 − p)3. So, to calculate the total probability of the event “two heads
in a sequence of five tosses”, we only need to calculate the number of all
sequences with two heads. Fortunately, we already know how to do this due
to Example 1.3.17, and in this case we get

(
5
2

)
sequences. So the desired

probability is (
5

2

)
p2(1− p)3.

In general, the probability to observe k heads in a sequence of n independent
coin tosses is (

n

k

)
pk(1− p)n−k,

where p is the probability to get heads in a single toss. Note that the result
for the fair coin is recovered if we set p = 1/2. The probability becomes(
n
k

)
2−n.

1.4.3 Law of total probability

From the definition of the conditional probability, the probability of inter-
section of two events, A and B, is

P(A ∩B) = P(A|B)P(B), and (1.6)
= P(B|A)P(A).

39



This formula is sometimes called the multiplicative law of probability,
however it is simply a restatement of the definition (1.5) for the conditional
probability, and it holds for all events, whether they are independent or not.
(For independent events A and B, this formula implies that P(A ∩ B) =

P(A)P(B) because P(A|B) = P (B) for independent events.)
Since this formula is a consequence of the definition of the conditional

probability, it is only useful if we can find the conditional probability from
some other sources, not from its definition. For example, this happens if
P(A|B) can be estimated experimentally by observing how many times event
A occurred in those situations when B happened. Now when we perform a
different experiment we can still assume that P (A|B) is the same although
other probabilities (like P(B) or P(A ∩B)) might have changed.

In some other models such as Markov chains, conditional probabilities
are simply postulated from the beginning and then the results of the model
can be compared to data.

Example 1.4.8. Suppose a basketball player makes 70% of his initial free
throws. On his second attempt, he has an 80% success rate if he made the
first and a 60% success rate if he missed the first.

What is the probability he makes both of a pair of free throws?
What is the probability he misses both free throws?
Let S1 be the event that the player made his first free throw, and S2

be the event that he made the second. Then, we know that P (S1) = 0.7,
P(S2|S1) = 0.8, and P(S2|Sc

1) = 0.6. So, the probability that he makes
both free throws is P(S2 ∩ S1) = P(S2|S1)P(S1) = 0.8 × 0.7 = 0.56 and the
probability that he misses both is

P(Sc
2 ∩ Sc

1) = P(Sc
2|Sc

1)P(Sc
1) = (1− P(S2|Sc

1))P(Sc
1)

= (1− 0.6)× (1− 0.7) = 0.4× 0.3 = 0.12.

Note that we used the complement law twice, in order to compute P(Sc
1) as

1− P(S1) and P(Sc
2|Sc

1) as (1− P(S2|Sc
1)).

Example 1.4.9 (Birthday Problem). What is the probability that in a set of
n randomly chosen people some pair of them will have the same birthday?
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What is the number of people that is needed to make the probability
greater than p = 90%.

Let us assume that the probability to be born on every day is the same
and equals 1/365. We start asking people one-by-one and we want to find the
probability of the complementary event An that the first n people have been
all born on different days. We can do by using induction and multiplicative
formula for probability. Clearly A1 = 1. Then we can simply write:

P(An) = P(An|An−1)P(An−1),

and for the conditional probability, if we know that the first n − 1 people
were born on different days then for person n there remains 365 − n + 1

possibilities. Since all days are equally probable to be his or her birthday,
so P (An|An−1) = (365− n+ 1)/365. So, calculating recursively we get

P(An) = 1× 364

365
× . . .× 365− n+ 1

365

With a computer it is easy to evaluate this product. Here is how this can
be done in Python.

import numpy as np
n = 41
prob = np.prod([1 - i/365 for i in range(n)])
print(prob)
Out: 0.09684838851826459

For n = 40 this code gives slightly more than 10%.
Alternatively, one can use a bit of calculus trickery and write:

logP(An) =
n−1∑
x=0

log
(
1− x

365

)
≈ −

n−1∑
x=0

x

365
≈ − 1

365

∫ n−1

0
xdx

= −(n− 1)2

2× 365
,
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where the approximation in the second line is by the Taylor expansion of
log(1− x). It is good only if x is small relative to 365.

So if we want this probability ≈ 10%, then we should set

n = 1 +
√
−2× 365 log(0.1) ≈ 42.

Now let us turn to the law of total probability. Intuitively, it is simply a
method to calculate the probability of an event by splitting it into particular
cases and then applying formula (1.6) to each case.

For some positive integer k, a collection of sets {B1, B2, . . . , Bk} forms
a partition of S if:

1. Bi ∩Bj = ∅ if i ̸= j.

2. S = B1 ∪B2 ∪ . . . ∪Bk.

Theorem 1.4.10 (Law of Total Probability). If {B1, B2, . . . , Bk} is a par-
tition of S such that P(Bi) > 0, i = 1, . . . , k, then for any event A,

P(A) =

k∑
i=1

P(A|Bi)P(Bi).

Proof. A = (A ∩ B1) ∪ (A ∩ B2) ∪ . . . (A ∩ Bk) and the terms in this union
are disjoint.

By additive law, P(A) = P(A ∩B1) + P(A ∩B2) + . . .+ P(A ∩Bk).

By applying the multiplicative law to each term in this sum, we get:
P(A) = P(A|B1)P(B1) + P(A|B2)P(B2) + . . .+ P(A|Bk)P(Bk).
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Example 1.4.11. A box contains 1 green and 4 white balls. A ball is taken
out of the box and its color is noted. Then it is returned to the box together
with a new ball of the same color. Then the procedure is repeated.

Let Gk denotes the event that the ball drawn in the k-th round of this
game is green. What is the probability of G2? What is P(G3)?

Figure 1.10: Possible histories of the box with balls

In order to know
what happens in the
2nd round, we need
to know what hap-
pened in the first.
We have already de-
noted the event “a
green ball is drawn
in the first round” as
G1. Let the com-
plementary event “a
white ball is drawn
in the first round” be

denoted W1. (So W1 = (G1)
c.)

The probability of G1 is 1/5, the number of green balls divided by the
total number of balls initially in the box. Similarly, P(W1) = 4/5.

Then, if G1 happened, then at the beginning of the second round we
have 2 green balls and 4 white balls in be box, so the probability to get a
green ball again is P(G2|G1) = 2/6.

On the other hand, if W1 happened in the first round then at the begin-
ning of the second round we have 1 green and 5 white balls. Hence, the prob-
ability to get a green ball in the second round in this case is P(G2|W1) = 1/6.

Now, at this moment we are ready to apply the total probability law:

P(G2) = P(G2|G1)P(G1) + P(G2|W1)P(W1) =

=
2

6
× 1

5
+

1

6
× 4

5
=

2× 1 + 1× 4

6× 5
=

1

5
.
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So the probability that we get a green ball in the second round is the same
as the probability that we get it in the first round.

It is interesting because we could expect that will become smaller because
the white balls proliferate with larger probability and so it appears likely
that at the second round the green balls will be even more rare than initially.

Now, what about P(G3)? This can be obtained by a similar calculation.
Except that the word explanations would be very lengthy. So, let us just
say that G2G1 is a shortcut notation for the event G2 ∩G1, that is, for the
event that we got a green ball both in the first and in the second round.
Other events like W2G1 are defined similarly. Then, in order to calculate
P (G3) we need to consider all possible histories of how we draw the balls
from the box. Hence, by the total probability law we have:

P(G3) = P(G3|G2G1)P(G2G1) + P(G3|W2G1)P(W2G1)

+ P(G3|G2W1)P(G2W1) + P(G3|W2W1).

Consider, for example the first term in this sum. After we get two green
balls in the first and the second round the ball has 3 green and 4 white balls.
Hence P(G3|G2G1) = 3/7. In addition we can calculate P(G2G1) by using
the multiplicative law:

P(G2G1) = P(G2|G1)P(G1) =
2

6
× 1

5
.

Altogether, we get

P(G3|G2G1)P(G2G1) =
3

7
× 2

6
× 1

5
.

All other terms are computed similarly and we get that

P(G3) = P(G3|G2G1)P(G2|G1)P(G1) + P(G3|W2G1)P(W2|G1)P(G1)

+ P(G3|G2W1)P(G2|W1)P(W1) + P(G3|W2W1)P(W2|W1)P(W1)

=
3× 2× 1 + 2× 4× 1 + 2× 1× 4 + 1× 5× 4

7× 6× 5

=
42

210
=

1

5
.
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So P(G3) is again the same. It looks like a pattern, so you can try to prove
directly that the probability is always the same. However, the best way
would be probably by using the theory of Markov chains.

1.5 Bayes’ formula

One important thing to keep in mind is that P(A|B) and P(B|A) are not
equal to each other.

Example 1.5.1. Toss a coin 5 times. Let A = “first toss is heads” and let
B = “all 5 tosses are heads”. Then P(A|B) = 1 but P(B|A) = (12)

4. (The
latter equality holds because if we know that the first toss is heads then B

occurs only if the four other tosses are also heads and this happens with
probability 1/24.)

The simplest way to get from P(A|B) to P(B|A) is by using the Bayes
formula.

Theorem 1.5.2 (Bayes’ formula I). Suppose P(A) ̸= 0 and P(B) ̸= 0.
Then,

P(B|A) = P(A|B)P(B)

P(A)

In the example above, we have P(A) = 1/2 and P(B) = 1/25, and so

P(B|A) =
1× 1

25

1
2

=
1

24
.

Proof. The claim simply follows from the definition of the conditioning prob-
ability and the multiplicative law.

P(B|A) :=
P(A ∩B)

P(A)
=

P(A|B)P(B)

P(A)

Very often the Bayes’ formula is used in a specific situation, when we
know that there are k mutually exclusive cases B1, . . . Bn, know the prior
probability P (Bi) for each of them, and know the conditional probabilities
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of some other event A conditional on the realization of Bi. That is, we know
the probabilities of P(A|Bi). These are the “direct inference” probabilities:
if case Bi holds, then the probability of A is P(A|Bi).

Now, suppose that we performed the random experiment and learned
that A has indeed occurred. We want to make an “inverse inference”: how
does the fact that A has occurred changes the probabilities of Bi. That is,
what are posterior probabilities of Bi, P(Bi|A)?

Theorem 1.5.3 (Bayes’ formula II). If {B1, B2, . . . , Bk} is a partition of S
such that P(Bi) > 0, i = 1, . . . , k, then for any j = 1, . . . , k:

P(Bj |A) =
P(A|Bj)P(Bj)∑k
i=1 P(A|Bi)P(Bi)

.

Proof:
P(Bj |A) =

P(A ∩Bj)

P(A)
=

P(A|Bj)P(Bj)∑k
i=1 P(A|Bi)P(Bi)

,

where the first equality is by definition, and the second equality is by the
multiplicative and total probability laws. □

These two theorems are variants of the same idea. An especially simple
case occurs when the partition Bi consists of only two elements B and Bc:

Corollary 1.5.4. If 0<P(B)<1, then

P(B|A) = P(A|B)P(B)

P(A|B)P(B) + P(A|Bc)P(Bc)
=

P(A|B)P(B)

P(A)
.

Proof. Take partition {B,Bc} in Theorem 1.5.3.

Example 1.5.5. A firm rents cars for its employees. It rents from 3 agencies:
60% from agency AAA, 30% from agency BBB, and 10% from agency CCC.

Suppose, typically 9% of cars from agency AAA need a tuneup, 20%
from agency BBB need a tuneup, and 6% from agency CCC need a tuneup.

If an employee discovered that a particular rental car needs a tuneup,
what is the chance that it came from agency BBB?

Let A, B, C denote the events that the car came from the agency AAA,
BBB, and CCC, respectively, and let T denote the event that it needs a
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tuneup. Then, we know that P(A) = 0.6, P(B) = 0.3, P(C) = 0.1. We also
know that P(T |A) = 0.09, P(T |B) = 0.2, and P(T |C) = 0.06.

What we want to find is P(B|T ). By applying Bayes formula as in
Theorem 1.5.3, we get

P(B|T ) = P(T |B)P(B)

P(T |A)P(A) + P(T |B)P(B) + P(T |C)P(C)

=
0.2× 0.3

0.09× 0.6 + 0.2× 0.3 + 0.06× 0.1
= 0.5

So the prior probability that the car came from the agency BBB was P(B) =

0.3. After an employee discovered that the car needs a tune-up, the proba-
bility increased. The posterior probability P (B|T ) is 0.5.

The confusion between the conditional probabilities P(A|B) and P(B|A)

often leads to an erroneous argument which is known as “The Base Rate
Fallacy”.

Example 1.5.6. Consider a routine screening test for a disease. Suppose the
frequency of the disease in the population (base rate) is 0.5%. The test is
highly accurate with a 5% false positive rate and a 10% false negative rate.
(False positive rate is a percentage of times when a person a healthy but
the test indicates that he or she is sick, and false negative is the percentage
when the person is sick but the test indicates that he is not sick (healthy).)

You take the test and it comes back positive. What is the probability
that you have the disease?

A typical reaction is that test erroneously gives a positive result in only
5% cases, so it must be that the probability that your are sick is the remain-
ing 95%.

However 5% is the probability P(+|H), where “+” is the event that
test came positive and H is the event that you are healthy. And 95% is
1 − P(+|H) = P(−|H), so it is the probability that you get negative result
if you in fact healthy. What you really want to know is a very different
probability, the probability that you are sick given that the test is positive:
P(S|+).
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So we apply Bayes’ formula:

P(S|+) =
P(+|S)P(S)

P(+|H)P(H) + P(+|S)P(S)

=
(1− 0.1)× 0.005

0.05× 0.995 + (1− 0.1)× 0.005
≈ 0.083

(Here 1− 0.1 is from the false negative rate: P(+|S) = 1− P(−|S).)
So, the probability that you have a decease is actually only 8.3%. The

intuition behind this is that while the test is quite accurate and gives strong
evidence in favor of the decease, the prior probability of the decease (the
base rate) is so small that it still outweighs the evidence given by the test.

Here is another example that shows how the Bayesian formula works.

Example 1.5.7. You start with a box that has 4 red and 1 blue ball in it.
Your assistant draws one ball and puts that ball back in the urn along with
another ball of the same color. She does it without telling you what was the
color of the ball.

Now she draws another ball from the box and shows it to you.
Suppose this second ball is red. What is the probability the first ball

was blue?

Let us use notation similar to the notation in Example 1.4.11. For in-
stance, R2 denotes the event that the ball drawn in the second round is red.
Then we need to compute P(B1|R2). By using Bayes’ formula, we get:

P(B1|R2) =
P(R2|B1)P(B1)

P(R2|B1)P(B1) + P(R2|R1)P(R1)

=
4
6 × 1

5
4
6 × 1

5 + 5
6 × 4

5

=
4

4 + 20
=

1

6
.

Note that the original probability of the blue ball in the first round is
P(B1) =

1
5 . So the observation of the red ball in the second round made the

blue ball in the first round less likely.
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Figure 1.11: Another version of the base rate fallacy as
an argument against frequentist statistics.
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Chapter 2

Discrete random variables
and probability distributions.

2.1 Pmf and cdf

Definition 2.1.1. A random variable (r.v.) X is a function on the proba-
bility space Ω.

So we perform an experiment, get an outcome ω, and then we calculate
some quantity that depends on the outcome, X(ω). This is a random vari-
able. We can think about one quantitative feature of a complicated random
outcome.

Example 2.1.2. In an experiment, we roll two dice. A random variable X =
the sum of values on the two dice. For instance, if the experiment resulted
in the outcome (6, 5), then X = 11.

A random variable is a function of the outcome ω, so in principle, it
should be written X(ω). But very often it is simply written X for shortness.

A discrete random variable is a r.v. that can take only a finite or count-
ably infinite number of different values.

It is useful to think about values of a random variable X as outcomes of
a related experiment. We perform the original experiment, get an outcome
ω, calculate X(ω) and then forget about ω. So the value of X is the outcome
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in this reduced experiment. In the previous example, it is as if your assistant
rolled two dice and told you only the sum of the two dice.

The study of a single random variable is useful because it allows us to
look at the simplest possible experiments, that is, on the experiments whose
outcomes are integers or real numbers. The next step would be to look at
the experiment where an outcome is a random vector. We will do it in later
chapters.

For this reduced experiment, we can define the probability mass function
of its outcomes. It is called the probability mass function of a random
variable.

Definition 2.1.3. The probability mass function (pmf) of a discrete r.v X

is a function that maps each possible value of X to its probability.

pX(x) = P(X = x),

where we use ‘X=x’ to denote the event {ω : X(ω) = x}.

Notation: We use capital letters (like X) to denote a random variable,
and a lowercase letters (like x) to denote a particular value the r.v. may
take.

Example 2.1.4. What is the pmf for the random variable X in Example
2.1.2?

pX(1) = 0, since the sum can never be 1. Then, X = 2 can occur only if
the outcome is (1, 1). This has the probability 1/36, so

pX(2) =
1

36
.

X = 3 can happen for 2 outcomes: (2, 1) and (1, 2), so

pX(3) =
2

36
.

Similarly, pX(4) = 3
36 , pX(5) = 4

36 , and so on, until pX(7) = 6
36

At x = 8 the pattern changes, because we do not have the outcomes
(1, 7) and (7, 1) so there are only 5 outcomes that result in X = 8: (2, 6),
(3, 5), (4, 4), (5, 3), (6, 2). So pX(8) = 5

36 .
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Similarly, we can find that pX(9) = 4
36 , pX(10) = 3

36 , …, pX(12) = 1
36 .

For all other values of x, pX(x) = 0, since these values are not possible.
For example, pX(0) = 0, pX(13) = 0, pX(1.5) = 0, and so on.

Example 2.1.5 (pmf of an indicator). Recall that we defined an indicator
function for an event A as a function IA(ω) that takes value 1 if ω ∈ A, and
value 0 if ω /∈ A. Since it is a function on Ω, it is a random variable and we
can ask what is its pmf. Since IA takes only two values: 0 and 1, its pmf is
not zero only at 0 and 1 and

pIA(0) = P(IA = 0) = P(ω /∈ A) = 1− P(A).

Similarly, pIA(1) = P(A). For all other x not equal to 0 or 1, pIA(x) = 0. In
summary,

pIA(x) =


1− P(A), if x = 0,

P(A), if x = 1,

0, otherwise.

Example 2.1.6 (Number of heads in coin tossing experiment). Let a coin be
tossed n times. The results of the tosses are independent and the proba-
bility to get heads is p. Let X be the number of heads we observed in the
experiment. What is the pmf of X?

We recall from the calculations in the previous chapter, that the proba-
bility that we get exactly k heads in this experiment is

(
n
k

)
pk(1− p)n−k. By

definition, the pmf of X is

pX(k) =

(
n

k

)
pk(1− p)n−k, for k ∈ Z, 0 ≤ k ≤ n,

and pX(k) = 0, otherwise.

Theorem 2.1.7. A probability mass function pX(x) for a discrete random
variable X satisfies the following conditions.

(i.) 0 ≤ pX(x) ≤ 1 for all x ∈ R,
(ii.)

∑
x:pX(x)>0

pX(x) = 1.
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Proof. Condition (i.) follows from Kolmogorov’s axioms because pX(x) is
the probability of an event {ω : X(ω) = x}, so it is positive and does
not exceed 1. Condition (ii.) holds by the third axiom because the events
{ω : X(ω) = x} form a countable disjoint family that covers all probability
space Ω.

Remark 1. In principle we could define pmf for arbitrary random vari-
ables, not only for discrete r.v. However, property (ii.) is often invalid for
continuous r.v. (By continuous we mean a random variable which is not
discrete.) Think about our example with shooting on a target, and let a
random variable X be equal to the x coordinate of the outcome. The proba-
bility pX(x) = 0 for every x, so the sum in (ii.) is empty and by convention
empty sums are equal to 0 not 1. So pmf is not very useful for continuous
random variables.

Remark 2. Every function that satisfies (i.) and (ii.) is a pmf of a
discrete random variable. This is not difficult to prove by constructing an
example of a required random variable.

Theorem 2.1.7 is a useful way to check if a given function is a valid pmf.
Another very important function is the cumulative distribution function.

It will be more important for continuous random variables, but we define it
right now so you could get used to it.

Definition 2.1.8. The cumulative distribution function (cdf) is

FX(x) = P(X ≤ x).

If we know the pmf of a random variable then it is very easy to compute
the cdf. It is simply the sum of pX(t) for those values of t which is smaller
or equal to x:

FX(x) =
∑

t≤x and pX(t) ̸=0

pX(t). (2.1)

Example 2.1.9. Consider the situation as in Example 2.1.2. What is FX(1)?
FX(2)? FX(3)? FX(3.5)? FX(10.5)? FX(11)? FX(12) ? FX(13)?

For FX(1) we note that the event X ≤ 1 never happens, so its probability
is zero. Alternatively, if we want to calculate FX(1) using formula (2.1) then
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we note the smallest t when pX(t) is not zero is t = 2, so that the sum at
the right hand side is empty.

For FX(2), formula (2.1) gives FX(2) = pX(2) = 1/36, since there is only
one term in the sum.

Then,

FX(3) = pX(2) + pX(3) =
1

36
+

2

36
=

3

36
.

For FX(3.5) it is actually the same sum as for FX(3):

FX(3.5) = pX(2) + pX(3) =
1

36
+

2

36
=

3

36
.

Now we can calculate FX(10.5) by using formula (2.1):

FX(10.5) = pX(2) + pX(3) + . . .+ pX(10).

However, it is easier to note that the event X ≤ 10.5 is complementary to
the event X > 10.5. So by the formula for the complementary event:

FX(10.5) = P(X ≤ 10.5) = 1− P(X > 10.5) = 1− (pX(11) + pX(12))

= 1−
( 1

36
+

2

36

)
=

33

36
.

For FX(11), we can write similarly,

FX(11) = P(X ≤ 11) = 1− P(X > 11) = 1− pX(12)

= 1− 1

36
=

35

36
.

Note that the we calculate P(X > 11) we do not include pX(11) in the set
of the terms that we subtract because the inequality in the description of
the event is strict.

For FX(12), we have: FX(12) = 1 − P(X > 12) = 1, because X > 12

never happens, so P(X > 12) = 0.
And for FX(13), we have the same calculation FX(13) = 1 − P(X >

13) = 1.
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Now, we know how to calculate the cdf from the pmf of a random vari-
able. Can we go in the other direction?

Yes. The recipe is that pmf pX(x) is not zero only at those points where
the cdf FX(x) is discontinuous (that is, where it jumps) and the value of
pX(x) equals to the size of this discontinuity (the size of the jump).

Example 2.1.10.

Figure 2.1: The cdf and pmf functions

Consider the cdf shown in the
upper part of Figure 2.1 Recover the
pmf (that is, recover the lower part
of this picture).

Let us, for example compute
pX(5). From the picture, we have
FX(5) = 0.9 and for x a little bit to
the left of 5 we have FX(x) = 0.75,
so we have pX(5) = 0.9 − 0.75 =

0.15. A little bit more rigorously,

pX(5) = FX(5)− lim
x↑5

FX(5)

= 0.9− 0.75 = 0.15.

where x ↑ 5 means that x tends to 5 from below.
You can check your understanding by playing more with this example.

Exercise 2.1.11. Let X a random variable with the cdf shown at Figure 2.1.
So,

values of X: 1 3 5 7
cdf FX(x): .5 .75 .9 1

In fact, this table is not quite correct description of the cdf, since it does
not say what happens between the points in the table. We either have to
say that the cdf does not change between these points, or simply give an
explicit description like the following:
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FX(x) =



0, if x < 1,

0.5, if 1 ≤ x < 3,

0.75, if 3 ≤ x < 5,

0.9, if 5 ≤ x < 7,

1, if 7 ≤ x.

In the example above we calculated pX(5) = P(X = 5). Do you know
how to calculate P(X ≤ 3)? pX(3) = P(X = 3)? P(X < 3)?

2.2 Expected value

2.2.1 Definition

The expected value of a random variable is a weighted average of its values,
where the weight of each value x is set to the probability of this value.
Mathematically, we have the following definition.

Definition 2.2.1. Let X be a discrete r.v. with pmf pX(x). Then the
expected value of X, denoted EX, is:

EX =
∑

x:pX(x)>0

xpX(x).

The expected value can be defined also for continuous random variables
but we will do it later.

If the random variable takes a countable number of values, the expected
value does not always exist, since the sum

∑
x:pX(x)>0 xpX(x) may diverge.

The expected value EX is also often called the expectation, mean, or
average of X, and it is often denoted µ in statistics.

Example 2.2.2. Consider the random variable X from Example 2.1.2. What
is its expected value?
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By using the pmf computed in 2.1.2, we can calculate:

EX =2× 1

36
+ 3× 2

36
+ 4× 3

36
+ 5× 4

36
+ 6× 5

36
+ 7× 6

36

+ 8× 5

36
+ 9× 4

36
+ 10× 3

36
+ 11× 2

36
+ 12× 1

36

=7.

We will see soon that there is a simpler way to calculate this expected value.

Example 2.2.3. We roll two dice. You win $1000 if the sum is 2 and lose
$100 otherwise. You play this game many times. How much do you expect
to win on average per trial?

We will see later that the average win per trial for large number of trials
approximately equal to the expected value of the random gain X. This gain
has pmf pX($1000) = 1

36 and pX(−$100) = 35
36 . So,

EX = $1000× 1

36
+ (−$100)× 35

36
≈ −$69.44

Example 2.2.4 (St. Petersburg Paradox). You are going to play a coin-
tossing game with a fair coin in a casino. The casino will pay you $1 if Head
appears on the initial throw (and then the game stops). If on the first throw
you get Tail, then the game continues and if Head appears on the second
throw, then the casino will pay you $2 (and stop the game). An so on with
payouts doubling with each toss. In other words, the coin will be tossed
until a Head appear and the casino will pay you $2n−1 dollars if the first
Head appears on the n-th throw.

How much are you willing to pay the casino for a chance to participate
in this game?

Professor of Economics: Any payment which is less than your expected
earnings from the game gives you a positive expected net earning (at least if
we ignore the time discount) and so an offer of the game with this up-front
payment should be accepted.

So what are the expected earnings? Let us look at the various scenarios
in this game. The probability that you win 1 is the probability of a very
short scenario: H, so it is 1

2 . You win 2 if the development in the game is
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TH, with probability 1
4 . The probability to win 4 is the probability of the

sequence TTH, which is 1
8 , and so on. So, if X is your total payoff in the

game, then

EX = $1× 1

2
+ $2× 1

4
+ $4× 1

8
+ . . .

= $
1

2
+ $

1

2
+ $

1

2
+ . . . = ∞

It appears that you should be willing to pay any amount for the chance to
play this game. This does not seem to be reasonable.

A possible explanation of this paradox is that it is very risky to pay a
million of dollars for this game. In most cases your gain will be small and
you rely on a lucky sequence which will cover all your previous losses but
unfortunately has a very small probability.

In principle, this risk can be removed if you can repeat the game many
times, until you see this lucky sequence. However, you might have not
enough time or money to reduce the risk by repetition of the game.

In Economics, this paradox is usually resolved by introducing “utility
function” and time discounting. The criterion becomes that you should
accept a payment for the game only if the expected time-discounted utility
of the gain is larger than the reduction in utility due to payment. Then we
need to know how to calculate the expectation of a function of a random
variable, the utility function of the wealth after the game. We will discuss
this in the next section after one additional example.

Example 2.2.5 (Expectation of an indicator). What is the expected value of
the indicator of an event A?

We calculated the pmf of the indicator 1A in Example 2.1.5. Then,

E1A = 1× P(A) + 0× (1− P(A)) = P(A).

So the expectation of the indicator of an event A equals the probability of
this event.
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2.2.2 Expected value for a function of a r.v.

Theorem 2.2.6. If X is a discrete r.v. with pmf pX(x) and if Y = g(X)

is a real-valued function of X, then

EY =
∑

x∈range(X)

g(x)pX(x),

where x ∈ range(X) in the summation means that x runs over all possible
values of r.v. X.

The key point of this theorem is that we sum not over all possible values
of Y = g(X) (as we would have to do if we used the definition) but over all
possible values of X, and we use not the pmf of Y but the pmf of X.

Example 2.2.7. Let X has pmf pX(−2) = pX(0) = pX(2) = 1/3. What is
the expectation of Y = X2.

We can do this problem in two different ways. First, if we want to
calculate EY by definition, we need the pmf of Y = X2. This is easy to
figure out in this particular example. The r.v. Y can take only values 0

and 4, and pY (0) = P(Y = 0) = P(X = 0) = 1/3 and pY (4) = P(Y = 4) =

P(X = −2) + P(X = 2) = 2/3.
Hence, by definition, EY = 0× 1

3 + 4× 2
3 = 8/3.

The second way is through our theorem: EY = (−2)2× 1
3 +02× 1

3 +22×
1
3 = 8/3.

The point is that the calculation suggested by the theorem is typically
easier than the calculation by the definition. (Although in this particular
example they were of the same level of difficulty.)

Here is another example.

Example 2.2.8. Toss two fair coins. If X is the number of heads which we
got in these two tosses, what is E(X2)?

Recall that the probability to get k heads in n tosses if the probability
of a head is p is

(
n
k

)
pk(1− p)n−k and for fair coin with p = 1 this simplifies

to
(
n
k

)
2−n. So, the pmf of X is pX(0) = 1/4, pX(1) = 2/4, pX(2) = 1/4,

and:

EX2 = 02 × 1

4
+ 12 × 2

4
+ 22 × 1

4
= 1.5.
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Proof of Theorem 2.2.6. Suppose Y = g(X) take values y1, . . . , ym. Then
by definition

E[g(X)] =
∑
y

ypY (y)

=
∑
y

yP(g(X) = y)

=
∑
y

y
∑

x:g(x)=y

pX(x)

=
∑
x

∑
y=g(x)

ypX(x) =

=
∑
x

g(x)pX(x)

The second line is the definition of pmf pY (y). In the third line we divide
the event {g(X) = y} into disjoint events Ax = {X = x} where x runs over
all possibilities such that g(x) = y. By additivity of probability for unions
of disjoint events (Axiom 3), we have P(g(X) = y) =

∑
x:g(x)=y P(X = x) =∑

x:g(x)=y pX(x).
The fourth line changes the order of summation by x and by y. And in

the fifth line we recognize that the summation over y is actually trivial: for
a given x, there is only one element y, such that y = g(x). So we omit this
summation sign and replace y with g(x). This gives the desired formula.

Example 2.2.9. Let us return to the setup of Example 2.2.4.
Professor of Economics (after some thought): A player should maximize

her expected utility, for example U(w) = log(w), where w = wealth. How
do we calculate the expected utility? If the initial wealth is w0, the player
pays ξ ≤ w0 for the game, and the game stops at round j, then the wealth
of the player is W = w0 − ξ+2j−1. This outcome happens with probability
1
2j

. So the expected utility is

EU = E log(W ) =

∞∑
j=1

1

2j
log(w0 − ξ + 2j−1).
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The utility if the payment is not made and the game is not played is log(w0),
and therefore the player should pay no more than ξ, where ξ is the solution
of the following equation:

∞∑
j=1

1

2j
log(w0 − ξ + 2j−1) = log(w0),

otherwise his expected utility is smaller than the utility from his original
wealth.

2.2.3 Properties of the expected value

First of all note, that a constant b is a valid random variable. It is not
random in the usual sense, since it is always the same for every outcome
of the experiment. However, we can still think about it as function on the
outcomes of the random experiment. This function maps every outcome to
this constant b. The pmf of this random variable is p(x) = 1 for x = b and 0

for all other values of x. Then by definition E(b) = bp(b) = b×1 = b. So the
expectation of a constant equals to the value of this constant. For example
E(−1) = −1, E(5) = 5 and so on.

Theorem 2.2.10. Let a and b be constant and X be a r.v. Then E(aX+b) =

aEX + b.

Proof.

E(aX + b) =
∑
x

(ax+ b)pX(x) = a
∑
x

xpX(x) + b
∑
x

pX(x) = aEX + b.

Example 2.2.11. Suppose X is the number of gadgets that a factory makes
in a month, p = $100 is the price of each gadget and c = 10, 000 is the fixed
cost of production per month. If the average number of gadgets produced
in a month is 250, what is the expected profit?

Profit is revenue minus cost π = pX − c, so the expected profit is Eπ =

pEX − c = 100× 250− 10, 000 = 15, 000.
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Theorem 2.2.12. Let X1, X2, . . . Xk be r.v.’s, then

E(X1 +X2 + . . .+Xk) = EX1 + EX2 + . . .+ EXk.

Proof. Here it is useful to think about each random variable Xj as a function
of the experiment outcome ω, that has the pmf p(ω). Then, we can apply
Theorem 2.2.6, thinking about X1 + X2 + . . . + Xk as a function of the
random variable ω. [After some thought, we can see that it does not matter
for this theorem that ω is not necessarily a real number.]

E(X1 +X2 + . . .+Xk) =
∑
ω

[ k∑
j=1

Xj(ω)
]
p(ω)

=

k∑
j=1

∑
ω

Xj(ω)p(ω) =

k∑
j=1

EXj .

Example 2.2.13. Let a coin be tossed n times. The results of the tosses are
independent and the probability to get heads is p. Let X be the number of
heads we observed in the experiment. What is EX?

We can solve this example by two different methods. First, by definition
and by the expression for the pmf in Example 2.1.6,

EX =

n∑
k=0

k

(
n

k

)
pk(1− p)n−k

=

n∑
k=1

n

(
n− 1

k − 1

)
pk(1− p)n−k

= pn

n∑
k=1

(
n− 1

k − 1

)
pk−1(1− p)n−1−(k−1)

= pn
n−1∑
l=0

(
n− 1

l

)
pl(1− p)n−1−l

= pn.

The equality in the second line is an identity which is easy to check from the
definition of the binomial coefficient. In the third line we took pn outside
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of the summation sign. In the fourth line we changed variable: l = k − 1.
In the fifth line we used the fact that

(
n−1
l

)
pl(1− p)n−1−l is the pmf for the

random variable which is equal to the number of heads in the sequence of
n− 1 coin tosses. So by the property of pmf, the sum of this quantity over
all values of the random variable equals 1.

You can see that this sum is not very difficult to calculate. However, the
second method is much simpler.

Let Ik be the indicator function for the event Hk that in the k-th toss we
obtain heads. Then, it is clear that our random variable X = I1+I2+. . .+In,
so

EX = E(I1 + I2 + . . .+ In) = EI1 + EI2 + . . .+ EIn
= np,

where we used the fact from Example 2.2.5, that EIj = P(Hj) = p.

Example 2.2.14. Suppose that n people are sitting around a table, and that
everyone at the table gets up, runs around the room, and sits down randomly
(i.e., all seating arrangements are equally likely).

What is the expected value of the number of people sitting in their
original seat?

Let Ik be the indicator of the event Ak that a person k will be in the
same sit after the permutation. Then, if X denotes the number of people
sitting in their original seat, we have X = I1 + . . .+ In, and

EX = EI1 + . . .+ EIn = P(A1) + . . .+ P(An)

But the total number of sits is n and after the permutation a person k is
equally likely to sit in any of them. So the probability P(Ak) = 1/n. So we
have

EX = n× 1

n
= 1.

So, on average, one person will be sitting in his or her original sit.
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2.3 Variance and standard deviation

2.3.1 Definition

Definition 2.3.1. The variance of a random variable X is defined by the
following formula,

Var(X) = E[(X − µ)2],

where µ = E(X).

Intuitively, it is the average squared deviation of the random variable
from its expectation.

It is often more convenient to calculate the deviation in the same units
as the original variable. This means that we should take the square root of
the variance.

Definition 2.3.2. The standard deviation of X is
√
Var(Y ).

It is often denoted std(X) or simply σ. Then variance is σ2.
In many cases, it is simpler to compute variance using a different formula.

Theorem 2.3.3 (A different formula for variance).

Var(X) = E(X2)− (EX)2.

Proof. By expanding (X − µ)2 in the definition, we get

Var(X) = E(X2 − 2µX + µ2)

= E(X2)− 2µE(X) + µ2

= E(X2)− µ2

= E(X2)− (EX)2
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Exercise 2.3.4.
These graphs show the pmf for 3 random variables. Order them by the

size of the standard deviation from biggest to smallest.
Example 2.3.5. Suppose X has pmf:

x 1 2 3 4 5

p(x) 1
10

2
10

4
10

2
10

1
10

Find the expectation, variance and the standard deviation of X.

EX = 1× 1

10
+ 2× 2

10
+ 3× 4

10
+ 4× 2

10
+ 5× 1

10
= 3

EX2 = 1× 1

10
+ 4× 2

10
+ 9× 4

10
+ 16× 2

10
+ 25× 1

10
= 10.2

Var(X) = EX2 − (EX)2 = 10.2− 9 = 1.2

std(X) =
√
1.2 ≈ 1.0954

2.3.2 Properties

Theorem 2.3.6. The variance and standard deviation have the following
properties:

1. Var(X) ≥ 0.
2. If X is constant, X = c, then Var(X) = 0.
3. If Var(X) = 0, then X = µ with probability 1.
4. If a and b are constants, then

Var(aX + b) = a2Var(X),
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5.
std(aX + b) = |a|std(X).

Proof. We will assume in the proof that the random variable X is discrete,
although the result is valid in general.

(1) The variance is the expectation of a non-negative random variable,
and so it is non-negative.

(2) This follows by direct calculation after we notice that EX = c, and
so X − EX = 0 for all outcomes ω.

(3) If variance is 0 then all values of X that have positive probability
must be equal to 0 otherwise the expectation of the squared difference would
be positive.

(4) We can calculate:

Var(aX + b) = E
[
(aX + b)2

]
−
[
E(aX + b)

]2
= a2EX2 + 2abEX + b2 −

[
aEX + b

]2
= a2

[
EX2 − (EX)2

]
= a2Var(X).

(5) This follows from (4) and the definition of the standard deviation.

For expected values we have seen that E(X1+. . .+Xn) = EX1+. . .+EXn.
Is a similar property holds for variance? In general, the answer is “no”.
This property holds if random variables X1, . . . , Xn are independent or more
generally, if they are uncorrelated. However, we postpone the discussion of
the independence of several random variables to a later chapter.

Example 2.3.7. Let X be a non-constant random variable, so that Var(X) >

0, and let Y = −X, that is, for every outcome ω, Y (ω) = −X(ω). Then
Var(Y ) = Var(X) > 0. However, X + Y = 0 and therefore

Var(X + Y ) = 0 ̸= Var(X) + Var(Y ).
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2.4 The zoo of discrete random variables

Here we will talk about some models for discrete random variables which
frequently occur in practice.

• Binomial (and its simplest case, Bernoulli)

• Geometric

• Poisson

• Negative binomial

• Hypergeometric

2.4.1 Binomial

Recall Example 1.4.7, in which a coin was tossed n times. The results of
different tosses are assumed to be independent and the probability to see
heads is p in each toss. Then the random variable X is defined as the number
of heads in these n tosses. Its pmf is

pX(k) := P(X = k) =

(
n

k

)
pk(1− p)n−k for k = 0, 1, . . . , n.

A random variable with this pmf is called a binomial random variable
with parameters n and p.

(For n = 1 this random variable is called Bernoulli r.v. It takes values
1 or 0 with probability p and 1− p, respectively.)

Many random variables encountered in practice are binomial random
variables.

Example 2.4.1. Suppose 2% of all items produced from an assembly line are
defective. We randomly sample 50 items and count how many are defective.
This count is a binomial random variable with parameters n = 50 and
p = 2%.

A binomial r.v. occurs in a binomial experiment, which is an experiment
with the following characteristics:

1. There are a fixed number, denoted n, of identical trials.
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2. Each trial results in one of two outcomes (which we can denote “S =
Success” or “F = Failure”).

3. The probability of “Success” is constant across trials and denoted p.
Hence P[“Failure”]= q = 1− p.

4. The trials are independent.

The total number of successes in a binomial experiment is a binomial
r.v.

Here is another example.

Example 2.4.2. Suppose 40% of students at a college are male. We select
10 students at random and count how many are male. Is this a binomial
experiment? What are parameters?

Figure 2.2: A historgram for bi-
nomial r.v. for various values of
parameters.

How do we calculate various probabili-
ties for the binomial r.v.?

Example 2.4.3. Suppose 2% of items pro-
duced from an assembly line are defective.
If we sample 10 items, what is the proba-
bility that 2 or more are defective?

Method 0.
Calculate with a calculator.

P(Y ≥ 2) = 1− P(Y = 0)− P(Y = 1)

= 1−
(
10

0

)
(0.2)0(1− 0.2)10−

−
(
10

1

)
(0.2)1(1− 0.2)9

= 1− 0.810 − 10× 0.2× 0.89 = 0.6241903616

Usually, we use tables or software.
Method 1, due to ancient Babylo-

nians: lookup in the tables.1

1https://www.theguardian.com/lifeandstyle/2014/may/17/
ask-a-grown-up-who-invented-times-tables
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Table 1, Appendix 3 in the textbook
gives cumulative probabilities P(Y ≤ a).
Looking it up in Table 1(b) for n = 10, we
find that P(Y ≤ 1) = .376, hence P(Y ≥ 2) = 1− .376 = 0.624.

Figure 2.3: Table 1(b).

Method 2. Modern,
with R software. R is
both a computer language
and a software tool which is
popular among statisticians.

One can download and
install R software from https:
//cran.rstudio.com/, and
RStudio (an IDE, integrated

development environment) from https://www.rstudio.com/products/
rstudio/download/.

Then, we calculate P(Y ≥ 2) by issuing the following command:

1− pbinom(1, 10, 0.2)

or, alternatively,

pbinom(1, 10, 0.2, lower.tail = F)

Answer: 0.6241904.
Method 3. Using Python
Python is popular among data scientists. It can be installed in many

ways. The easiest is to download Anaconda from https://www.anaconda.
com/products/individual and then install either Jupyter or Spyder from
Anaconda.

Then one needs to start one of these programs, import package scipy.stats,

import scipy.stats as st

and then one can calculate the probabilities as
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1 - st.binom.cdf(1, 10, 0.2)

Answer: 0.6241903616

Properties of the binomial r.v.

Theorem 2.4.4. Let X be a binomial r.v. with n trials and success proba-
bility p. Then,

1. E(X) = np

2. Var(X) = npq, where q := 1− p.

Proof. (1) We have already proved that the expectation is np in the coin-
tossing example.

(2) Var(X) = E[X2]− (E(X))2.

It is not easy to find E(X2) directly from the definition but we can use
a trick. First we calculate

E[X(X − 1)] =
n∑

k=0

k(k − 1)
n!

k!(n− k)!
pkqn−k

= . . .

(transformations similar to those done for the expected value)
= n(n− 1)p2.

This allows us to calculate

E(X2) = E[X(X − 1)] + E(X)

= n(n− 1)p2 + np

Finally,

Var(X) = E(X2)− (EX)2

= n(n− 1)p2 + np− (np)2

= −np2 + np = np(1− p)
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There is alternative easier proof. However, it uses a fact that we will
prove only later. First, we note that

X = I1 + I2 + . . .+ In,

where Ik is the indicator of the event that we have a success in the k-th
trial.

It is easy to check that the variance of each Ik is p(1 − p). (We did it
in one of the examples.) In addition, it turns out that the random variables
Ik are independent from each other. We will study the independence of
random variables later, and basically, it means that if know the value of one
random variable, it does not change the probability that the other random
variables takes some specific value. In our example, the independence of Ik
is a consequence of the assumption that the results of different trials are
independent.

It turns out that for independent random variables the variance of the
sum equals the sum of the variances. So, in our particular case,

Var(X) = VarI1 + VarI2 + . . .+ VarIn = np(1− p).

Example 2.4.5. 40% of students in a college are male. 10 students are se-
lected. Let Y be the number of male students in the sample. Find EY and
Var(Y ).

We calculate, EY = np = 10 × 0.4 = 4 and Var(Y ) = np(1 − p) =

10× 0.4× 0.6 = 2.4.

Exercise 2.4.6. Let X ∼ Binom(n, p) and Y ∼ Binom(m, p) be independent.
Then X + Y distributed according to the following distribution:
(A) Binom(n+m, p)

(B) Binom(nm, p)

(C) Binom(n+m, 2p)

(D) other

Exercise 2.4.7. Let X ∼ Binom(n, p1) and Y ∼ Binom(n, p2) be indepen-
dent.

Then X + Y distributed according to the following distribution:
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(A) Binom(n, p1 + p2)

(B) Binom(2n, p1 + p2)

(C) Binom(n, p1p2)

(D) other

2.4.2 Geometric r.v.

Consider the experiment with a series of identical and independent trials,
each resulting in either a Success or a Failure. Now, let us allow the num-
ber of the trials in the experiment be variable. Namely, the experiment is
stopped after the first success.

Possible outcomes in this experiment are S, FS, FFS, FFFS, . . .

Let the random variable X be the number of the trial, on which the
first success occurs. This variable is called the geometric random variable
and it is said that it is distributed according to the geometric probability
distribution.

What is its pmf?
If P(‘‘Success′′) = p and P(‘‘Failure′′) = q = 1 − p, then by the inde-

pendence of trial results we can calculate:

P(X = 1) = P(S) = p,

P(X = 2) = P(FS) = qp,

P(X = 3) = P(FFS) = q2p,

. . .

P(Y = k) = P(FF . . . FS) = qk−1p.

This is the pmf of the geometric r.v.
(Note this book uses a slightly non-standard definition. Often, the geo-

metric r.v. is defined as the number of trials before the first success. So be
careful when reading about geometric r.v. in other books or using software.)

We will indicate that X is a geometric r.v. with parameter p by writing
X ∼ Geom(p) which reads “X is distributed according to the geometric
distribution with parameter p.

Theorem 2.4.8. If X is a geometric r.v., X ∼ Geom(p), then
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1. E(X) = 1
p

2. Var(X) = q
p2

= 1−p
p2

Proof. (1) E(X) =
∑∞

k=1 kq
k−1p. How do we compute this sum?

Recall the formula for the geometric series:
∑∞

k=0 q
k = 1

1−q and differ-
entiate it over q:

∞∑
k=1

kqk−1 =
d

dq

1

1− q
=

1

(1− q)2
.

After we multiply the left-hand side of this equality by p, we will get ex-
actly the expression for the expected value of the geometric variable. Hence,

E(X) =
p

(1− q)2
=

1

p

(2) For the variance we can use a similar trick as for the binomial random
variable, which means that we start by calculating E[X(X − 1)]:

E[X(X − 1)] :=
∞∑
k=2

k(k − 1)qk−1p,

and thee right hand side, after some small adjustment is exactly the second
derivative of the series 1/(1− q) =

∑∞
k=0 q

k. So,

E[X(X − 1)] = pq
d2

dq2

[ 1

1− q

]
= pq

2

(1− q)3
=

2q

p2

And then we can calculate the variance:

Var(X) = E(X2)− (EX)2

= E[X(X − 1)] + E(X)− (EX)2

=
2q

p2
+

1

p
− 1

p2
=

2q + p− 1

p2
=

q

p2
.
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2.4.3 Negative binomial

Negative binomial is a generalization of the geometric distribution.
Consider an experiment with a series of identical and independent trials,

each resulting in either a Success or a Failure. Define a negative binomial
r.v. Y as the number of the trial on which the r-th success occurs. The
distribution of this random variable is negative binomial distribution with
parameters p and r.

(If r = 1 then this Y is a geometric r.v. Also note that in many texts
and software packages, the negative binomial r.v. is define as the number
of trials before the r-th success.)

Compare the following descriptions of the binomial and the negative
binomial random variables:

• For the binomial r.v., we fix the number of trials and count the number
of successes obtained.

• For the negative binomial r.v., we fix the number of successes and count
the number of trials needed to achieve this number of successes.

What is the pmf of a negative binomial r.v.? That is, what is the prob-
ability that the r-th success occurs exactly on trial k?

This event happens provided the first k− 1 trials contain r− 1 successes
and the k-th trial is success. The probability of the former of these events is
the probability that a binomial random variable with parameters (k − 1, p)

takes value r − 1, and the probability of the latter is p.
These two sub-events are independent and so the probability that X = k

is
pX(k) =

(
k − 1

r − 1

)
pr−1qk−r × p =

(
k − 1

r − 1

)
prqk−r, where k ≥ r.

This is the pmf of the negative binomial distribution with parameters
r and p. Note that it resembles the binomial distribution but somewhat
different.

Theorem 2.4.9. If X is a negative binomial distribution, X ∼ NB(r, p),
then
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1. E(X) = r
p

2. Var(X) = r(1−p)
p2

Proof. Negative binomial r.v. is a sum of r independent geometric r.v.’s
with parameter p,

X = Y1 + Y2 + . . .+ Yr.

Hence,

EX = EY1 + . . .+ EYr =
r

p
,

Var(X) = VarY1 + . . .+ VarYr =
rq

p2

The argument in the proof of this theorem is also used in the solution of
the following well-known problem.
Example 2.4.10 (Coupon Collector Problem). You collect coupons which
comes with some items (like oatmeal). Every time you buy an item you
get a coupon (like a sticker). There are N different types of coupons, they
are all equally likely, so if you buy an item, then the probability to get a
particular type of a coupon is 1

N .

You buy one item every day. What is the expected number of days before
you get a complete collection of coupons? (That is, how many items you
need to buy?)

Let Y1, Y2, . . . , YN be the waiting times: namely, Yj is the time between
the moment when you collection got to the size j− 1 and the moment when
it got to the size j. (Y1 = 1 and other variables are random.) We want to
calculate is EX, where X is the waiting time until all coupons are collected,
and so:

X = Y1 + Y2 + . . .+ YN .

When you have j − 1 different coupons, the probability that the next
item contains a new coupon is

pj =
N − j + 1

N
.
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The random variable Yj is geometric with parameter pj and expectation
EYj = 1/pj .

Therefore,

EX = EY1 + . . .EYN = N
( 1

N
+

1

N − 1
+ . . .+

1

2
+ 1

)
= NHN ,

where HN = 1 + 1
2 + . . . 1

N are called the harmonic numbers. The sum can
be approximated by the integral, so

Hn ≈
∫ N

1

1

x
dx = logN.

So approximately, the expected number of items which you need to purchase
to collect all N coupons is N logN .

Example 2.4.11. Suppose 40% of employees at a firm have traces of asbestos
in their lungs. The firm is asked to send 3 of such employees to a medical
center for further testing.

1) Find the probability that exactly 10 employees must be checked to
find 3 with asbestos traces.

We identify this distribution as the negative binomial with parameters
r = 3 and p = 40%.

P(X = 10) =

(
9

3− 1

)
0.43 × (1− 0.4)10−3 = 0.0645

2) What is the expected number of employees that must be checked?

E(X) =
r

p
=

3

0.4
= 7.5

3)If X is the number of employees that must be checked, what is Var(X)

and σ?

Var(X) =
rq

p2
=

3× 0.6

0.42
= 11.25

Std(X) =
√
11.25 ≈ 3.354
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Calculation of negative binomial and geometric variables in R and Python.

Example 2.4.12. Suppose that the probability of an applicant passing a driv-
ing test is 0.25 on any given attempt and that the attempts are independent.
What is the probability that his initial pass is on his fourth try?

What is P(Y = 4)? In R, this can be obtained by issuing the command:

dgeom(4-1, prob = 0.25)

Note that dgeom(...) stands for pmf and pgeom(...) stands for cdf of a
geometric random variable in R. Also note that we used 4−1 = 3 in the for-
mula because in R, the geometric random variable is defined as the number
of failures before the first success.

Example 2.4.13. Suppose 40% of employees at a firm have traces of asbestos
in their lungs. The firm is asked to send 3 of such employees to a medical
center for further testing.

Find the probability that at most 10 employees will be checked to find
3 with asbestos traces.

We need to calculate P(X ≤ 10). Note that by definition this the cdf of
X evaluated at 10.

pnbinom(10-3, size = 3, prob = 0.40)

The answer is 0.8327102.
Note that we use 10− 3 because the negative binomial random variable

is defined as the number of failures before the given number of successes.
In Python, the code would be

import scipy.stats as st
st.nbinom.cdf(10 - 3, 3, 0.4)

The answer is 0.8327102464.

2.4.4 Hypergeometric
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Figure 2.4: Hypergeometric random
variable

Let an urn contain N balls and r of
them are red (or “marked”). Others
are white. Consider an experiment
in which we take n balls without
replacement. Let the random vari-
able X be the number of red balls in
the sample. The random variable X

has the hypergeometric distribution
with parameters N, r, n.

We can think about the experi-
ment as taking n balls one-by-one from the box. If we take out a red ball,
we mark the result of the trial as success. The random variable X is the
number of successes.

This experiment is often called “sampling without replacement”. The
difference of this experiment from the binomial experiment is that the result
of each trial affects results of the next trials. This implies that the trials
are not independent. In particular, the probability to get a red ball in later
trials depends on the results of earlier trials.

The probability mass function for X is

pX(k) =

(
r
k

)(
N−r
n−k

)(
N
n

)
Proof. There are

(
N
n

)
different choices of n balls out of N . This is the total

number of outcomes in this experiment and all of them are equally probable.
If the sample contains k red balls then they could be chosen in

(
r
k

)
different ways. At the same time the n − k white balls could be chosen in(
N−r
n−k

)
different ways.

So the total number of experiment outcomes with k red balls is
(
r
k

)(
N−r
n−k

)
.

By the sample point method,

P(X = k) =

(
r
k

)(
N−r
n−k

)(
N
n

)
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Properties of the hypergeometric distribution

Theorem 2.4.14. If X ∼ HyperGeom(N, r, n), then

1. E(X) = n
(
r
N

)
2. Var(X) = n

(
r
N

) (
1− r

N

) (
N−n
N−1

)
We leave this theorem without proof.
Note the remarkable resemblance with the mean and the variance of the

binomial distribution Bin(p, n) if we set p = r/N .
The only difference is that the variance is multiplied by

(
N−n
N−1

)
.

This factor is sometimes called “finite population adjustment”.

Example 2.4.15. From a set of 20 potential jurors (8 African-American and
12 white) 6 jurors were selected. If the jury selection was random, what is
the probability of one or fewer African Americans on the jury? What is the
expected number of African-American on the jury? What is the standard
deviation?

We need to calculate P(X ≤ 1). We can either do it by using a calculator:

P(X ≤ 1) = P(X = 0) + P(X = 1)

=

(
8
0

)(
12
6

)(
20
6

) +

(
8
1

)(
12
5

)(
20
6

)
≈ 18.7%,

or by using a statistical software package. For example, in R:

phyper(1, 8, 12, 6)

gives the same answer 18.7%.
The expected value is EX = 8/20× 6 = 2.4 and the standard deviation

is

Std(X) =

√
6× 8

20
× 12

20
× 20− 6

20− 1
≈ 1.03

Exercise 2.4.16. An urn contains 20 marbles, of which 10 are green, 5 are
blue, and 5 are red. 4 marbles are to be drawn from the urn, one at a time
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without replacement. Let Y be the total number of green balls drawn in the
sample.

Var(Y ) =?

2.4.5 Poisson r.v.

Consider an experiment in which a Geiger counter counts the number of ra-
dioactive particles that entered a gas camera in one second. The experiment
has essentially a continuum of outcomes since a particle can enter a camera
at any time, so the outcome of this experiment might be described by a
set of times at which particles entered the camera. However, we are simply
interested in the discrete random variable which is the size of this set. Given
that the particles enter the camera independently this random variable is
called the Poisson random variable. It characterized by a parameter λ which
equals to its expected value.

Poisson random variable is useful to model

• Y = number of phone calls received per day.

• Y = number of accidents per week at an intersection.

• Y = number of spots per square inch of an orange.

• Y = number of galaxies in a particular spot of Universe,

and many-many similar phenomena.
How do we obtained its pmf? We do not yet learned how to describe con-

tinuous experiments especially so complex experiments as described above.
However, it turns out that we can find the pmf of the Poisson random
variable by approximating the continuous experiment by the binomial ex-
periment.

Let us divide the interval of time in n subintervals and let us assume
that a particle can enter during each subinterval with probability p. Assume
that n so large that we can ignore the situation when two particles enter the
camera during the same sub-interval.

Now we have a binomial experiment with n trials corresponding to sub-
intervals and the probability of a success p. Here a success means that a
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particle entered the tube during the sub-interval. The expected number of
successes is np and we fix it at λ.

Let Xn be the number of successes in this binomial experiment. Then

P(Xn = k) =

(
n

k

)
pk(1− p)n−k

=
n(n− 1) . . . (n− k + 1)

k!

(λ
n

)k(
1− λ

n

)n−k

It is easy to check that if k is fixed and n → ∞ then the factor

n(n− 1) . . . (n− k + 1)

nk
→ 1.

The remaining part can be written as

λk

k!

(
1− λ

n

)n(
1− λ

n

)−k

By using calculus, we find the limits (1−λ/n)n → e−λ and (1−λ/n)k → 1.
It follows that as n → ∞,

P(Xn = k) → λk

k!
e−λ

We conclude that the pmf of the Poisson random variable is

pX(k) = P(X = k) =
λk

k!
e−λ, where k = 0, 1, 2, . . .

We can also verify directly that this is a valid pmf by checking that it
adds up to 1:

∞∑
k=0

pX(k) = e−λ
∞∑
k=0

λk

k!
= 1,

because

eλ = 1 + λ+
1

2
λ2 +

1

3!
λ3 + . . . =

∞∑
k=0

λk

k!
,

is the Taylor series expansion for the function f(λ) = eλ.
The parameter λ is called intensity.
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Theorem 2.4.17. If X ∼ Pois(λ), then

1. EX = λ

2. Var(X) = λ

Intuitively, Poisson r.v. is a limit of binomial r.v.’s, hence its expectation
and variance are also limits: np → λ, np(1 − p) → λ. If we want a more
rigorous proof, we simply use the definition and our usual collection of tricks.

Proof. (1)Expectation:

E(X) =

∞∑
k=0

k
λk

k!
e−λ

= λ

∞∑
k=1

λk−1

(k − 1)!
e−λ

λ
∞∑
l=0

λl

l!
e−λ

= λ,

where in the last line we used the observation that the sum is the sum of
the pmf over all possible values, and so it equals 1.

(2) For variance, we do a similar calculation as the above calculation, but
for E[X(X−1)]. We find that it equals λ2. This implies that E(X2) = λ2+λ,
and therefore Var(X) = E(X2)− (E(X))2 = λ2 + λ− λ2 = λ.

Example 2.4.18. Suppose the number of accidents per month at an industrial
plant has a Poisson distribution with mean 2.6. Find the probability that
there will be 4 accidents in the next month. Find the probability of having
between 3 and 6 accidents in the next month. What is the probability of 10
accidents in the next half-year?

Directly by the formula for the pmf of a Poisson r.v.,

P(X = 4) = e−2.6 × 2.64

4!
≈ 14.14%.

The cumulative Poisson probabilities can be evaluated either using Table
3 in Appendix 3 or by using R: P (X ≤ x) = ppois(x, λ). In this example,
we have
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P(3 ≤ Y ≤ 6) = P(Y ≤ 6)− P(Y ≤ 2)

= 98.28% − 51.84% = 46.44%

The next question illustrates a very useful property of the Poisson ran-
dom variable. Recall that we have seen that it two binomial random vari-
ables have parameters (n1, p) and (n2, p) respectively, and if they are inde-
pendent, then their sum is also a binomial random variable with parameters
(n1 + n2, p). Since a Poisson random variable is a limit of binomial ran-
dom variables, it is not surprising that a similar property holds for Poisson
random variables.

Namely, if X1 and X2 are two Poisson random variables with parameters
λ1 and λ2 respectively, and if they are independent then X1 +X2 is also a
Poisson random variable with parameter λ1 + λ2.

In Example 2.4.18, the number of accidents in a half-year is the sum
of the number of accidents in every of the 6 months that constitutes the
half-year. So it is a sum of six Poisson random variables with parameter
2.6. Assuming that these random variables are independent, we conclude
the number of the accidents in the half-year is a Poisson random variable Y

with parameter 6× 2.6.
Therefore,

P(Y = 10) = e−6×2.6 × (6× 2.6)10

10!
≈ 3.95%.

Exercise 2.4.19. Suppose the number of accidents per month at an industrial
plant has a Poisson distribution with mean 2.6.

What is the expected number of accidents in the next half-year?

Exercise 2.4.20. A parking lot has two entrances. Cars arrive at entrance
I according to a Poisson distribution at an average of 5 per hour and at
entrance II according to a Poisson distribution at an average of 3 per hour.
(Assume that the numbers of cars arriving at the two entrances are inde-
pendent.)

The total number of cars that arrive at parking lot is a Poisson random
variable. What is its expected value?
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Exercise 2.4.21. The daily probability of no accidents on a given piece of a
highway is e−2. The number of accidents follows the Poisson distribution.

What is the expected number of accidents per day?

Poisson approximation for binomial distribution
If n is large, p is small, and λ = np is somewhat small (book: ≤ 7),

then the Bin(n, p) probabilities are approximately equal to the Pois(λ)

probabilities.

Example 2.4.22. Suppose there are 10, 000 students in a college. 3% of all
students are vegetarians. Select 100 students at random. Find the proba-
bility that the sample contains at least 5 vegetarians.

Exact probability:

P(X ≥ 5) = 1− P(X ≤ 4) = 1−
4∑

j=0

(
300
j

)(
10,000−300

100−j

)(
10,000
100

)
= 1− phyper(4, 300, 10000− 300, 100) = 0.1812679

Binomial approximation:

P(X ≥ 5) = 1− P(X ≤ 4) = 1−
4∑

j=0

(
100

j

)
0.03j(1− 0.03)100−j

= 1− pbinom(4, size = 100, prob = 0.03) = 0.1821452

This is different in the 3rd significant digit.

Poisson approximation: Here λ = np = 100× 0.03 = 3.

P(X ≥ 5) = 1− P(X ≤ 4) = 1− e−λ
4∑

j=0

λ−j

j!

= 1− ppois(4, lambda = 3) = 0.1847368,

This is also different only in the 3rd significant digit.

Exercises
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Exercise 2.4.23. Let X be a random variable whose Probability Mass Func-
tion is given as

P (X = k) =
5k

e5k!

for k = 0, 1, . . .

What is the variance of this random variable?

Exercise 2.4.24. Consider the probability given by the expression:

P(Y = 3) =

(
2,000,000

3

)(
98,000,000

97

)(
100,000,000

100

)
What is the appropriate value for parameter p in the binomial approxi-

mation for this probability?
What is the appropriate value for parameter λ in the Poisson approxi-

mation for this probability?

Exercise 2.4.25. Let a r.v. Y have probability function p(y) =
(
1
2

)y for
y = 1, 2, 3, . . ..

What is the distribution of Y ?

2.5 Moments and moment-generating function

2.5.1 Moments

Definition 2.5.1. The k-th moment of a r.v. X is defined as

µk(X) = E(Xk)

Examples:

• The first moment, µ1 is EX, the expected value of X, .

• The second moment µ2 is closely related to variance:

µ2(X) := E(X2) = Var(X) + (EX)2.

In applications, it is usually more useful to look at the central moments,
which are defined as

µc
k = E[(X − µ1)

k]. (2.2)
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For example, variance is by its definition the second central moment of the
random variable X. The variance is typically denoted σ2, with σ denoting
the standard deviation.

Example 2.5.2. The skewness of a random variable X is defined µc
3/σ

3, and
the kurtosis X is defined as µc

4/σ
4. These quantities are often used to de-

scribe the shape of the pmf of a random variable X when the variability has
already been taken into account. The division by powers of σ is introduced
so that skewness and kurtosis are scale invariant: skew(aX) = skew(X) for
all positive a and kurtosis(aX) = kurtosis(X) for all non-zero a.

Note that if we expand the expression on the right-hand side of (2.2) we
can express the central moments in terms of usual moments, similar as we
did if for variance. For example,

µc
3 = E[(X − µ1)

3] = E(X3)− 3µ1(EX2) + 3µ2
1EX − µ3

1

= µ3 − 3µ1µ2 + 2µ3
1

2.5.2 Moment-generating function

One way to calculate the moments of a random variable, especially high-
order moments is through the moment-generating function.

The moment-generating function is a variant of an important mathe-
matical tool called the Fourier transform. In probability theory, the Fourier
transform of the probability mass function is called the characteristic func-
tion of a random variable, and it is defined as

φX(t) = E(eitX) =
∑
x

eitxpX(x),

where i is the imaginary unit of complex numbers. In this course, we will
not assume the knowledge of complex numbers and consider a closely related
object, the Laplace transform of the probability mass function. This trans-
form is called the moment-generating function, or mgf, mX(t) and defined
as

mX(t) = E(etX) =
∑
x

etxpX(x).
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Both characteristic and moment-generating functions determine the ran-
dom variable X (except for some random variables which have very large
variability and rarely occur in practice).

An advantage of characteristic functions over moment-generating func-
tions is that they are well-defined for a larger class of functions and have
better analytical properties. However, it will be not important for us here.

The following theorem explains that if we know the moment-generating
function we can easily calculate the moments of a random variable X.

Theorem 2.5.3. If mX(t) is the moment-generating function for a random
variable X, then for any integer k ≥ 1,

µk =
dk

dtk
mX(t)

∣∣∣
t=0

.

The Taylor series for mX(t) is

mX(t) = 1 +
∞∑
k=1

µk

k!
tk.

Proof. Recall the Taylor series for the exponential function:

ex = 1 + t+
1

2!
x2 +

1

3!
x3 + . . .

=

∞∑
k=0

1

k!
xk

So by definition of the moment-generating function,

mX(t) := E(etX) = 1 + E(tX) +
1

2!
E(tX)2 +

1

3!
E(tX)3 + . . .

=

∞∑
k=0

1

k!
E(tX)k

= 1 + tµ1 +
t2

2!
µ2 +

t3

3!
µ3 + . . . =

∞∑
k=0

tk

k!
µk

Hence, by differentiating this expression k times, we get

dk

dtk
mX(t) = µk + tµk+1 +

t2

2
µk+2 + . . .
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After setting t to zero in the resulting expression, we get:

dk

dtk
mX(t)

∣∣∣
t=0

= µk.

which is what we wanted to prove.

Example 2.5.4. Suppose a random variable X has the following moment
generating function

mX(t) =
3

4
et +

1

4
et

2

for all t.

(Remark: This random variable is not discrete. However, it could be
checked that it is a valid pmf.)

Find E(X), E(X2) and Var(X).
We calculate the first and the second derivatives:

m′
X(t) =

3

4
et +

1

2
tet

2
,

m′′
X(t) =

3

4
et +

1

2
et

2
+ t2et

2
.

After substituting t = 0, we get

EX ≡ µ1 = m′
X(0) =

3

4

EX2 ≡ µ2 = m′′
X(0) =

3

4
+

1

2
=

5

4
,

and for variance, we have

Var(X) = EX2 − (EX)2 =
5

4
− 9

16
=

11

16
.

2.5.3 Mgf characterizes the distribution

For most random variables, if a mgf exists, it completely characterizes the
distribution.

Sometimes, we can write down the pmf simply by closely observing the
mgf function.
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Example 2.5.5. Let the mgf of a discrete random variable X be

mX(t) =
1

10
e−t +

2

10
+

3

10
et +

4

10
e2t.

Find the pmf of X.

Recall the definition of the mgf for discrete random variables:

mX(t) =
∑
x

etxpX(x).

In our example we have

mX(t) =
1

10
e−t +

2

10
e0t +

3

10
et +

4

10
e2t,

so we see from the arguments of the exponential functions that the possible
values for random variable X are {−1, 0, 1, 2} and we simply read off the pmf
of X as the coefficients before the exponentials: pX(−1) = 1/10, pX(0) =

2/10, pX(1) = 3/10, pX(2) = 4/10.

2.5.4 Factorization property for mgf

An important property of the moment-generating function is that it factor-
izes for sums of independent random variables.

Theorem 2.5.6. Suppose X1, X2, . . . , Xn are independent random variables
and S = X1 + . . . + Xn, then the mgf of S is the product of the mgf of
X1, . . . , Xn.

mS(t) = mX1(t)mX2(t) . . .mXn(t).

(A similar property holds for characteristic functions). This property
allows us to study sums of independent random variables. We will prove
this theorem later, when we will study the independence of several random
variables.

2.5.5 Mgf of named discrete r.v.

Now let us compute the mgf of all discrete distribution that we already know,
except for the hypergeometric distribution which is a bit more difficult.
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Example 2.5.7 (mgf for the indicator random variable, aka Bernoulli r.v.).
Let X = IA be the indicator random variable for an event A. Recall that IA
takes value 1 with probability p = P(A) and value 0 with probability 1− p.
What is its mgf?

mIA(t) = E(etIA) = et×1p+ et×0(1− p) = pet + 1− p.

Example 2.5.8 (Binomial distribution). Binomial r.v. X ∼ Bin(n, p) is
the sum of n independent indicator functions I1, . . . , In, where the Ij is the
indicator of the event that we had a success in the j-th trial. The probability
of the success is p.

X = I1 + I2 + . . .+ In.

By using Theorem 2.5.6 and the result from Example 2.5.7, we get

mX(t) =
(
mI1(t)

)n
= (pet + q)n,

where q = 1− p.

Example 2.5.9 (Geometric distribution). For the geometric distribution with
parameter p we have by definition

mX(t) = E
(
etX

)
= etp+ e2tpq + e3tpq2 + . . .

= pet
(
1 + qet + (qet)2 + . . .

)
=

pet

1− qet
.

Example 2.5.10 (Negative binomial distribution). Recall that we can write
the negative binomial distribution with parameters r and p as a sum of r

independent geometric random variables with parameter p. Hence, by using
Theorem 2.5.6,

mX(t) =
( pet

1− qet

)r
.
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Example 2.5.11 (Poisson distribution). For a Poisson r.v. X with parameter
λ, we have, by definition:

mX(t) = E
(
etX

)
=

∞∑
k=0

etk
λk

k!
e−λ

= e−λ
∞∑
k=0

(λet)k

k!

= e−λeλe
t
,

where in the last line we used the Taylor series for the exponential function
ex =

∑∞
k=0

xk

k! , with x = λet.
So, the mgf for the Poisson random variable is

mX(t) = eλ(e
t−1).

As we mentioned before, the mgf completely characterizes the random
variable in the sense that if two r.v.’s have the same mgf then they must
have the same distribution.

Example 2.5.12. Suppose X is a r.v. with mgf

mX(t) = e7.1e
t−7.1.

What is the distribution of X?
By looking at the function attentively we see that it is the mgf of a

Poisson random variable with parameter λ = 7.1.

2.6 Markov’s and Chebyshev’s inequalities

If we know the pmf of a random variable, then it is easy to calculate prob-
abilities. In particular, if we know the type of the distribution and several
first moments then we can find the parameters of the distribution, learn the
pmf, and calculate the desired probabilities.

Example 2.6.1. Suppose X has the Poisson distribution and EX = 2. What
is the probability P(X ≥ 3) ?
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We know that the parameter of the Poisson distribution λ equals the
expectation of X. So, λ = 2, and by using the formula for the pmf of the
Poisson distribution pX(k) = e−λλk/k!, we have

P(X ≥ 3) = 1− P(X ≤ 2) = 1− P(X = 0)− P(X = 1)− P(X = 2)

= 1− e−2
(
1 +

21

1!
+

22

2!

)
= . . .

(or, using software)
= 1− ppois(2, λ = 2) = 32.33%

Example 2.6.2. Suppose X has the Geometric distribution and EX = 2.
What is the probability P(X ≥ 3) ?

In this case we know that EX = 1/p, where p is the parameter of the
geometric distribution. So in our case, p = 1/2, and we calculate:

P(X ≥ 3) = 1− P(X ≤ 2)

= 1− pgeom(2− 1, prob = 2) = 25%

(Here 2 − 1 is used instead of 2 because, the geometric r.v. in R is defined
as the number of failures before the first success so it is less than our X by
one.)

So we see that for this random variable, the probability to get a value
X ≤ 3 is smaller than the probability for a Poisson random variable with
the same expectation.
Example 2.6.3. Suppose X has the binomial distribution with n = 10 and
EX = 2. What is the probability P(X ≥ 3) ?

We know that for a binomial r.v. EX = np so we find that in our
example, p = 2/10 = 0.2. So we can calculate:

P(X ≥ 3) = 1− P(X ≤ 2)

= 1− pbinom(2, size = 10, prob = 0.2) = 32.22%

This is close to what we found for the Poisson random variable, which is not
surprising since we know that the Poisson distribution is a good approxima-
tion for the binomial distribution.

92



But what if we simply know that the expectation of X is 2 and do not
know what is exactly the pmf of X? Can we say something about P(X ≥ 3).
In general, no. However, if the random variable X is non-negative, then the
random variable with a fixed average value (expectation) cannot attain large
values too frequently, and there is a way to make this argument precise.

More generally, if we only know a couple of the first moments, such as
the expected value and variance of random variable X, then sometimes some
information about probabilities is still available. This information comes in
the form of inequalities: “probability is greater than some quantity” or
“probability is smaller than some quantity”.

These inequalities are especially useful in theoretical analysis, when noth-
ing is known about a random variable except its first moments and one still
wants to make a 100% valid statement.

The first result is about non-negative random variables.

Theorem 2.6.4 (Markov’s inequality). Let X ≥ 0 be a non-negative r.v.
Then for every t > 0, we have

P(X ≥ t) ≤ EX
t

.

Intuitively, this theorem says that if X is non-negative and is average EX
is relatively small, then the probability that the random variable exceeds a
large threshold t must be small.

Example 2.6.5. Suppose X is non-negative and EX = 2. What can be said
about the probability P(X ≥ 3) ?

By Markov inequality, P(X ≥ 3) ≤ 2/3 ≈ 66.6%.
Note that the probabilities that we calculated in previous cases all satisfy

this inequality. Note also, that the inequality is not very strong. In the cases
we considered, the actual probability P(X ≥ 3) is far below 66.6%. This is
why these inequalities are not very helpful in practical applications despite
its usefulness in theoretical analysis.
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Proof of Markov’s inequality. By definition,

EX =
∑
x

xpX(x) =
∑
x<t

xpX(x) +
∑
x≥t

xpX(x)

≥
∑
x≥t

xpX(x)

≥
∑
x≥t

tpX(x)

= t
∑
x≥t

pX(x) = tP(X ≥ t).

where in the second line we used the fact that X takes only non-negative
values x, so if we drop the first sum, the result will decrease.

Hence, by dividing by t,
EX
t

≥ P(X ≥ t),

which is what we wanted to prove.

What if we want to says something about the random variables which
can take both positive and negative values. The second famous inequality
holds for all random variables that have a finite variance.

Theorem 2.6.6 (Chebyshev’s inequality). Let X be a r.v. with mean EX =

µ and variance Var(X) = σ2. Then for every t > 0, we have

P
(
|X − µ| ≥ tσ

)
≤ 1

t2
.

Intuitively, this theorem says that the probability that a random vari-
able X deviates more than t standard deviations from its mean is less than
1/t2. So if t is large than the probability of this deviation is small. Note,
however, that this theorem becomes helpful only if t > 1 because otherwise
the inequality simply says that this probability is smaller than 1 and we
know it without applying any inequalities.

Another popular (and equivalent) form, in which this theorem is stated
is

P
(
|X − µ| ≥ ε

)
≤ σ2

ε2
.
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It is easy to see that it is equivalent by substituting t = ε/σ in the original
theorem.

Proof of Theorem 2.6.6. Let us define a new random variable Y = (X−µ)2.
Note that this random variable is non-negative and that its expectation
equals to the variance of the original random variable X. By applying
Markov’s inequality to Y with threshold (tσ)2, we find:

P
(
(X − µ)2 ≥ (tσ)2

)
≤ E(X − µ)2

(tσ)2
=

σ2

(tσ)2
=

1

t2
.

However the event (X − µ)2 ≥ (tσ)2 is the same as the event |X − µ| ≥ tσ

provided that t > 0. Hence, we find

P
(
|X − µ| ≥ tσ

)
≤ 1

t2
.

Example 2.6.7. Let X have mean 20 and standard deviation 2. What can
be said about the probability that a new realization of X will be between
16 and 24?

Note that 16 and 24 are 20± 4 and threshold 4 is twice the standard de-
viation. So by using the Chebyshev’s inequality with t = 2, we can estimate
the probability that X is outside of the interval (16, 24):

P
(
X /∈ (16, 24)

)
= P

(
|X − 20| ≥ 4

)
≤ 1

22
=

1

4
.

Hence,
P(16 < X < 24) ≥ 1− 1

22
= 3/4.

It is worth repeating that Markov’s and Chebyshev’s inequalities give us
only bounds on the probabilities and are useful only if we do not know what
is the actual distribution but know the first moments of this distribution.

If we do know the distribution, we can calculate the probability explicitly.

Example 2.6.8. Let X ∼ Binom(n = 4, p = 1/2). What is the upper bound
on P(X ≥ 4) given by Markov’s inequality? What is the upper bound on
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P(X ≥ 4) given by Chebyshev’s inequality? What is the exact value of
P(X ≥ 4)?

By Markov’s inequality, we have

P(X ≥ 4) ≤ E(X)

4
=

np

4
=

2

4
= 50%.

By Chebyshev’s inequality, we can write (by using the lucky fact that the
interval [0, 4] has its center at the EX = 2):

P(X ≥ 4) = P(X /∈ [0, 4]) = P(|X − 2| ≥ 2)

≤ Var(X)

22
=

npq

4
=

4× 1/2× 1/2

4

=
1

4
= 25%

The exact probability is

P(X ≥ 4) = 1− P(X ≤ 3)

= 1− pbinom(3, size = 4, prob = 1/2)

= 6.25%

(Alternatively P(X ≥ 4) = P(X = 4) since the binomial r.v. cannot take
values large than 4, and we can calculate P(X = 4) =

(
4
4

)
(1/2)4(1− 1/2)0 =

1/16 = 0.0625.)
Obviously the last result is much better than the bounds given by Markov’s

and Chebyshev’s inequalities. The power of inequalities is that they work
even if we have no idea about the exact distribution except for its expected
value and variance.
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Chapter 3

Chapter 4: Continuous
random variables.

3.1 Cdf and pdf

Continuous r.v.’s take an uncountably infinite number of possible values.
The probability of every specific number is zero and, for this reason, pmf
(probability mass function) is not useful for continuous r.v.’s. However, the
cdf (cumulative distribution function) is still well defined.

Recall that the cumulative distribution function (or cdf) of a r.v. X is
defined as

FX(x) = P(X ≤ x)

Recall also that we noted that every cdf function has the following prop-
erties:

1. limx→−∞ FX(x) = 0.

2. limx→∞ FX(x) = 1.

3. FX(x) is a nondecreasing function of x.

4. FX(x) is a right-continuous function of x.

Exercise 3.1.1. Which of the following are graphs of valid cumulative distri-
bution functions?

97



In contrast to the discrete random variables, the cdf of a continuous
random variable X never jumps: there is no values x which have positive
probability and which would cause a jump when we pass from P(X ≤ x− ε

to P(X ≤ x). In other words, the cdf of a continuous random variable is
continuous not only on the right but also on the left. In fact, we will use it
as the definition of a continuous random variable.

Definition 3.1.2. A r.v. is said to be continuous, if its cumulative distri-
bution function is continuous everywhere.

Example 3.1.3 (Uniform r.v.). Suppose that we know that there is exactly
one message which is going to arrive in a one-second interval of time and
that the exact time of its arrival is not known. Suppose also that every
arrival time is equally probable.

Then the probability to arrive in a specific sub-interval of time is propor-
tional to its length. In particular, the probability P (X ≤ x) = t if 0 ≤ x ≤ 1.
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So, the cumulative distribution function of a uniformly distributed random
variable is

FX(x) =


0, if x ≤ 0,

x, 0 < x ≤ 1,

1 1 < x.

It is a bit inconvenient that we do not have the probability mass function
for continuous random variables, since all our formulas, – for expectation, for
variance, for mgf, – were written in terms of the probability muss function.

In fact, there is an analogue of the probability mass function, which is
called the probability density function. In order to define it, we assume that
cdf FX(x) not only continuous but also differentiable everywhere, except
possibly at a finite number of points in every finite interval. Then we have
the following definition.

Definition 3.1.4. The probability density function (pdf) of a continuous
r.v. X is defined as

fX(x) =
d

dx
FX(x).

Example 3.1.5. For the uniform random variable that we considered in the
previous example FX(x) = x for x ∈ [0, 1] and constant (0 or 1), otherwise.
Therefore,

fX(x) = F ′
X(x) =

1, if x ∈ [0, 1],

0, otherwise.

It is important to emphasize that the probability density fX(x) is not
the probability that the random variable X takes value x. The probability
density has the same relation to probability, as the mass density in physics
has to mass. While it is not a probability, it is a very convenient function
used in various calculation.

In particular, since the density is simply the derivative of the cdf, we can
recover the cdf from the density by integrating:

FX(x) =

∫ x

−∞
fX(t) dt. (3.1)

99



Compare this formula with the formula that we had for the discrete
random variables:

FX(x) =
∑
t≤x

pX(t).

With a continuous r.v. X, we often want to find the probability that X

falls in a specific interval [a, b]; that is, we want P(a ≤ Y ≤ b) for numbers
a < b.

Theorem 3.1.6. If X is a continuous r.v. with the cdf FX(x) and pdf
fX(X) and a < b, then

P(a ≤ X ≤ b) = FX(b)− FX(a)

=

∫ b

a
fX(x) dx.

The integral over the density function represents the “area under the
density curve” between x = a and x = b:

Note that this integral formula is the analogue of the formula

P(a ≤ X ≤ b) =
∑

a≤x≤b

pX(x),

for the discrete random variables, so the probability density function plays
the role of the probability mass function for continuous random variables.
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Proof.

P(a ≤ X ≤ b) = P(X ≤ b)− P(X < a)

= FX(b)− FX(a) =

∫ b

−∞
fX(x) dx−

∫ a

−∞
fX(x)dx

=

∫ b

a
fX(x) dx.

In the second line we used the fact that the cdf of a continuous random
variable is continuous and therefore P(X < a) = P(X ≤ a). In the third
line we used the formula (3.1).

Example 3.1.7. Let X be a continuous r.v. with pdf:

f(x) =


0, for y < 0,

3x2, for 0 ≤ x ≤ 1,

0, for x > 1.

Find P(0.4 ≤ X ≤ 0.8).

P(0.4 ≤ X ≤ 0.8) =

∫ 0.8

0.4
3x2 dx = x3

∣∣∣0.8
0.4

= 0.83 − 0.43 = 0.448

The pdf has the following properties:

1. fX(x) ≥ 0 for all x
(because FX(x) is non-decreasing.)

2.
∫∞
−∞ f(t)dt = 1.

(because FX(∞) = 1.)

Example 3.1.8. Suppose X has range [0, 2] and pdf f(x) = cx. What is the
value of c? Compute P(1 ≤ X ≤ 2).

When we say that a random variable X has range [a, b] this means that
its pdf equals 0 outside of this interval. By the property of pdf, the integral
of the pdf over the entire real line equals 1 and so its integral over the range
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also equals 1. So, ∫ 2

0
cx dx = 1,

c =
1∫ 2

0 x dx

We calculate the integral as∫ 2

0
x dx =

x2

2

∣∣∣∣2
0

= 2.

Hence c = 1
2 . Then,

P(1 ≤ X ≤ 2) =

∫ 2

1

x

2
=

x2

4

∣∣∣∣2
1

= 1− 1

4
=

3

4
.

Here is a couple of additional examples that show how to calculate the
density from the cdf and other way around.

Example 3.1.9. Let X be a continuous r.v. with cdf:

FX(x) =


0, for x < 0,

x3, for 0 ≤ x ≤ 1,

1, for x > 1.

Find the pdf fX(x) and graph both FX(x) and fX(x). Find P(X ≤ 0.5).
By differentiating, we find:

fX(x) =

{
3x2, for 0 ≤ x ≤ 1,

0, otherwize.

We can find P(X ≤ 0.5) in two ways. First of all, simply by definition
P(X ≤ 0.5) = FX(0.5) = 0.53 = 0.125.

Second, if we did not know the cdf, we could recover it from pdf and
write:

P(X ≤ 0.5) =

∫ 0.5

0
3t2 dt = 0.53 = 0.125.

Note that the lower bound in the integration is set to 0 because for x < 0,
fX(x) = 0.
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Example 3.1.10. Let X be a continuous r.v. with pdf

fX(x) =

{
cx−1/2, for 0 < x ≤ 4,

0, elsewhere,

for some constant c. Find c, find FX(x), graph fX(x) and FX(x), and find
P(X < 1).

We should have ∫ 4

0
cx−1/2 dx = 1,

so, by calculating the integral, we have

c2x1/2
∣∣∣4
0
= 4c = 1,

and c = 1/4.
Then we calculate cdf:

FX(x) =

∫ x

0

1

4
t−1/2 dt =

1

2
t1/2

∣∣∣x
0

=
1

2
x1/2.

More accurately,

FX(x) =


0, if x ≤ 0,

1
2x

1/2, if 0 < x ≤ 4,

1, if 4 < x.

For P(X < 1) we can used the cdf to calculate

P(X < 1) =
1

2
11/2 =

1

2
.

Exercise 3.1.11. Suppose X has range [0, b] and pdf fX(x) = x2/9. What is
b?
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3.2 Expected value and variance

Definition 3.2.1. The expected value of a continuous r.v. X is

EX =

∫ ∞

−∞
xfX(x) dx

provided that the integral exists.

Compare this with the definition of the expected value for the discrete
random variable:

EX =
∑
x

xpX(x).

We have a formula for the expected value of a function of a random
variable, which we record here without proof.

Theorem 3.2.2. If g(X) is a function of a continuous r.v. X, then

E[g(X)] =

∫ ∞

−∞
g(X)fX(x) dx.

Again, this is useful to compare with the similar formula for the discrete
random variables:

Eg(X) =
∑
x

g(x)pX(x).

Remark. While the integral above are for the whole real line, from −∞
to ∞, typically the density fX(x) is zero outside some finite interval (a, b)
which is called the support of the random variable X. In this cases it is
enough to integrate over the support, from a to b. For example, in this case:

EX =

∫ b

a
xfX(x) dx

The expected value has the same properties as in the case of discrete
random variables:

1. E[aX + b] = aEX + b.

2. E[X1 +X2 + . . .+Xn] = EX1 + EX2 + . . .+ EXn.
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The variance and the standard deviation are defined in the same way as
for the discrete r.v.:

Var(X) = E[(X − µ)2] = E[X2]− µ2,

where µ = EX.
And

Std(X) =
√

Var(Y ).

Example 3.2.3. Let the pdf of a random variable X be

f(y) =

{
cx−1/2, for 0 < x ≤ 4,

0, elsewhere,

for some constant c. Find the expectation and variance of X.

We found that c = 1/4 in Example 3.1.10. So we write:

EX =

∫ 4

0
x× 1

4
x−1/2 dx

=
1

4

∫ 4

0
x1/2 dx

=
1

4
× 2

3
x3/2

∣∣∣4
0

=
8

6
=

4

3
.

Similarly, we calculate

EX2 =

∫ 4

0
x2 × 1

4
x−1/2 dx

=
1

4

∫ 4

0
x3/2 dx

=
1

4
× 2

5
x5/2

∣∣∣4
0

=
32

10
=

16

5
.

Finally,

Var(X) = EX2 − (EX)2 =
16

5
−
(4
3

)2
=

64

45
≈ 1.422

Std(X) =
√

Var(X) ≈ 1.193
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3.3 Quantiles

Quantiles can be defined both for discrete and continuous random variables.

Definition 3.3.1. Let 0 < α < 1. The α-quantile of a r.v. X, qα, is the
smallest value x such that FX(x) ≥ α.

If X is a continuous r.v., qα is the smallest value x such that FX(x) = α.
(In case of discrete random variables, this definition can fail since for some
α there is no value x that would satisfy this equality: the cdf can “jump
over” this α.)

If, in addition, the cdf is strictly increasing, then the quantile function
is simply the inverse of the cdf, that is, the α-quantile of X is the value x

such that FX(x) = α.
Example: q60% =?. Let us see what it means graphically:

Definition 3.3.2. The 50% quantile of a random variable Y is called the
median of Y .

Remark 1. The median of Y should be distinguished from the empir-
ical median which is taught in elementary statistics courses and which is
calculated when we have a bunch of realizations of Y .

Remark 2. Note that in Example 3.1.10 we found that the median of
the random variable X in that example is 1 (since P(X < 1) = 0.5) and
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in Example 3.2.3 we calculated that E(X) = 4/3. This illustrates that the
expected value and the median are often different.

In R, quantiles can be computed by functions like qbinom or qpois.

Example 3.3.3. What is the median of the binomial distribution with pa-
rameters n = 15, p = 0.3?

qbinom(0.5, size = 15, prob = 0.3) = 4.

Note that

pbinom(4, size = 15, prob = 0.3) = 0.515
pbinom(3, size = 15, prob = 0.3) = 0.296

so that x = 4 is indeed the smallest value for which the binomial cdf is
greater than 50%.

Exercise 3.3.4. In the plot below some densities are shown. The median of
the black plot is always at qp. Which density has the greatest median?

Exercise 3.3.5. In the plot below some densities are shown. The median of
the black plot is always at qp. Which density has the greatest median?
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3.4 The Uniform random variable

Consider first a discrete uniform random variable on the interval [a, b), where
a and b are integers. This r.v. takes integer values a, a+ 1, a+ 2, . . . , b − 1

with equal probability. Its pmf is

pX(x) =
1

b− a
if a ≤ x < b,

and zero if x is either < a or ≥ b. Note that this pmf does not depend on x.
For example if a = 2 and b = 5, then X takes values {2, 3, 4} with equal

probability: pX(2) = pX(3) = px(4) = 1/3.
A continuous uniform random variable on the interval [a, b) can take any

value between a and b and its density is constant throughout this interval.

Definition 3.4.1 (Continuous uniform r.v.). A r.v. X has a uniform prob-
ability distribution on the interval [a, b], where a < b are real numbers, if its
pdf is

fX(x) =

 1
b−a , if a ≤ x ≤ b,

0, otherwise.

(If parameters a = 0 and b = 1, the distribution is called the standard
uniform distribution.)

Example 3.4.2. Suppose a bus is supposed to arrive at a bus stop at 8 : 00

AM. In reality, it is equally likely to arrive at any time between 8 : 00 AM
and 8 : 10 AM.
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Let X be the amount of time between 8 : 00 AM and the moment when
the bus arrives. This is a simple example of a continuous uniform random
variable with parameters a = 0 and b = 10.

What is the probability the bus will arrive between 8 : 02 and 8 : 06

AM?

P(2 ≤ X ≤ 6) =

∫ 6

2

1

10
dx =

6− 2

10
= 0.4.

Theorem 3.4.3. If X ∼ Unif(a, b), then

EX =
a+ b

2
,

Var(Y ) =
(b− a)2

12
.

Proof.

EX =

∫ b

a
x

1

b− a
dx =

1

b− a

b2 − a2

2
=

a+ b

2
,

EX2 =

∫ b

a
x2

1

b− a
dx =

1

b− a

b3 − a3

3
=

a2 + ab+ b2

3
,

Var(X) = EX2 − (EX)2 =
4(a2 + ab+ b2)− 3(a2 + 2ab+ b2)

12

=
(b− a)2

12

Example 3.4.4. Find the variance of X ∼ Unif(0, 4).

VarX =
42

12
=

4

3

Example 3.4.5. Find the 70%-quantile of X ∼ Unif(2, 32).
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The cdf of X is

FX(x) = (x− 2)/(32− 2) if x ∈ [2, 32],

so we need to solve the equation

x− 2

30
= 0.7,

which results in

x0.7 = 2 + 0.7 = 23.

The uniform distribution is the simplest possible continuous probability
distribution. As it is simple, it is important. Now we are going to discuss two
other most important distributions: the normal (or Gaussian) distribution
and the exponential distribution. They are continuous analogues of the
binomial and geometric distributions respectively.

3.5 The normal (or Gaussian) random variable

The Gaussian distribution is a continuous analogue of the binomial distribu-
tion. Suppose that we have a binomial experiment with large n. We assume
that p is not small so that both the expected number of successes np and
the standard deviation

√
np(1− p) are large. In this case it is natural to

look at probabilities of events

X ∈ [np− a
√
np(1− p), np+ b

√
np(1− p)],

This suggest defining a new random variable Y = (X −np)/
√

np(1− p), so
that these probabilities can be written as

P(Y ∈ [−a, b]).

It turns out that for large n the cdf of this discrete random variable ap-
proaches the cdf of a continuous random variable which is called a normal
random variable or a Gaussian random variable.
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The distribution of this r.v., called the normal distribution or Gaussian
distribution, is important because it is a good description of the distribution
for many real-world random variables.

The fact that the most useful of all continuous distributions has a very
unusual density is fascinating.

Definition 3.5.1. A r.v. X has the standard normal (standard Gaussian)
distribution if its density function is

fX(x) =
1√
2π

e−
x2

2 .

Let us check that this is a valid density function. We need to prove
that the integral of this density equals to 1. Let us calculate the integral
I(t) =

∫∞
−∞ e−tx2

dx.

I(t)2 =

∫ ∞

−∞
e−tx2

dx

∫ ∞

−∞
e−ty2 dy

=

∫ ∞

−∞

∫ ∞

−∞
dx dy e−t(x2+y2)

=

∫ 2π

0
dθ

∫ ∞

0
re−tr2dr

= −2π
1

2t
e−tr2

∣∣∣∞
0

=
π

t
.

Hence, ∫ ∞

−∞
e−tx2

dx = I(t) =

√
π

t
. (3.2)

In particular, if we use t = 1
2 , then we have∫ ∞

−∞
e−

1
2
x2

dx =
√
2π,
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and so

1√
2π

∫ ∞

−∞
e−

x2

2 dx =

√
2π√
2π

= 1.

So the function 1√
2π
e−

x2

2 is indeed a valid probability density.
Note that the Gaussian pdf is defined over entire real line which means

that this r.v. can take arbitrarily small or large values. Also note that this
pdf is symmetric relative to the origin. In particular P(X < −x) = P(X >

x).
The behavior of the standard normal r.v. can be see from these examples
P(−1 ≤ Z ≤ 1) ≈ .68,
P(−2 ≤ Z ≤ 2) ≈ .95,
P(−3 ≤ Z ≤ 3) ≈ .997.

Theorem 3.5.2. Let X has the standard normal distribution. Then EX = 0

and Var(X) = 1.

Proof. We have:

EX =
1√
2π

∫ ∞

−∞
xe−

x2

2 dx

= lim
A→∞

1√
2π

∫ A

−A
xe−

x2

2 dx

= − lim
A→∞

1√
2π

e−
x2

2

∣∣∣A
−A

= 0.

For variance we differentiate equation (3.2) with respect to t and find that∫ ∞

−∞
x2e−tx2

dx =

√
π

2
t−3/2.
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In particular, if we set t = 1/2, then

VarX = EX2 =
1√
2π

∫ ∞

−∞
x2e−x2/2dx =

1

23/2
23/2 = 1.

If we set Y = σX + µ, then as we will show later the density of the
random variable Y is

fY (y) =
1√
2πσ2

e−
(y−µ)2

2σ2 .

This scaled random variable is also called a normal r.v., this time with
parameters σ2 and µ

Definition 3.5.3. A r.v. X has a normal distribution with parameters µ

and σ2, if its pdf is
fX(x) =

1√
2πσ2

e−
(x−µ)2

2σ2 .

Notation: X ∼ N (µ, σ2). The standard normal distribution has µ = 0

and σ = 1.

Theorem 3.5.4. Let Y be a normal random variable with parameters µ and
σ2. Then,

EY = µ, and
VarY = σ2

Proof. We can write Y = µ+σX where X is the standard normal r.v. Then
by the properties of variance and expectation, and by results in Theorem
3.5.2, we have:

EY = µ+ σEX = µ,

Var(Y ) = σ2Var(X) = σ2.

We have seen that if X is the standard normal random variable then
Y = µ + σX is the normal r.v. with parameters µ and σ2. We have the
converse result.
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Theorem 3.5.5. If Y ∼ N(µ, σ2), then the standardized version of Y ,

Z =
Y − µ

σ
,

has the standard normal distribution N(0, 1).

We will prove this result later, when we study how to calculate the pdf
of a function of a random variable.

How do we calculate the interval probabilities for the normal random
variables?

If X ∼ N(µ, σ2), the cdf for X is

FX(x) = P(X ≤ x) =

∫ x

−∞

1√
2πσ2

exp−
(t−µ)2

2σ2 dt.

However, this integral cannot be expressed in elementary functions and has
to be calculated via numerical integration. In particular, we are forced to
use software or tables to calculate such normal probabilities.

In R, we can use function “pnorm”, which takes parameters µ and σ as
“mean” and “sd”:

pnorm(x, mean = ..., sd = ...)

If the parameters is omitted, then the function will calculate the cdf of
the standard normal variable: pnorm(x) is the same as pnorm(x, mean =
0, sd = 1).
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Alternatively, we can use “standartization” and look-up necessary values
in a table. (It is still a valuable skill at some professional exams.)

Example 3.5.6. A graduating class has GPAs that follow a normal distribu-
tion with mean 2.70 and variance 0.16.

1. What is the probability a randomly chosen student has a GPA greater
than 2.50?

2. What is the probability that this random GPA is between 3.00 and
3.50?

3. Exactly 5% of students have GPA above what number?

Let Y be the GPA of a randomly chosen student. Then Y ∼ N(2.70, 0.16).

P(Y ≥ 2.50) = 1− P(Y ≤ 2.50)

= 1− pnorm(2.50,mean = 2.70, sd = sqrt(0.16))

= 0.6914625
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Alternatively, we can standardize the random variable Y and use tables:

P(Y ≥ 2.50) = P
(Y − 2.70√

0.16
≥ 2.50− 2.70√

0.16

)
= P(Z ≥ −0.5)

= P(Z ≤ 0.5) = 1− P(Z ≥ 0.5)

= 1− 0.3085 = 0.6915

In the third line we used the symmetry of the distribution and wrote the
necessary probability as 1−P(Z ≥ 0.5) since the table gives the probabilities
P(Z ≥ a)

The probability that 3.00 ≤ Y ≤ 3.50 can be computed similarly.
For the third question, we need to find y such that P(Y ≥ y) = 5%, which

is the same as P(Y ≤ y) = 95%. This means that we want to calculate the
95% quantile of this distribution. In R, this is simply

qnorm(0.95, mean = 2.70, sd = sqrt(0.16))
= 3.357941

In order to use tables, we again use standartization:

P(Y ≤ y) = P
(
Z ≤ y − 2.70√

0.16

)
We want to make this probability equal 95%. For the standard normal
distribution, we can easily find the 95% quantile from the table: q0.95 =

1.645, so

y − 2.70√
0.16

= 1.645,

y = 2.70 + 1.645×
√
0.16 = 3.358

Exercise 3.5.7. Let Y be a normal r.v. with mean µ and standard deviation
σ = 10. Find µ such that P(Y ≤ 10) = 0.75.

Now, what about the moment generating function of a normal distribu-
tion?
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Theorem 3.5.8. If X ∼ N(0, 1), then its moment-generating function is

mX(t) = et
2/2.

Proof. We calculate:

mX(t) = E(etX) =
1√
2π

∫ ∞

−∞
etxe−

x2

2 dx

=
1√
2π

∫ ∞

−∞
e−

(x−t)2−t2

2 dx

= et
2/2 1√

2π

∫ ∞

−∞
e−

(x−t)2

2 dx

= et
2/2,

where the last integral (multiplied by the factor of 1√
2π

) is calculated as
equal to 1 by the change of variable y = x− t.

By a similar calculation, we can get a more general result that the mo-
ment generating function of Y ∼ N(µ, σ2) is mY (t) = eµt+

σ2

2
t2 .

3.6 Exponential and Gamma distributions

3.6.1 Exponential

The exponential distribution is a continuous analogue of the geometric dis-
tribution. Recall that the geometric random variable is the number of trials
in binomial experiment until the first success. Similarly, one can think about
the exponential random variable as the amount the time until some event
happens.

For example, exponential distribution can be used to model such situa-
tions as

• Lifelengths of manufactured parts

• Lengths of time between arrivals at a restorant

• Survival times for severely ill patients
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Definition 3.6.1. A r.v. X has an exponential distribution with parameter
β > 0 if its pdf is

fX(x) =
1

β
e−x/β

for x ≥ 0.

Figure 3.1: Histogram of the
time intervals between 911 calls.

Warning: often the exponential distri-
bution is used with a different choice of the
parameter, namely λ = 1/β. As we will see
in the next theorem, the meaning of β is
the expected value of the distribution, or its
mean. The parameter λ is useful since ex-
ponential random variables are often used
for times between random events. If the
events happen at the rate of λ per unit of
time then the time intervals are distributed
as exponential r.v. with mean β = 1/λ.

Theorem 3.6.2. If X is an exponential r.v. with parameter β, then

EX = β,

Var(Y ) = β2.

The mgf of X is

mX(t) =
1

1− βt

for t < β.

Proof. Let us calculate the mgf first.

mX(t) = EetX =
1

β

∫ ∞

0
etxe−x/β dx

=
1

β

∫ ∞

0
βe(βt−1)y dy,
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after we use the change of variables x = βy. The integral is∫ ∞

0
e(βt−1)y dy = − 1

1− βt
e(βt−1)y

∣∣∣∞
0

=
1

1− βt
.

Now, when we know the mgf, we can calculate the expectation and variance:

EX = m′
X(t)

∣∣∣
t=0

= β
1

(1− βt)2

∣∣∣
t=0

= β.

EX2 = m′′
X(t)

∣∣∣
t=0

= 2β2 1

(1− βt)3

∣∣∣
t=0

= 2β2.

Var(X) = EX2 − (EX)2 = 2β2 − β2 = β2.

For calculations, a very useful property of the exponential distribution is
that it has a very simple survival function, which is by definition SX(x) :=

P(X > x). That is, SX(x) = 1− FX(x), where FX(x) is the cdf of X.
For the exponential distribution we have:

SX(x) =
1

β

∫ ∞

x
e−t/β dt = e−t/β

∣∣∣∞
x

= e−x/β .

Example 3.6.3. Let the lifetime of a part (in thousands of hours) follow an
exponential distribution with mean lifetime 2000 hours.

Find the probability the part lasts between 2000 and 2500 hours.

Here β = 2000 and we calculate:

P(2000 < X < 2500) = P(X > 2000)− P(X > 2500)

= SX(2000)− SX(2500)

= e−2000/2000 − e−2500/2000

= e−1 − e−1.25 = 0.08137464

The same answer could be obtained by using R:

pexp(2500, rate = 1/2000) - pexp(2000, rate = 1/2000)
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Note that we used here rate λ = 1/β.

Example 3.6.4 (Memoryless property of the exponential distribution). The
exponential distribution is very convenient to model lifetime of an equip-
ment. However, it has some properties that make it not very realistic for
this purpose. Intuitively, we believe that if an equipment served for certain
amount of time than its future lifetime becomes somewhat shorter. However,
with exponential distribution, this intuition does not work.

Let a lifetime X follow an exponential distribution. Suppose the part
has lasted a units of time already. Then the conditional probability of it
lasting at least b additional units of time is P(X > a + b|X > a), and it
turns out that it is the same as the probability of lasting at least b units of
time when the piece of equipment was new: P(X > b). This is called the
memoryless property of the exponential distribution.

Proof. We have

P(X > a+ b|X > a) =
P(X > a+ b, and X > a)

P(X > a)

=
P(X > a+ b)

P(X > a)

=
e−(a+b)/β

e−a/β
= e−b/β

= P(X > b).

The same property holds also for the geometric distribution, and these
are the only probability distributions with the memoryless property.

3.6.2 Gamma

The Gamma distribution plays approximately the same role with respect
to the exponential distribution as the negative binomial with respect to
the geometric distribution. It is also used to model the time until some
event happens. For example, the Gamma distributed random variable with
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parameter α = n can be used to model the time until the n-th breakdown
of a device.

Definition 3.6.5. A continuous r.v. X has a Gamma distribution if its pdf
is

fX(x) =
1

βαΓ(α)
xα−1e−x/β ,

where α > 0, β > 0, and x ∈ [0,∞). Here Γ(α) is defined as

Γ(α) =

∫ ∞

0
xα−1e−xdx.

Note that the definition of Γ(α) ensures that fX(x) is a valid density. A
useful property of the Gamma function is that Γ(n) = (n − 1)! for positive
integers n. This can be proved from the definition of the Gamma function
by repeated integration by parts.

The parameter α and β are called the shape and scale parameters, re-
spectively. The choice of β is equivalent to the choice of units. The picture
shows how the shape of the distribution depends on the parameter α. Note
that the exponential distribution corresponds to the parameter α = 1.

Theorem 3.6.6. If X has a gamma distribution with parameters α and β,
then

EX = αβ,

Var(X) = αβ2.

and the mgf of X is

mX(t) =
1

(1− βt)α
.
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Proof. Let us just prove the formula for the mgf. The expectation and vari-
ance can be easily obtained by differentiation, as we did it for the exponential
r.v.

mX(t) = E(etX) =
1

βαΓ(α)

∫ ∞

0
etxxα−1e−x/β dx

=
1

Γ(α)

∫ ∞

0
yα−1e−(1−βt)y dy

=
1

(1− βt)α
1

Γ(α)

∫ ∞

0
zα−1e−z dz

=
1

(1− βt)α
,

where we used the change of variable x = βy for the second equality, the
change of variable y = z/(1 − βt) for the third equality, and used the defi-
nition of the Gamma function for the last equality.

Example 3.6.7. Let fX(x) = cx4e−x/3 if x ≥ 0 and zero elsewhere.
What value of c makes fX(x) a valid density? What is EX? What is

Var(X)

We recognize the distribution as the Gamma distribution with param-
eters α = 5 and β = 3. Hence c = 1/(35Γ(5)) = 1/(35 × 4!). Then,
EX = 5× 3 = 15 and Var(X) = 5× 32 = 45.

Example 3.6.8 (More on Chebyshev’s Inequality). Suppose X ∼ Γ(5, 3). By
using Chebyshev’s inequality, find the interval such that the probability that
X is inside this interval is 75%. Find the actual probability that X is inside
this interval.

Chebyshev’s inequality says that

P(|X − µ| > ε) ≤ σ2

ε2
.

In our example we want to ensure that the probability to be inside the
interval is at least 75%. This means that we want to make sure that the
probability to be outside the interval is at most 25%.
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The variance σ2 = 5×32 = 45 by the formula for the Gamma distribution
with parameters α = 5 and β = 3, so from Chebyshev’s inequality, we get
the following equation:

45

ε2
= 0.25 or ε =

√
45

0.25
= 13.4164.

Since µ = 5× 3 = 15 we find that

P(|X − 15| ≤ 13.4164) ≥ 0.75,

or that the required interval is (15−13.4164, 15+13.4164) = (1.5836, 28.4164).
(It is perhaps worthwhile to note that if we got a negative number for

the lower limit, e.g. - 1.5836, then we could use our knowledge that Gamma
is always non-negative and could use 0 as a lower end-point of the interval.)

In order to calculate the actual probability for X to be in this interval,
P
(
X ∈ (1.5836, 28.4164)

)
, we use R:

pgamma(28.4164, shape = 5, scale = 3)
- pgamma(1.5836, shape = 5, scale = 3)

which gives the probability 0.9588031.
An important special case of the Gamma distribution is the χ2 distribu-

tion.

Definition 3.6.9. For any integer ν ≥ 1, a r.v. X has a chi-square (χ2)
distribution with ν degrees of freedom [X ∼ χ2(ν)] if X is a Gamma r.v.
with

α = ν/2,

β = 2.
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The chi-square distribution is important in statistics because of the fol-
lowing result.

Theorem 3.6.10. If X1, X2, …Xν are independent standard normal r.v.’s,
then Y = (X1)

2 + (X2)
2 + . . . (Xν)

2 has the χ2 distribution with ν degrees
of freedom.

We will prove this result later.
A direct consequence of the results for the Gamma distribution is the

following theorem.

Theorem 3.6.11. If X ∼ χ2(ν), then

EX = ν,

VarX = 2ν,

The mgf of X is
mX(t) =

1

(1− 2t)ν/2
.
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3.7 Beta distribution

The beta distribution does not have a discrete analogue. It is a generaliza-
tion of the uniform distribution meant to give more possibilities to model a
random variable that takes its value in a finite interval.

Definition 3.7.1. A r.v. X has a beta distribution with parameters α > 0

and β > 0 [X ∼ Beta(α, β)] if its pdf is:

fX(x) =
1

B(α, β)
xα−1(1− x)β−1,

where

B(α, β) =

∫ 1

0
yα−1(1− y)β−1dy.

It can be proved that

B(α, β) =
Γ(α)Γ(β)

Γ(α+ β)
.

Note 1: The beta pdf has support on [0, 1].

Note 2: For integer α and β,

1

B(α, β)
=

(α+ β − 1)!

(α− 1)!(β − 1)!
.
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Note 3: The uniform distribution is the Beta distribution with parame-
ters α = 1 and β = 1.

As the figure shows, the Beta distribution is quite flexible. Note also
that α and β grow, the distribution becomes more and more concentrated
around its expected value.

Beta-distributed random variables are used to model random quantity
that takes values between 0 and 1. More generally, if a random quantity Y

has its support on interval [c, d] then we can model the standardized quantity
Y ∗ = Y−c

d−c as a random variable with beta distribution.
Examples:

• The proportion of a chemical product that is pure.
• The proportion of a hospital’s patients infected with a certain virus.
• The parameter p of a binomial distribution.

Theorem 3.7.2. If X ∼ Beta(α, β), then

E(X) =
α

α+ β
,

Var(X) =
αβ

(α+ β)2(α+ β + 1)
.

For the proof, see the textbook.
Example 3.7.3. Define the downtime rate as the proportion of time a machine
is under repair. Suppose a factory produces machines whose downtime rate
follows a Beta(3, 18) distribution.
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For a randomly selected machine, what is the expected downtime rate?
What is the probability that a randomly selected machine is under repair
less than 5% of the time? If machines act independently, in a shipment of
25 machines, what is the probability that at least 3 have downtime rates
greater than 0.20?

For the first question, we have by the formula in the theorem:

E(X) =
3

3 + 18
=

1

7
≈ 14.28%

For the second one:

P(X < 0.05) = pbeta(0.05, alpha = 3, beta = 18) = 0.07548367

The third sub-question needs to steps and two distributions: Beta and
Binomial. First, we calculate the probability that a machine have downtime
ratio greater than 20%

P(X > 0.20) = 1− P(X ≤ 0.20)

= 1− pbeta(0.20, alpha = 3, beta = 18) = 0.2060847

In the second step, we note that in a sample of 25 machines, the number
of machines that have the downtime greater than 0.20 is a binomial r.v. Y

with parameters n = 25 and p = 0.2060847. So, we have

P(Y ≥ 3) = 1− P(Y ≤ 2)

= 1− pbinom(2, size = 25, prob = 0.2060847)

≈ 91.35%

3.8 Other distribution

The uniform, normal, and exponential probability distributions are fun-
damental for probability theory. The Beta and Gamma distributions are
generalizations of the uniform and the exponential distributions, which are
useful for modeling purposes.
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Figure 3.2: From “Univariate Distribution Relationships” by Lawrence M. Leemis
and Jacquelyn T. McQueston.

There are some other important distributions, such as Cauchy, Weibull,
and logistic distributions which are also commonly used for modeling various
random phenomena.

A documentation for these distributions can be found in most statistical
software packages.
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Chapter 4

Multivariate Distributions

In many applications we measure not one but several random variables in
an experiment.

Examples:

• A random household is sampled: X = income and Y = the number of
children.

• A random animal: X = height and Y = weight.

• A random school-child: the IQ and birth weight.

• A random adult human: the frequency of exercise and the rate of heart
disease

• A random city: the level of air pollution and rate of respiratory illness.

• A random Titanic’s passenger: the gender and survival indicators.

• A Geiger camera records: the random variables X1, X2, X3, …are times
of the particle detections.

Random variables (X1(ω), . . . , Xn(ω)) measured in an experiment with
a random outcome ω form a random vector. How can we describe the
properties of this vector?

For convenience, we will focus on vectors with two components although
everything can be generalized to vectors with a larger (but still finite) num-
ber of components.
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We will also first discuss a simpler case when the vectors can take only
finite or countable number of values, so that everything can be described in
terms of probabilities of individual values.

4.1 Discrete random variables

4.1.1 Joint and marginal pmf

Consider a bivariate random vector (X,Y ).

Definition 4.1.1. Let X and Y are two discrete random variables. Their
joint probability mass function (“joint pmf”) is defined as

pX,Y (x, y) = P(X = x, Y = y).

We will sometime omit the subscript and write simply p(x, y) instead of
pX,Y (x, y) to lighten the notation.

Definition 4.1.2. Let X and Y are two discrete random variables. The
marginal probability mass functions of X and Y are the probability mass
functions of X and Y , respectively, seen as single random variables. That
is,

pX(x) = P(X = x),

pY (y) = P(Y = y).

The reason for why we use a new name for the familiar concept, that is,
for why we add the adjective “marginal”, is that we sometimes have a joint
pmf for X and Y and want to calculate the pmf for one of these variables.

For this purpose, we can use the following formula:

pX(x) =
∑

y:pX,Y (x,y)>0

pX,Y (x, y). (4.1)

Here the summation is over all y such that the joint pmf pX,Y (x, y) is positive
for a given x.
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Similarly,

pY (y) =
∑
x

pX,Y (x, y).

Example 4.1.3. Roll two dice: X = # on the first die, Y = # on the second
die.

The joint pmf of X and Y can be represented with a two-way table

pX,Y (x, y) = 1
36 for all integer x and y between 1 and 6. By summing

the values in the table over rows and columns, respectively, we find that
pX(x) = 1/6 for all integer x between 1 and 6, and pY (y) = 1/6 for all y
between 1 and 6.
Example 4.1.4. Roll two dice: X = # on the first die, T = total on both
dice.

The joint pmf of X and T :

Now by summing over rows we find the same marginal pmf for the ran-
dom variable X, which is not surprising since this is the same random vari-
able as in the previous example. For r.v. T , we sum the values in the table
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over columns and find the marginal pmf pT (t) summarized in the table be-
low.

t 2 3 4 5 6 7 8 9 10 11 12
pT (t)

1
36

2
36

3
36

4
36

5
36

6
36

5
36

4
36

3
36

2
36

1
36

Example 4.1.5. Researches at three universities (in New York, California,
and Florida) are applying for two separate grants. Suppose all proposals
are equally good, and so which university get the contracts can be seen as
a random selection.

Let X = number of grants awarded to New York and Y = number of
grants awarded to California.

What is the joint pmf of X and Y ? What are the marginal pmf’s?

Let us list all possible outcomes in this experiment. Let us use letters N ,
C, and F to denote New York, California and Florida respectively, and let
(NC) denote the outcome that the first grant went to New York, and the
second went to California, with all other outcomes denoted similarly. Then
the list of possible outcomes consists of 9 elements:

NN,NC,NF,CN,CC,CF, FN,FC, FF,

and by assumption they are all equally probable.
So we get the joint pmf for X and Y summarized in the following table:

x\y 0 1 2
0 1/9 2/9 1/9
1 2/9 2/9 0
2 1/9 0 0

For, example the probability pX,Y (0, 1) = 2/9 corresponds to the outcomes
FC and CF in which New York gets zero grants and California gets 1 grant.
By summing values in each row we get the marginal pmf for r.v. X, namely,
pX(0) = 4/9, pX(1) = 4/9 and pX(2) = 1/9. The random variable Y has
the same pmf.
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Example 4.1.6. For the situation described in the previous example, calculate
the probability that New York obtains at least as many grants as California.

This is the sum of values in the table on or under the main diagonal:

P(X ≥ Y ) = p(0, 0) + p(1, 0) + p(1, 1) + p(2, 0)

=
1

9
+

2

9
+

2

9
+

1

9
=

6

9
=

2

3
.

Example 4.1.7. Roll two dice: X = # on the first die, Y = # on the second
die.

What is the probability of the event that Y −X ≥ 2?

We can visualize the event by shading the cells.

P(Y −X ≥ 2) = sum of the numbers in the shaded cells = 10
36

4.1.2 Conditional pmf and conditional expectation

Conditional pmf

Intuitively, the conditional pmf of Y given X = x describes the probability
distribution of the r.v. Y after we have learned that X = x.

Definition 4.1.8. Let X and Y be two discrete random variables. The
conditional probability mass function is defined as

pY |X(y|x) = P(Y = y|X = x)
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We can calculate the conditional pmf in terms of the joint and marginal
pmf’s:

pY |X(y|x) := P(Y = y,X = x)

P(X = x)

=
pX,Y (x, y)

pX(x)

=
joint pmf of X and Y at (x, y)

marginal pmf of X at x
.

Similarly, we can define the conditional pmf of X given Y :

pX|Y (x|y) =
pX,Y (x, y)

pY (y).

Example 4.1.9. Again, let us use the setup in Example 4.1.5.
Find the conditional pmf of X (number of grants awarded to New York)

given Y = 0 and find P(X ≥ 1|Y = 0).

Note that pY (0) = 4/9 so we get by the formula and the values for the
joint pmf that we derived in Example 4.1.5:

pX|Y (0|0) =
1/9

4/9
=

1

4

pX|Y (1|0) =
2/9

4/9
=

1

2

pX|Y (2|0) =
1/9

4/9
=

1

4

Conditional expectation

Definition 4.1.10. Let X and Y be two discrete random variables. The
conditional expectation of Y given X = x is defined as the expectation of Y
with respect to the conditional pmf of Y :

E(Y |X = x) :=
∑
y

ypY |X(y|x).

Intuitively, the conditional expectation E(Y |X = x) is the average of
the random variable Y after we learned that X = x. It is often used as a
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predictor of random variable Y based on the information that we learned
from X.

It is sometimes useful that by using the definition of the conditional pmf
we can write the conditional expectation slightly differently, by using only
the joint and marginal pmf:

E(Y |X = x) :=

∑
y ypX,Y (x, y)

pX(x)
. (4.2)

Note that for different realizations of X the value of the conditional
expectation of Y may be different: E(Y |X = x) in general depends on
x. In other words, we can think about the conditional expectation of Y

as a random variable which is a function of the random variable X, g(X).
Every realization x of r.v. X is mapped to the number E(Y |X = x). It is
customary to write this function as E(Y |X). Note that despite appearance,
this is a function of X only.

Similarly, the conditional expectation of X given Y , E(X|Y ) is a function
of Y .

Example 4.1.11. In the setting of Example 4.1.5, calculate the conditional
expectation of X given different realizations of Y . Compare it with the
unconditional expectation of X.

First, let us calculate the unconditional expectation. This is simply the
expectation with respect to the marginal pmf of X. The marginal pmf was
computed in Example 4.1.5 and we calculate:

EX =
∑
x

xpX(x) = 0× 4

9
+ 1× 4

9
+ 2× 1

9
=

2

3

By using the conditional pmf of X given Y = 0 from the previous exam-
ple we can calculate by definition:

E(X|Y = 0) = 0× 1

4
+ 1× 1

2
+ 2× 1

4
= 1.

Note that given the information that California gets 0 grants, the conditional
expectation of X is larger than the unconditional expectation.
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For other values of Y we can either proceed similarly by calculating
the conditional pmf first, or alternatively use the formula that gives the
conditional expectation in terms of the joint and marginal pmf’s:

E(X|Y = 1) =

∑
x xpX,Y (x, 1)

pY (1)
=

0× 2
9 + 1× 2

9

4/9
=

1

2

In this case, the information that California gets 1 grant made the condi-
tional expectation of X smaller than the unconditional expectation. The
situation is even worse in the last remaining case.

E(X|Y = 2) =

∑
x xpX,Y (x, 2)

pY (2)
=

0× 1
9

1/9
= 0.

Now note that since the conditional expectation of X given Y is a function
of Y , we can calculate the expectation of the conditional expectation (!) by
using the pmf of Y . In this example we have:

E
[
E(X|Y )

]
= E(X|Y = 0)pY (0) + E(X|Y = 1)pY (1) + E(X|Y = 2)pY (2)

= 1× 4

9
+

1

2
× 4

9
+ 0× 1

9
=

6

9
=

2

3
.

Note that this quantity equals the unconditional expectation EX. This is
not coincidence but a consequence of a general result.

Theorem 4.1.12 (Law of Iterated Expectation). Let X and Y be two dis-
crete random variables such that EX < ∞ and E(X|Y = y) < ∞ for all y
in the range of Y . Then,

E
[
E(X|Y )

]
= EX.

The result holds not only for discrete random variables but in a more
general situation but we will prove it only for the discrete r.v.’s

Proof. First, by the formula for the expected value of a function of Y , we
have:

E
[
E(X|Y )

]
=

∑
y

E(X|Y = y)pY (y).
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We can rewrite this expression by using formula (4.2) for conditional ex-
pectation (modified here since we are calculating E(X|Y = y) and not
E(Y |X = x)).

E
[
E(X|Y )

]
=

∑
y

∑
x xpX,Y (x, y)

pY (y)
pY (y)

=
∑
x

x
∑
y

pX,Y (x, y)

=
∑
x

xpX(x) = EX.

where in the second line we changed the order of summation and for the
third equality used formula (4.1) for the marginal pmf of X.

Conditional Variance

By using the conditional pmf, we can also define the conditional expectation
of every function of X given a realization of Y :

E(g(X)|Y = y) =
∑
x

g(x)pX|Y (x|y).

In particular we can define the conditional variance of r.v. X given Y :

Var(X|Y = y) = E
[(
X − E(X|Y = y)

)2∣∣Y = y
]
.

We will not study the conditional variance in detail here but it is useful and
we encounter it later.

Since the conditional variance is simply the variance with respect to the
conditional pmf, we still have the useful formula in terms of the conditional
second and first moments:

Var(X|Y = y) = E(X2|Y = y)−
(
E(X|Y = y)

)2
.

Of course we can also define the conditional standard deviation as the
square root of conditional variance.

Example 4.1.13. Consider the situation of Example 4.1.5. Calculate the
conditional variance Var(X|Y = 1).
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The conditional pmf for Y = 1 is pX|Y (0|1) = 1
2 , pX|Y (1|1) = 1

2 , and
pX|Y (2|1) = 0, and we calculated the conditional expectation E(X|Y =

1) = 1
2 . In order to calculate the conditional variance, we calculate the

conditional second moment:

E(X2|Y = 1) =
∑
x

x2pX|Y (x|1)

= 02 × 1

2
+ 12 × 1

2
+ 22 × 0 =

1

2

Hence,

Var(X|Y = 1) =
1

2
−
(1
2

)2
=

1

4
.

4.2 Dependence between random variables

4.2.1 Independent random variables

Definition 4.2.1. Two discrete random variables X and Y are called in-
dependent if their joint pmf equal the product of their marginal pmf’s for
every value x and y:

pX,Y (x, y) = pX(x)pY (y).

Note that this simply means that the events {X = x} and {Y = y} are
independent for every choice of x and y.

If X and Y are independent then we can calculate that the conditional
pmf of X given Y = y equals the marginal pmf of X:

pX|Y (x|y) =
pX,Y (x, y)

pY (y)
=

pX(x)pY (y)

pY (y)
= pX(x).

So the intuitive meaning of the independence is that if we observe any par-
ticular value of r.v. Y then it does not affect the probability that we observe
any particular value of r.v. X. It remains equal to the probability that we
had before this observation. Of course, it also works in the other direction:
if we observe that X = x then it does not affect the probability that Y = y.
The conditional probability pY |X(y|x) equals the marginal probability pY (y).
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Exercise 4.2.2. Convince yourself that the random variables in Example
4.1.3 are independent, and that the random variables in Examples 4.1.4 and
4.1.5 are not independent.

Independent random variables are building blocks for many multivariate
distributions that occur in practice.

Example 4.2.3. Let X and Y be independent Poisson random variables with
parameters µ and λ, respectively. What is their joint pmf?

From the definition of independence we have:

pX,Y (x, y) = pX(x)pY (y) = e−µµ
x

x!
e−λλ

y

y!
, for x = 0, 1, . . . , y = 0, 1, . . . .

For example if µ = λ = 1, then

pX,Y (x, y) = e−2 1

x!y!
.

An important fact about independent random variables is that their
transformations are also independent.

Theorem 4.2.4. Let X and Y be independent discrete random variables
and f and g are function from R to R. Then f(X) and g(Y ) are also
independent.

Proof. Consider the joint pmf for f(X) and g(Y ) evaluated at a and b:

P
(
f(X) = a, g(Y ) = b

)
=

∑
x:f(x)=a
y:g(y)=b

P(X = x, Y = y)

=
∑

x:f(x)=a
y:g(y)=b

P(X = x)P(Y = y)

=

( ∑
x:f(x)=a

P(X = x)

)( ∑
y:g(y)=b

P(Y = y)

)
= P(f(X) = a)P(g(Y ) = b),

which is the product of marginal pmf of f(X) and g(Y ) evaluated at a and
b.
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(To see how the proof works, suppose that x1 and x2 are the only possible
values of X that are mapped by function f to a, and y1, y2 are the only
possible values of Y mapped by g to b. Then,

P
(
f(X) = a, g(Y ) = b

)
= pX(x1)pY (y1) + pX(x1)pY (y2)

+ pX(x2)pY (y1) + pX(x2)pX(y2)

=
(
pX(x1) + pX(x2)

)(
pY (y1) + pY (y2)

)
= P(f(X) = a)P(g(Y ) = b),

as it should be.)
One of the most important theorems about independent random vari-

ables is that the expectation of their product equals the product of their
expectations.

Before stating this theorem, let us explain how we calculate the expec-
tations of functions of several random variables. If Z = f(X,Y ) then to
calculate the expectation of Z by definition, we need to calculate the pmf
of Z first and then use the definition EZ =

∑
z zpZ(z). However, it turns

out that a simpler method can be used:

E
[
f(X,Y )

]
=

∑
x,y

f(x, y)pX,Y (x, y).

We will skip the proof of this result.

Theorem 4.2.5. If X and Y are independent random variable with finite
expectation, then

E(XY ) = (EX)(EY )

Proof. The random variable XY is the function of random variables X and
Y , so
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E(XY ) =
∑
x,y

xy pX,Y (x, y)

=
∑
x,y

xy pX(x)pY (y)

=
(∑

x

x pX(x)
)(∑

y

y pY (y)
)

= E(X)E(Y ).

If we combine this with the previous theorem we get a more general
result:

Theorem 4.2.6. Let X and Y be independent discrete random variables
and f and g are function from R to R. Then

E
(
f(X)g(Y )

)
= E

(
f(X)

)
E
(
g(Y )

)
.

Proof. This follows directly from the previous two theorems.

Now we can prove two theorems that we announced without proof before.

Theorem 4.2.7. Let X and Y be independent discrete random variables.
Then, for the moment generating function of their sum, we have:

mX+Y (t) = mX(t)mY (t).

Proof. We have:

mX+Y (t) := Eet(X+Y ) = E
(
etXetY

)
= EetXEetY = mX(t)mY (t),

where the first equality in the second line follows by the previous theorem.
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Theorem 4.2.8. Let X and Y be independent discrete random variables.
Then

Var(X + Y ) = Var(X) + Var(Y ).

Proof. We have

Var(X + Y ) = E(X + Y )2 −
(
E(X + Y )

)2

=
(
EX2 + 2E(XY ) + EY 2

)
−

(
EX

)2
+ 2(EX)(EY )− (EY )2

= Var(X) + Var(Y ) + 2
[
E(XY )−

(
EX

)(
EY

)]
= Var(X) + Var(Y ),

where the last line follows because E(XY )−
(
EX

)(
EY

)
by Theorem 4.2.5.

4.2.2 Covariance

Sometimes we want to measure the degree to which the random variables X
and Y are related to each other. A useful measure is called the covariance
of X and Y .

Definition 4.2.9. The covariance of random variables X and Y is defined
as

Cov(X,Y ) = E(XY )−
(
EX

)(
EY

)
.

Note in particular, that the covariance is the generalization of the concept
of variance. The variance of the random variable X is simply the covariance
of X with itself:

Cov(X,X) = E(X2)− (EX)(EX) = Var(X).

For independent variables the covariance is zero by Theorem 4.2.5. How-
ever, the converse is not true: there are some random variables that have
zero covariance but are not independent.
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The covariance can be defined in equivalent way:

Cov(X,Y ) = E
((

X − EX
)(
Y − EY

))
.

(It is an easy exercise to check that this is equivalent to the original defini-
tion.)

From this definition it can be seen that the covariance is positive if the
deviations of random variables X and Y from their means tend to have the
same sign in a realization of the random experiment, and it is negative if
they tend to have the opposite sign. So, roughly speaking, the covariance
measures the degree to which two random variables vary together.
Example 4.2.10. Let us again consider the situation in Example 4.1.5: 2
grants randomly awarded to 3 universities. Random variable X is the num-
ber of grants awarded to University N , and r.v. Y is the number of grants
awarded to University C. What is the covariance of X and Y ?

Recall that the joint probability is given by the following table:

x\y 0 1 2
0 1/9 2/9 1/9
1 2/9 2/9 0
2 1/9 0 0

So we can calculate:

E(XY ) =
∑
x,y

xy pX,Y (x, y)

= 1× 1× 2

9
=

2

9
.

The marginal pmf for X assigns probabilities 4
9 , 4

9 , 1
9 to values 0, 1, and 2,

so we can calculate EX = 0× 4
9 +1× 4

9 +2× 1
9 = 2

3 . By symmetry, EY = 2
3 ,

as well. So we get:

Cov(X,Y ) = E(XY )−
(
EX

)(
EY

)
=

2

9
− 2

3
× 2

3
= −2

9
.

This is reasonable since the number of grants awarded to Universities N

and C tend to move in opposite directions. The more grants is awarded to
University C, the less grants is available for University N .
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Example 4.2.11.
The random variables X and Y with pmf as in the picture have zero

covariance, however, they are not independent.

By repeating the proof of Theorem 4.2.8, we can derive an important
identity that holds for all random variables:

Var(X + Y ) = Var(X) + Var(Y ) + 2Cov(X,Y ).

Here are some useful properties of covariance, which is easy to check.

1. Covariance is symmetric Cov(X,Y ) = Cov(Y,X).

2. The covariance of a constant (that is, a non-random quantity) with
every random variable is zero:

Cov(c,X) = Cov(X, c) = 0,

3. Covariance is linear in every argument:

Cov(aX + bY, Z) = aCov(X,Z) + bCov(Y, Z) and
Cov(Z, aX + bY ) = aCov(Z,X) + bCov(Z, Y )

Note in particular that properties (2) and (3) imply that

Cov(aX + b, cY + d) = acCov(X,Y ).

By using these properties it is easy to calculate the covariances of random
variables which are sums of other random variables.

Example 4.2.12.

Var(aX + bY + c) = Cov(aX + bY, aX + bY )

= a2Var(X) + b2Var(Y ) + 2abCov(X,Y ).
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Here is another example.

Example 4.2.13. Let U = aX+bY and W = cX+dY . Calculate Cov(U,W ).

Then,

Cov(U,W ) = Cov(aX + bY, cX + dY )

= Cov(aX, cX) + Cov(aX, dY ) + Cov(bY, cX) + Cov(bY, dY )

= acVar(X) + (ad+ bc)Cov(X,Y ) + bdVar(Y ).

In general we have the following formula:

Cov
( n∑

i=1

aiXi,

n∑
j=1

bjXj

)
=

n∑
i=1

n∑
j=1

aibjCov(Xi, Xj).

and for variance, it can be rewritten as

Var
( n∑

i=1

aiXi

)
=

n∑
i=1

n∑
j=1

aiajCov(Xi, Xj)

=
n∑

i=1

a2iVar(Xi) + 2
∑
i<j

aiajCov(Xi, Xj),

where the second sum is a sum over all pairs of i and j so that i < j.

Example 4.2.14. Suppose Var(X1) = Var(X2) = 1, Cov(X1, X2) = −1/2.
Calculate

Cov(3X1 +X2 + 5, X1 − 2X2 − 10),

and Var(X1 − 8X2 + 1)

We can write

Cov(3X1 +X2 + 5, X1 − 2X2 − 10) = Cov(3X1 +X2, X1 − 2X2)

= 3Cov(X1, X1)− 6Cov(X1, X2) + Cov(X2, X1)− 2Cov(X2, X2)

= 3Var(X1)− 5Cov(X1, X2)− 2Var(X2)

= 3− 5× (−1

2
)− 2 = 3.5
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For variance:

Var(X1 − 8X2 + 1) = Var(X1 − 8X2)

= Var(X1) + 82 × Var(X2)− 2× 8× Cov(X1, X2)

= 1 + 64− 2× 8× (−1

2
) = 73.

The calculations become especially easy for sums of independent random
variables, since the covariance of two independent random variables is zero.
Example 4.2.15. Toss a coin 3 times. Assume that the tosses are independent
and the probability to get a head is p. Let X be the number of heads in
the first 2 tosses, and Y = number of heads in the last 2 tosses. Compute
Cov(X,Y ).

Let Ik be the indicator random variable for the event that we get a head
in k-th toss. That is Ik = 1 if the k-th toss resulted in a head and Ik = 0

if it is resulted in a tail. The random variables Ik are independent and we
have

X = I1 + I2,

Y = I2 + I3.

Then,

Cov(X,Y ) = Cov(I1 + I2, I2 + I3)

= Cov(I1, I2) + Cov(I1, I3) + Cov(I2, I2) + Cov(I2, I3)
= Var(I2) = p(1− p).

Example 4.2.16. Suppose X1, . . . , Xn are n independent identically distributed
(“i.i.d.”) random variables with variance σ2. Define their average as

X =
1

n
(X1 + . . .+Xn) =

1

n

n∑
i=1

Xi.

Find Var(X) and Cov(Xi −X,X).
For variance, we have

Var
( 1

n

n∑
i=1

Xi

)
=

1

n2

n∑
i=1

Var(Xi) =
1

n2
× nσ2 =

σ2

n
.
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For covariance:

Cov(Xi −X,X) = Cov
(
Xi,

1

n

n∑
j=1

Xj

)
− Var(X)

=
1

n
Cov(Xi, Xi)−

σ2

n
= 0.

The covariance of two random variables always satisfies an important
inequality.

Theorem 4.2.17. Let X and Y be two random variables with finite variance.
Then ∣∣∣Cov(X,Y )

∣∣∣ ≤ √
Var(X)Var(Y ).

Proof. Consider the variance of X + tY where t is an arbitrary non-random
number.

Var(X + tY ) = Cov(X + tY,X + tY )

= Cov(X,X) + 2tCov(X,Y ) + t2Cov(Y, Y )

= Var(X) + 2tCov(X,Y ) + t2Var(Y ).

This is a quadratic polynomial in t. Since it represents the variance of a
random variable, it is non-negative for all real t. Hence, by properties of
quadratic polynomials, the discriminant of this polynomial must be non-
positive. (Otherwise it would have two real roots and it would take negative
values between these roots.) Hence,

D = Cov(X,Y )2 − Var(X)Var(Y ) ≤ 0.

This inequality is equivalent to the inequality in the statement of the theo-
rem.

4.2.3 Correlation coefficient

One deficiency of the covariance as a measure of deviation from independence
is that it depends on the scale of the random variables. If we multiply one of
the variables X or Y by a constant factor a, then Cov(aX, Y ) = aCov(X,Y ).

The measure that removes this dependence on the scale (and on the
choice of units) is the correlation coefficient.
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Definition 4.2.18. For random variables X, Y with finite variances, the
correlation coefficient is defined as

Cor(X,Y ) =
Cov(X,Y )√
Var(X)Var(Y )

.

From the previous theorem we have that −1 ≤ Cor(X,Y ) ≤ 1. It is
possible to show that the correlation is 1 if and only if Y = aX + b with
a > 0, and it is −1 if and only if Y = aX + b with a < 0.

Two other properties of the correlation coefficient:

1. Correlation between X and Y is the covariance of the standardized
versions of X and Y :

Cor(X,Y ) = Cov
(X − EX
Std(X)

,
Y − EY
Std(Y )

)
2. Cor(aX + b, cY + d) equals Cor(X,Y ) if ac > 0,

and it equals −Cor(X,Y ) if ac < 0.
Example 4.2.19. Consider the example with 2 grants awarded to 3 uni-
versities that we introduced earlier. What is the correlation between
X and Y ?
We calculated that Cov(X,Y ) = −2

9 . For the variances, we use the
marginal pmf in order to calculate:

E(X2) = 02 × 4

9
+ 12 × 4

9
+ 22 × 1

9
=

8

9
.

Since we already calculated that E(X) = 2
3 , we find that

Var(X) =
8

9
−
(2
3

)2
=

4

9
.

By symmetry, Var(Y ) = 4
9 and the standard deviations of both vari-

ables are 2
3 . Hence,

Cor(X,Y ) =
−2

9
2
3 × 2

3

= −1

2
.
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4.3 Continuous random variables

4.3.1 Joint cdf and pdf

For random variables that take arbitrary real values, the joint probability
mass function is not sufficient to describe the properties of these variables
since it is often zero everywhere. We need to define an analogue of the
probability density, which we used previously to describe a single continuous
random variable. As a first step to this goal, we define the joint cumulative
distribution function, the joint cdf.

Definition 4.3.1. The joint cumulative distribution function (cdf) of the
random variables X and Y is

FX,Y (x, y) = P(X ≤ x, Y ≤ y).

For discrete random variables, we can calculate the joint cdf by using
the joint pmf:

FX,Y (x, y) =
∑
s≤x,
t≤y

p(s, t).

Example 4.3.2. What is FX,Y (1, 1) in the example about grants and univer-
sities?

FX,Y (1, 1) = pX,Y (0, 0) + pX,Y (1, 0) + pX,Y (0, 1) + pX,Y (1, 1)

=
1

9
+

2

9
+

2

9
+

2

9
=

7

9
.

The benefit of the joint cdf is that it is defined for arbitrary random
variables, not only for discrete random variables.

Random variables X and Y are called jointly continuous if their joint cdf
FX,Y (x, y) is continuous in both arguments. (Curiously, there are variables
X and Y that are both continuous as single random variables but are not
jointly continuous.)

Now, we assume in addition that the joint cdf has at least two derivatives
everywhere except possible some lines and points.

Then we can define the joint probability density function (pdf).

149



Definition 4.3.3. The joint probability density (pdf) of jointly continuous
random variables X and Y is defined as

fX,Y (x, y) =
∂2

∂x∂y
FX,Y (x, y).

The joint pdf is typically the main tool to describe the jointly continuous
random variables.

In particular, if we are given the joint pdf, we can recover the joint cdf:

FX,Y (x, y) =

∫ y

−∞

∫ x

−∞
f(s, t) dsdt.

The joint pdf is a non-negative function and its important property is
that ∫ ∞

−∞

∫ ∞

−∞
f(s, t) dsdt = 1.

The intuitive meaning of the joint density value at a point (x, y) is that it
is a normalized probability to find X and Y in a small square around (x, y).
Namely, it allows us to calculate the probability that the pair of random
variables X and Y takes value in a small rectangle around (x, y) as follows:

P
(
X ∈ (x, x+ dx), Y ∈ (y, y + dy)

)
≈ fX,Y (x, y) dx dy,

assuming dx and dy are very small.

4.3.2 Calculating probabilities using joint pdf

If a probability event E can be formulated in terms of random variables X

and Y ,

E =
{
ω :

(
X(ω), Y (ω)

)
∈ A ⊂ R2

}
then finding the probability of the event E amounts to integrating the joint
pdf over the corresponding region A:

P(E) =

∫
A
fX,Y (x, y) dxdy.
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Figure 4.1

The tricky part here is that fX,Y is zero outside of its range, so we have
to integrate over the intersection of the region A and the region where the
density fX,Y (x, y) is not zero (the range of X,Y ).

Example 4.3.4. Suppose we model two random variables X and Y with the
joint pdf

fX,Y (x, y) =

{
cx, for 0 < y < x < 1,

0, elsewhere.

Find the constant c. Find the probability that X < 1/2 and Y > 1/4.

The range of the vector X,Y is the triangle R defined by the inequalities
y > 0, y < x, and x < 1. In order to find the density we integrate the
function x over this triangle. We do it by writing the double integral as a
repeated integral We calculate:∫ ∫

R
x dxdy =

∫ 1

0

∫ x

0
x dy dx =

∫ 1

0

(
xy

∣∣y=x

y=0

)
dx

=

∫ 1

0
x2 dx =

1

3
.

So, in order to make sure that the integral of the joint density over the
triangle R equals 1, we have to set c = 3.
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In order to calculate the probability P(Y > 1/4, X < 1/2), we integrate
the joint pdf over different triangle A, which is the intersection of the region
given by the inequalities {Y > 1/4, X < 1/2} and the range R.

P(X < 1/2, Y > 1/4) =

∫ 1/2

1/4

∫ x

1/4
3x dy dx

=

∫ 1/2

1/4

[
3xy

]y=x

y=1/4
dx

=

∫ 1/2

1/4

(
3x2 − 3x

4

)
dx

=
[
x3 − 3x2

8

]x=1/2

x=1/4

=
[1
8
− 3

32
−
( 1

43
− 3

42 × 8

)]
=

5

128
= 3.90625%

Figure 4.2

Example 4.3.5. In the previous example, find the probability that X+Y < 1.

We need to integrate over the green triangle which is the intersection of
the range R of random variables X and Y and the half-plane given by the
inequality x+ y < 1. There are two ways to setup the repeated integral.
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The first possibility is to have the inner integration over y and the outer
integration over x. In this case, we are forced to divide the integration into
two pieces (over two different triangles) depending on whether x is smaller
or greater than 1

2 :

P(X + Y < 1) =

∫ 1/2

0

∫ x

0
3x dy dx+

∫ 1

1/2

∫ 1−x

0
3x dy dx

The second method (shown in Figure 4.2) is to have the outer integration
over y and inner integration over x. Then we can write:

P(X + Y < 1) =

∫ 1/2

0

∫ 1−y

y
3x dx dy.

Let us calculate the second integral:∫ 1/2

0

∫ 1−y

y
3x dx dy =

∫ 1/2

0

3

2
x2

∣∣∣x=1−y

x=y
dy

=

∫ 1/2

0

3

2
(1− 2y) dy =

3

2
(y − y2)

∣∣∣1/2
0

=
3

8
.

(The first method gives:∫ 1/2

0

∫ x

0
3x dy dx =

∫ 1/2

0
3x2 dx =

1

8
,∫ 1

1/2

∫ 1−x

0
3x dy dx =

∫ 1

1/2
3x(1− x) dx

= (
3

2
x2 − x3)

∣∣∣1
1/2

=
3

2
× 3

4
− 7

8
=

2

8
,

so it gives the same result P(X + Y < 1) = 3
8 but the calculations are a bit

more cumbersome.)

Exercise 4.3.6. Suppose the time (in hours) to complete task 1 and task 2
for a random employee has the joint pdf:
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f(X,Y ) =

{
e−(x+y), for 0 < x, 0 < y,

0, elsewhere.

Find the probability that a random employee takes less than 2 hours on
task 1 and between 1 and 3 hours on task 2. What is the probability the
employee takes longer on task 2 than on task 1?

4.3.3 Marginal densities

The marginal density is the analogue of marginal pmf for continuous random
variables.

Definition 4.3.7. For a jointly continuous r.v.’s X and Y , the marginal pdf
fX(x) is the probability density of the random variable X considered as a
single random variable.

The marginal density of X can be found from the joint density by inte-
grating over all values y in the range of Y .

fX(x) =

∫ ∞

−∞
fX,Y (x, y) dy.

While the integral above is written from −∞ to ∞, in fact we integrate over
the range of Y , when X = x, since outside this range the joint density is
0. Again, this requires to be attentive to the range of the integration. It is
highly advisable to draw a picture.

Similarly for fY (y), we have

fY (y) =

∫ ∞

−∞
fX,Y (x, y) dx.

Example 4.3.8. Suppose we model two random variables X and Y with the
joint pdf

fX,Y (x, y) =

{
3x, for 0 < y < x < 1,

0, elsewhere.

Find the marginal pdf’s of X and Y and find P(Y > 1/2). Find P(X + Y <

1|Y > 1/4). Find EY .
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Figure 4.3

We calculate the marginal pdf’s of X and Y by integrating the joint
density fX,Y (x, y) = 3x over the suitable intervals. The important thing
here is correctly set the limits of the integrations. They should correspond
to the range of the variable which we integrating out. When we calculate
fX(x) we are looking at the case when X = x and evaluating the density at
this point. In this case Y can only be between 0 and x. So these are our
limits of integration.

In contrast if we evaluate fY (y), then we consider Y = y, and then X

can be only between y and 1. These facts are especially clear in the picture.
So we get the following two integrals:

fX(x) =

∫ x

0
3x dy = 3xy

∣∣y=x

y=0
= 3x2,

fY (y) =

∫ 1

y
3x dx =

3

2
x2

∣∣x=1

x=y
=

3

2
(1− y2)

Now, in order to calculate P(Y > 1/2), we can integrate the marginal
density:

P(Y > 1/2) =

∫ 1

1/2

3

2
(1− y2) dy =

3

2

(
y − y3

3

)∣∣∣y=1

y=1/2

=
3

2

(
1− 1

3
−
(1
2
− 1/8

3

))
=

5

16
.
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In order to calculate P(X + Y < 1|Y > 1/4), we need to calculate

P(X + Y < 1, Y > 1/4)

P(Y > 1/4)

For the denominator, we have, similarly to the previous calculation,

P(Y > 1/4) =

∫ 1

1/4

3

2
(1− y2) dy =

3

2

(
y − y3

3

)∣∣∣y=1

y=1/4
= 1− 3

2

(1
4
− 1/64

3

)
= 81/128.

In order to calculate the numerator we need to integrate the joint density
over the triangle shown in picture. We use the iterated integral with the
outer integral over y and inner integral over x:

P(X + Y < 1, Y > 1/4) =

∫ 1/2

1/4

∫ 1−y

y
3x dx dy

=

∫ 1/2

1/4

3x2

2

∣∣∣x=(1−y)

x=y
dy

=

∫ 1/2

1/4

3

2
(1− 2y) dy

=
3

2
(y − y2)

∣∣∣1/2
1/4

=
3

2

(1
2
− 1

4
− (

1

4
− 1

16
)
)
=

3

32
.

Therefore

P(X + Y < 1|Y > 1/4) =
3/32

81/128
=

4

27
.

For EY , we have:

EY =

∫ ∞

−∞
yfY (y) dy =

∫ 1

0
y
3

2
(1− y2) dy

=
[3
4
y2 − 3

8
y4
]y=1

y=0

=
3

8
.
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Exercise 4.3.9. Suppose for two proportions X and Y , we know that X < Y .
We assume that the joint pdf is

f(x, y) =

{
cx, for 0 < x < y < 1,

0, elsewhere.

Find c. Find the marginal pdf of X and Y .

Figure 4.4

Note that the only difference of this ex-
ercise from the previous example is that the
region at which the density is not zero and
proportional to x is different. However, this
will change both c and the marginal densi-
ties.
Exercise 4.3.10. Suppose X and Y are ran-
dom variables and (X,Y ) takes values in
[0, 1]× [0, 1].

Suppose that the pdf is

k(x2 + y2).

Find k. Find the marginal pdf fX(x). Use this to find P(X < .5).

4.3.4 Conditional density (pdf)

Recall that for discrete random variables we defined the conditional pmf as

pX|Y (x|y) := P(X = x|Y = y) =
pX,Y (x, y)

pY (y)
.

This does not make sense for continuous random variables because both
the numerator and denominator are zero. However we can generalize this
formula by using joint and marginal densities instead of joint and marginal
pmfs.

Definition 4.3.11. For jointly continuous random variables X and Y , the
conditional probability density function (pdf) of X given Y is defined as

fX|Y (x|y) =
fX,Y (x, y)

fY (y)
=

joint pdf
marginal pdf .
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Similarly, the conditional pdf of Y given X is

fY |X(y|x) =
fX,Y (x, y)

fX(x)
.

Note that the conditional pdf fX|Y (x|y) is indeed a pdf as a function of
x, (but not of y, which simply a parameter). In particular,∫ ∞

−∞
fX|Y (x|y) dx = 1

for every y in the range of r.v. Y . This is because∫ ∞

−∞
fX|Y (x|y) dx =

1

fY (y)

∫ ∞

−∞
fX,Y (x, y) dx =

fY (y)

fY (y)
= 1,

by the formula that says that the marginal density fY (y) =
∫∞
−∞ fX,Y (x, y) dx.

The intuitive meaning of the conditional pdf fX|Y (x|y) is that it is the
probability density of the r.v. X once we learned that r.v. Y equals y. We
use it to calculate the probabilities of events under condition that Y = y, as
illustrated in the next example.

Example 4.3.12.

fX,Y (x, y) =

{
3x, for 0 < y < x < 1,

0, elsewhere.

Calculate the conditional densities fX|Y (x|y) and fY |X(y|x). What is the
probability that X + Y < 1 given that Y = 1/4?

Figure 4.5

The marginal pdf’s have been calculated
in Example 4.3.8. So for the conditional
density fX|Y (x|y) we have:

fX|Y (x|y) =
fX,Y (x, y)

fY (y)
=

3x
3
2(1− y2)

=
2x

1− y2
.

It is important to specify the region for
which this formula holds. For a fixed y, the
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joint density is not zero only if y < x < 1.
So the final answer here is

fX|Y (x|y) =

 2x
1−y2

, if x ∈ (y, 1),

0, otherwise.

Similarly, for fY |X(y|x), we calculate

fY |X(y|x) =
fX,Y (x, y)

fX(x)
=

3x

3x2

=
1

x
.

For a fixed x the joint density is not zero only if 0 < y < x. So the final
answer is

fY |X(y|x) =

 1
x , if y ∈ (0, x),

0, otherwise.

Note that in this example the conditional density of Y given X = x does
not depend on y. This means that the conditional distribution is uniform
on the interval (0, x).

Finally, let us calculate the probability P(X + Y < 1|Y = 1/4). Given
that Y = 1/4, the event X + Y < 1 is the same as X < 1 − 1

4 = 3
4 . So we

need to calculate P(X < 3
4 |Y = 1

4).

P(X <
3

4
|Y =

1

4
) =

∫
x<3/4

fX|Y (x|
1

4
) dx

=

∫ 3/4

1/4

2x

1− (14)
2
dx,

where in the second line we used the formula for the conditional density
fX|Y (x|y) and, in particular, the fact that this density is zero if x < 1/4.
(Essentially, this is the integration of the conditional density over the blue

159



line in the picture.) Next, we calculate:∫ 3/4

1/4

2x

1− (14)
2
dx =

16

15

∫ 3/4

1/4
2x dx

=
16

15

(
x2

∣∣∣3/4
1/4

)
=

16

15

(
9

16
− 1

16

)
=

8

15
.

So the answer is

P(X + Y < 1|Y = 1/4) =
8

15
.

4.3.5 Conditional Expectations

By using conditional densities, we can define conditional expectations.

Definition 4.3.13. The conditional expectations of a function g(X) given
Y = y is defined as

E[g(X)|Y = y] =

∫
g(x)fX|Y (x|y) dx.

In particular,

E[X|Y = y] =

∫
xfX|Y f(x|y) dx.

Note that a conditional expectation of g(X) given Y = y is a function of
y. In particular we can think about the conditional expectation as a random
quantity, which is a function of the random variable Y .
Example 4.3.14.

fX,Y (x, y) =

{
3x, for 0 < y < x < 1,

0, elsewhere.

Calculate the conditional expectations E(X|Y = y) and E(Y |X = x).
By using the conditional densities we calculate:

E(X|Y = y) =

∫ 1

y
x

2x

1− y2
dx =

2

1− y2

[x3
3

]x=1

x=y

=
2

3

1− y3

1− y2
=

2

3

1 + y + y2

1 + y
.
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E(Y |X = x) =

∫ x

0
y
1

x
dy =

1

x

[y2
2

]y=x

y=0

=
x2

2x
=

x

2
.

The last result can also be seen from the fact that conditionally on X = x,
the random variable Y is distributed uniformly at the interval [0, x], hence
its conditional expectation is exactly in the middle of this interval at x/2.

Example 4.3.15. Let us check that the law of repeated expectation: E
[
E(X|Y )

]
=

EX holds in Example 4.3.14.

E
[
E(X|Y )

]
=

∫ 1

0

2

3

1− y3

1− y2
× 3

2
(1− y2) dy

=

∫ 1

0
(1− y3) dy =

[
y − y4

4

]1
0

=
3

4
.

In the first line, we used that the marginal density of Y is 3
2(1− y2).

On the other hand:

EX =

∫ 1

0
x× 3x2 dx =

3

4
x4

∣∣∣1
0
=

3

4
,

where we used the fact that 3x2 is the marginal density of x.

Exercise 4.3.16. Suppose for two proportions X and Y , we know that X <

Y . We assume that the joint pdf is

f(x, y) =

{
6x, for 0 ≤ x < y ≤ 1,

0, elsewhere.
Find fY |X(y|x), find P(Y < 0.8|X = 0.4), and find E(Y |X = x)

4.3.6 Independence for continuous random variables

Recall that two discrete random variables are independent if their joint pmf
is the product of their marginal pmf’s:

pX,Y (x, y) = pX(x)pY (y).
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Similarly, two jointly continuous random variables are independent if this
property holds for their densities:

fX,Y (x, y) = fX(x)fY (y).

More generally (for arbitrary random variables), random variables X and
Y are independent if their joint cdf can be written as a product of marginal
cdfs of X and Y for all x and y.

FX,Y (x, y) = FX(x)FY (y).

If random variables are not independent, they are called dependent.
Immediately from the definition of the conditional density it follows that
If two jointly continuous r.v.’s X and Y are independent, then

fX|Y (x|y) = fX(x),

for all x and y. Intuitively, if we learn that the random variable Y has value
y it does not change the probability density of the random variable X.

All properties of the independent random variables that we formulated
for discrete random variables hold also for continuous random variables,
although the proofs are more cumbersome.

In particular, if X and Y are two independent random variables and g

and h are two functions R → R, then

E
(
g(X)h(Y )

)
= Eg(X)Eh(Y ).

Here is a useful criterion to check if two random variables are indepen-
dent. Recall that support of a function is the region where the values of this
function are different from zero.

Theorem 4.3.17. If the joint pdf for X and Y can be factored into two
non-negative functions,

fX,Y (x, y) = g(x)h(y),

and the support of the joint pdf is a rectangle, then X and Y are independent.
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The point of this theorem is that in this factorization the functions g(x)

and h(y) need not be valid pdf’s.
Note also that if the support of the joint pdf of X and Y is not a rectangle,

then these variables are automatically not independent.

Example 4.3.18. Let the joint density be

fX,Y (x, y) =

{
2y, for 0 < x < 1, 0 < y < 1,

0, elsewhere.

Are these r.v.’s independent?
The support is the square [0, 1] × (0, 1], and the joint density can be

factored as 2× y, so the random variables are independent

Example 4.3.19. Let the joint density of X and Y be

fX,Y (x, y) =

{
6x, for 0 < x < y < 1,

0, elsewhere.

Are these variable independent? Here the support of the joint density is
a triangle so we can immediately conclude that these random variables are
not independent.

Exercise 4.3.20. Which of the following pdf’s corresponds to independent
random variables X and Y ?

(i) f(x, y) = 4x2y3.

(ii) f(x, y) = 1
2(x

3y + xy3).

(iii) f(x, y) = 6e−3x−2y.

(Assume that the support of the joint density of X and Y in all cases is
a rectangle chosen in such a way that these are valid densities.)

The definition of the independence can be extended in a straightforward
fashion to more than two variables.

Example 4.3.21. Life-lengths (in hundreds of hours) of a population of bat-
teries follow an exponential distribution with parameter β = 30. We take a
random sample of 5 batteries and observe their life-lengths. Find the joint
pdf of these 5 measurements.
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Let us denote these measurements X1, X2, . . . X5. Their joint density
depends of five variables, which we denote x1, x2, . . . , x5. Then, by definition
independence we have:

fX1,...,X5(x1, . . . , x5) = fX1(x1)fX2(x2) . . . fX5(x5),

where fXi(xi) is the marginal density for a random variable Xi, i = 1, . . . , 5.
We are given that these variables are exponential, so for each i, the marginal
density is

fXi(xi) =
1

β
e−xi/β =

1

30
e−xi/30.

So, for the joint density we get the product of these quantities:

fX1,...,X5(x1, . . . , x5) =
1

305
e−(x1+...+x5)/30.

4.3.7 Expectations of functions and covariance for continu-
ous r.v.’s

The definition of covariance for continuous random variables is the same as
for the discrete random variables:

Cov(X,Y ) = E(XY )− (EX)(EY ).

In particular for independent random variables the covariance is zero.
However, in order to calculate the covariance, we need to know how to

calculate E(XY ). More generally, we often need to calculate the expectation
of a function of two random variables X and Y . This function can be a
discrete or a continuous random variable, and it is not very easy to calculate
it from the definition. Without a proof we formulate the following useful
result.

Theorem 4.3.22. Let X and Y be two jointly continuous r.v.’s with joint
density fX,Y (x, y), and let h be a function R2 → R. Then,

Eh(X,Y ) =

∫∫
R2

h(x, y)fX,Y (x, y) dx dy.
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While the double integral in the theorem is written over the whole plane,
in practice it is taken over the support of the joint density fX,Y (x, y).
Example 4.3.23.

fX,Y (x, y) =

{
3x, for 0 < y < x < 1,

0, elsewhere.
Calculate the covariance and correlation of X and Y .

Figure 4.6

First, we calculate E(XY ).

E(XY ) =

∫∫
A
xyfX,Y (x, y) dx dy

=

∫ 1

0

∫ x

0
3x2y dy dx

=

∫ 1

0

3

2
x2y2

∣∣∣y=x

y=0
dx

=

∫ 1

0

3

2
x4 dx =

3

10
x5

∣∣∣1
0

=
3

10
.

The expectation EY was calculated in Ex-
ample 4.3.8 as EY = 3

8 . For EX, we calcu-
late:

EX =

∫ ∞

−∞
xfX(x) dx =

∫ 1

0
3x3 dx

=
3

4
x4

∣∣∣1
0
=

3

4
.

Therefore,

Cov(X,Y ) = E(XY )− (EX)(EY ) =
3

10
− 3

8
× 3

4

=
3

160
= 0.01875.

In order to calculate the correlation, we need the variances of X and Y .
First we get the second moments:

E(X2) =

∫ ∞

−∞
x2fX(x) dx =

∫ 1

0
3x4 dx

=
3

5
x5

∣∣∣1
0
=

3

5
,
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and

E(Y 2) =

∫ ∞

−∞
y2fY (y) dy =

∫ 1

0

3

2
y2(1− y2) dy

=
3

2

(1
3
− 1

5

)
=

1

5
.

So,

Var(X) = EX2 − (EX)2 =
3

5
−
(3
4

)2
= 0.0375

Var(Y ) = EY 2 − (EY )2 =
1

5
−
(3
8

)2
= 0.059375

Hence, the correlation is

Cor(X,Y ) =
Cov(X,Y )√

Var(X)
√
Var(Y )

=
0.01875√

0.0375
√
0.059375

= 0.3973597.

4.3.8 Variance and conditional variance

We learned previously about the law of iterated expectations:

E
[
E(X|Y )

]
= EX.

Is there a similar law for variance? The answer is “yes”, although this
law is more complicated.

Theorem 4.3.24 (Law of Iterated Variance). If X and Y are any r.v.’s,
then

Var(Y ) = E[Var(Y |X)] + Var[E(Y |X)].

Proof.

E[Var(Y |X)] + Var[E(Y |X)] = E
{
E(Y 2|X)− (E(Y |X))2

}
+ E[(E(Y |X))2]− [E(E(Y |X))]2

= E
{
E(Y 2|X)

}
−
{
E(E(Y |X))

}2

= E(Y 2)− [E(Y )]2

= Var(Y ).
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Example 4.3.25. Let X be the number of defective parts from an assembly
line out of 20 produced per day.

Suppose the probability p of a part being defective is random. (Say, it
changes from day to day.) The distribution of p is Beta(1, 9).

Find E(X) and Var(X).

The key to this problem is to recognize that we can easily calculate the
expectation and variance of X given that p is known and that this is a
conditional probability of X given that the random probability p takes a
specific value. So we can use the law of iterated expectation and law of
iterated variance.

First,

E(X|p) = 20p and Var(X|p) = 20p(1− p),

Then,

EX = E(E(X|p)) = 20E(p) = 20
1

1 + 9
= 2,

where we used the fact that the expectation of a beta-distributed random
variable with parameters (α, β) is α/(α+ β).

For the variance we have the formula:

Var(X) = E[Var(X|p)] + Var[E(X|p)].

For the second part we can look up the formula for the variance of the beta
distribution:

Var[E(X|p)] = 202Var(p) = 202
1× 9

(1 + 9)2(1 + 9 + 1)
=

36

11
.

and the first part we can do by direct integration:

E[Var(X|p)] = 20× 9

∫ 1

0
p(1− p)× (1− p)8 dp,

where we used the fact that the density of p is 9(1− p)8. Then we can use
the formula for the beta integral and write:

E[Var(X|p)] = 20× 9× Γ(2)Γ(10)

Γ(10 + 2)
= 20× 9× 9!

11!
=

20× 9

10× 11
=

18

11
.
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Altogether, we get

Var(X) =
18

11
+

36

11
=

54

11
≈ 4.909...

(Note, by the way, that the most of the variation in X comes from the
uncertainty about p. If we ignored this uncertainty and set p equal to its
expected value: p = 1/10 then we would get the variance equal to 20×0.1×
0.9 = 1.8.)

4.4 The multinomial distribution

The multinomial distribution is a generalization of the binomial distribution.
Consider an experiment in which we look at a random text that contains

n = 10, 000 words and we count how many times each word occur in the
text. These counts are random since they change from text to text. How
we can model this situation?

Since the collection of words in one text can be different from the collec-
tion of words in another text, it is convenient to define a big dictionary of
words that can occur in texts including one symbol to denote a word which
is not in this dictionary: <UKN> = ”Unknown word”. So the dictionary is a
big sequence of words. For example, we can have a dictionary of K = 50, 001

words:

D = {a, aardwark, an, and, …, zebra, <UKN>}.

Then we can identify the words with their places in this sequence. So any
text of length n can be encoded by sequence of numbers w1, w2, . . . wn, where
w1 is the number of the first word, w2 is the number of the second word,
and so on. For example, a text that starts with: ”An aardwark and a zebra
…” will be encoded as a vector (3, 2, 4, 1, 50000, . . .).

In the first, very rough approximation we can assume that the words of
a text are independent. This model is called a multinomial experiment.

Often we are interested in the word counts, so let Xi be the number of
times the word wi occurs in a random text. For example, for our dictionary
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D, the random variable X1 denotes the number of times the word “a” occurs
in a random text.

The joint distribution of Xi is called the multinomial distribution.
More generally we have the following description.

Multinomial experiment:

• There are n identical independent trials.

• The outcome of each trial falls into one of K categories.

• The probability that the outcome falls into category i is pi (for i =

1, 2, . . . ,K), where p1 + p2 + . . .+ pK = 1, and this set of probabilities
is the same across trials.

The multinomial random vector is X = (X1, X2, . . . , XK), where Xi is
the number of trials resulting in category i.

Note that X1 +X2 + . . .+XK = n, the total number of trials.
In our example above we had n = 10, 000 since our random texts con-

tained 10, 000 words and K = 50, 001 since our dictionary consisted of
50, 001 words (including <UKN>). The vector (p1, p2, . . . , p50,001) can be es-
timated from a data. For example, p1 can be approximated by the frequency
of the word “a” in a large number of texts.

Theorem 4.4.1. The multinomial random vector X = (X1, X2, . . . , XK)

has the joint pmf

pX(x1, x2, . . . , xK) =

(
n

x1, x2, . . . , xK

)
px1
1 px2

2 . . . pxK
K ,

where each xi is an integer between 0 and n, and
∑K

i=1 xi = n.

This probability distribution is called the multinomial distribution with
parameters n and p = (p1, p2, . . . , pK).

Note that binomial distribution case is a particular case of the multino-
mial. In this case the vector (X1, X2) consists of two components X1 and
X2, that correspond to successes and failures, and the parameter vector is
(p1, p2) where p1 = p and p2 = 1 − p. We usually do not think about the
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binomial random variable as multivariate random variable because the sec-
ond component is completely determined by the first one: X2 = n − X1.
Similarly, the multinomial random variable with k components essentially
has k − 1 “free” components. The last one is determined by the remaining:
Xk = n− (X1 + . . . Xk−1).

Example 4.4.2. Three card players play a series of matches. The probability
that player A will win any game is 20%, the probability that player B will
win is 30%, and the probability player C will win is 50%.

If they play 6 games, what is the probability that player A will win 1
game, player B will win 2 games, and player C will win 3?

If XA, XB, and XC denote the number of wins by players A, B, and
C, respectively, and if pA, pB, pC are the probabilities to win a single game
than we have:

P(XA = 1, XB = 2, XC = 3) =

(
6

1, 2, 3

)
(pA)(pB)

2(pC)
3

=

(
6

1, 2, 3

)
(0.2)(0.3)2(0.5)3 = 0.135

Theorem 4.4.3. If (X1, . . . , Xn) ∼ Multinom(n, p1, . . . , pk), then

1. E(Xi) = npi.

2. Var(Xi) = npi(1− pi).

3. Cov(Xi, Xj) = −npipj , if i ̸= j.

Proof. Claims (1) and (2) follow because the marginal pmf of Xi is binomial
with parameters n, pi. (We can think about the reduced experiment: if we
observe outcome i we count it as success and all other outcomes as failure.
So the count of successes is Xi and this is obviously a binomial experiment
with parameters n and pi.)

In order to prove (3), assume that i ̸= j and define some indicator
random variables. First, let Is = 1 if the s-th trial results in outcome i, and
Is = 0 otherwise. Second, let Js = 1 if the s-th trial results in outcome j,
and Js = 0 otherwise.
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Then, as usual, we can use these indicator variables as counters an we
have

Xi = I1 + I2 + . . .+ In.

Xj = J1 + J2 + . . .+ Jn.

In order to calculate covariance of Xi and Xj we compute:

E(XiXj) = E
[( n∑

s=1

Is

)( n∑
t=1

Jt

)]
=

∑
s,t

E(IsJt),

where we expanded the product of the sums as one big sum over all possible
combinations of s and t and used the linearity of the expectation.

First, suppose that s ̸= t. Then, E(IsJt) = P(IsJt = 1) = P(Is = 1, Jt =

1) = pipj . Second, if s = t then E(IsIt) = 0 since Is and Js cannot be both
simultaneously 1.

Next, note that there are exactly n(n−1) terms in the sum
∑

s,t E(IsJt)
with s ̸= t, and therefore,

E(XiXj) = n(n− 1)pipj .

So we calculate:

Cov(Xi, Xj) = E(XiXj)− E(Xi)E(Xj)

= n(n− 1)pipj − n2pipj = −npipj .

One can also compute the conditional pmf for multinomial distribution.
The main take-away from this calculation (which we skip) is that this con-
ditional pmf is also a multinomial distribution with easily computable pa-
rameters.

Theorem 4.4.4. Let (X1, . . . , XK) ∼ Multinom(n, p1, . . . , pK). Suppose
xK ∈ {0, . . . , n}. Then, the conditional joint pmf of random variables
X1, . . . , XK−1 given that XK = xK is a multinomial pmf with parameters

(n− xK ,
p1

p1 + . . .+ pK−1
, . . . ,

pK
p1 + . . .+ pK−1

).
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So the sum of X1, . . . , XK is n−xK and the probabilities of Xi are simply
rescaled from the original values so that their sum still equals 1.

Another useful observation is that the sum of a fixed set of Xi’s have a bi-
nomial distribution with the parameter p equal to the sum of the parameters
of these random variables.

For example, a random variable Y = X1 + X3 + X5 has the binomial
distribution with parameters n (same as for the multivariate distribution)
and parameter p = p1 + p3 + p5.

4.5 The multivariate normal distribution

Recall that the density of a normal random variable X with mean µ and
variance σ2 is

fX(x) =
1√
2πσ2

exp
(
− (x− µ)2

2σ2

)
If we have two independent normal random variables X and Y with

parameters (µX , σ2
X) and (µY , σ

2
Y ), then their joint density is simply the

product of marginal densities:

fX,Y (x, y) =
1√
2πσ2

X

exp
(
− (x− µX)2

2σ2
X

)
× 1√

2πσ2
Y

exp
(
− (y − µY )

2

2σ2
Y

)

=
1

2πσXσY
exp

(
− (x− µX)2

2σ2
X

− (y − µY )
2

2σ2
Y

)
.

An extremely useful property of normal random variables is that if we
form their linear combination:

U = aX + bY,

then it is also a normal random variable. We will prove it in the next chapter.
Moreover if we have two linear combinations U , and, say,

V = cX + dY,
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then the joint density of these random variables also has a simple form:

fU,V (u, v) =
1

2πc1
exp

(
− (u− µU )

2

2c2
− (v − µV )

2

2c3
+ 2

(u− µU )(v − µV )

2c4

)
,

where µU and µV are expected values of U and V and the constants c1, c2,
c3 and c4 can be calculated in terms of variances of U and V and covariance
of U and V .

This density function is called the density of the bivariate normal distri-
bution. We skip the calculation of the constants c1, . . . , c4 and present the
final result. (We also call the random variable X and Y instead of U and
V .)

Definition 4.5.1. The random variables X and Y have the bi-variate dis-
tribution with means µX and µY , variances σ2

X , σ2
Y , and correlation ρ if its

probability density is

f(x, y) =
1

(2π)σXσY
√
1− ρ2

exp
(
− 1

2
Q(x, y)

)
,

where

Q =
1

1− ρ2

[
(x− µX)2

σ2
X

− 2ρ
(x− µX)(y − µY )

σXσY
+

(y − µY )
2

σ2
Y

]
.

Basic properties of the bivariate Gaussian.
First, one can check that f(x, y) in the definition is a valid density func-

tion. Second, the names for the parameters are justified, that is, one can
verify by direct calculation the following result.

Theorem 4.5.2. If X and Y have the bi-variate distribution with parameters
µX , µY , σ2

X , σ2
Y , and ρ, then

• EX = µX and EY = µY .

• Var(X) = σ2
X and Var(Y ) = σ2

Y .

• Cov(X,Y ) = ρσXσY , and Corr(X,Y ) = ρ.

In addition we have the following results about marginal and conditional
distributions.
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Theorem 4.5.3. If X and Y have the bi-variate distribution with parameters
µX , µY , σ2

X , σ2
Y , and ρ, then

• Marginal distributions: X ∼ N (µX , σ2
X) and Y ∼ N (µY , σ

2
Y ).

• The conditional density of Y given that X = x is normal:

N
(
µY + ρσY

x− µX

σX
, (1− ρ2)σ2

Y

)
.

Example 4.5.4. Suppose (X,Y ) is a bi-variate normal vector with µX =

µY = 0, σX = σY = 2, ρ = 1/2. Find P(Y > 0|X = 1).

The conditional density of Y given that X = 1 is normal with mean

µY + ρσY
x− µX

σX
= 0 +

1

2
× 2× 1− 0

2
=

1

2

and variance

(1− ρ2)σ2
Y =

(
1−

(1
2

)2)× 22 = 3

Hence,

P(Y > 0|X = 1) = P
(Y − 1/2√

3
>

−1/2√
3

|X = 1
)

= P
(
Z >

−1/2√
3

)
≈ 61.4%,

where Z denotes a standard normal random variable.
You can see that the formulas are rather lengthy. So, if we want to

generalize these results to the case of more than two normal random vari-
ables, the language of linear algebra and matrices is indispensable. Let us
reformulate the definition of the bi-variate random variables using matrices.

Let µ⃗ = [µX , µY ]
t be a column vector with components µX and µY . (The

superscript t means that this is a transposed row vector [µX , µY ].) Also let
us define the covariance matrix:

Σ =

[
σ2
X σXY

σXY σ2
Y

]
,
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where σ2
X > 0, σ2

Y > 0, and σXY = ρσXσY , where the correlation coefficient
|ρ| ≤ 1.

Recall that for any two-by-two matrix

A =

[
a b

c d

]
,

one can define the determinant:

det(A) = ad− bc,

and the inverse matrix:

A−1 =
1

det(A)

[
d −b

−c a

]
,

Using these notation we say that a random vector W⃗ = (X,Y ) has the
bi-variate normal (or Gaussian) distribution with parameters µ⃗ and Σ, if its
density function is

fW (w⃗) =
1

(2π)
√

det(Σ)
exp

(
−1

2
(w⃗ − µ⃗)tΣ−1(w⃗ − µ⃗)

)
, (4.3)

where w⃗ = (x, y)t and Σ−1 is the inverse of the matrix Σ.

Notation: W ∼ N(µ,Σ).
The benefit of this definition is that it can be generalized in a straight-

forward fashion to the cases when the vector W has not two but much larger
number of components. Say, if vector W = (X1, . . . , X100) has 100 compo-
nents, then the formula (4.3) is still valid except that we need to change
the constant (2π) to (2π)50, that the vector of expected values µ has 100

components and that the matrix Σ is 100-by-100 matrix.
This makes the manipulation of formulas much easier and the actual

matrix calculations can be done by a computer.
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Chapter 5

Functions of Random
Variables

We are often interested in a function of one or several random variables,
Y = g(X1, . . . , Xn). For example, in statistics, one is often interested in the
distribution of sample average and sample variance of data which are defined
as

X =
1

n

n∑
i=1

Xi,

s2X =
1

n− 1

n∑
i=1

(Xi −X)2.

It is assumed that the observed random variables, X1, . . . , Xn are indepen-
dent and have the same distribution. Then X and s2X are used to estimate
the expectation and variance of thee distribution of Xi. Since X and s2X
are random, we are interested to know what is their distribution as random
variables.

In general there are three methods for determining the distribution of a
function of random variables:

1. The method of cdf’s

2. The method of pdf’s

3. The method of mgf’s
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We start by learning how these methods can be used when we have the
function of only one random variable, Y = g(X) and then study how they
can be extended to functions of several random variables.

5.1 The method of cumulative distribution func-
tions

5.1.1 Functions of one random variable

Let U be a function of a continuous r.v.’s X, U = g(X) and let the density
of X be fX(x). Then we can find the cdf of U by the definition of the cdf.

FU (u) = P(U ≤ u) = P(g(X) ≤ u) =

∫
A
fX(x) dx

where A is the region on the real line defined by the inequality g(x) ≤ u.
Then, if desired, we can find the density of U by differentiating the cdf:

fU (u) = F ′
U (u).

Example 5.1.1. Let X be the amount of sugar produced per day (in tons).
Suppose

fX(x) =

{
2x, for 0 < x < 1,

0, elsewhere.

Let the profit U = 3X − 1 (in hundreds of $). Find the probability density
of U .

First, we calculate FU (u):

FU (u) = P(3X − 1 ≤ u) = P
(
X ≤ (u+ 1)/3

)
= FX

(
(u+ 1)/3

)
Note that the cdf of X is

FX(x) =


0, if x < 0,∫ x
0 2t dt = x2 if x ∈ [0, 1],

1, if x > 1.
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So if (u+ 1)/3 < 0 then FU (u) = 0. This happens if u < −1.
If (u+ 1)/3 > 1 then FU (u) = 1. This happens if u > 2.
In the intermediate cases, if (u+1)/3 between 0 and 1, we have FU (u) =(

(u+ 1)/3
)2

. So, altogether,

FU (u) =


0, if u < −1,

(u+1)2

9 if u ∈ [−1, 2],

1, if u > 2.

In order to get density, we simply differentiate this expression and get:

fU (u) =


2(u+1)

9 if u ∈ [−1, 2],

0, otherwise.

Example 5.1.2. Let X have the pdf:

fX(x) =

{
6x(1− x), for 0 < x < 1,

0, elsewhere.

Find the pdf of U = X3.

Again we start with finding the cdf of U :

FU (u) = P(X3 < u) = P(X < u1/3) = FX(u1/3)

The cdf of X, FX(x) equals to 0 if x < 0 and 1 if x > 1. If x is between 0

and 1, then

FX(x) =

∫ x

0
6t(1− t) dt = 3x2 − 2x3.

So for u1/3 ∈ [0, 1], which is the same as u ∈ [0, 1], we have

FU (u) = 3(u1/3)2 − 2(u1/3)3 = 3u2/3 − 2u.

So after the differentiating, we recover the density:

fU (u) =

2u−1/3 − 2, if u ∈ [0, 1],

0, otherwise.

Exercise 5.1.3. Let X be an exponential variable with parameter β. Let
U = 1/X. Find the density of U .
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5.1.2 Functions of several random variables

Let U = g(X,Y ) be a function of r.v.’s X and Y that have the joint density
fX,Y (x, y).

The formula for the cdf is almost the same as before:

FU (u) = P(U ≤ u) = P(g(X,Y ) ≤ u) =

∫
A
fX,Y (x, y) dx dy,

where A is the region in R2 defined by the inequality g(x, y) ≤ u.
So the method is as follows.

• Find the region of values (x, y) such that g(x, y) ≤ u.

• Integrate fX,Y (x, y) over this region to obtain P(U ≤ u) = FU (u).

• Differentiate FU (u) to obtain fU (u).

Example 5.1.4. Let X be the amount of gasoline stocked at the beginning of
the week. Let Y be the amount of gasoline sold during the week. The joint
density of X and Y is

fX,Y (x, y) =

{
3x, for 0 ≤ y ≤ x ≤ 1,

0, elsewhere.

Find the density of U = X − Y , the amount of gasoline remaining at the
end of the week.

Figure 5.1

To calculate FU (u) we need to integrate
the joint density over the region {(x, y) :

x − y ≤ u} or, in other terms {(x, y) : y ≥
x − u}. It is shown as a blue trapeze in
the picture. It is doable, but it is easier to
setup the integral over the remaining yellow
triangle, which gives 1− FU (u).

1− FU (u) =

∫ 1

u

∫ x−u

0
3x dy dx
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We calculate this as∫ 1

u

∫ x−u

0
3x dy dx =

∫ 1

u
3x(x− u) dx

=
(
x3 − 3

2
x2u

)∣∣∣x=1

x=u

= 1− 3

2
u−

(
u3 − 3

2
u3

)
= 1− 3

2
u+

1

2
u3.

Hence,

FU (u) =
3

2
u− 1

2
u3.

Hence fU (u) = F ′
U (u) =

3
2(1 − u2). Note that this calculation is only valid

for u between 0 and 1. If u is outside of this interval then the density is
zero. (It is impossible that U took value outside of the interval [0, 1].) So,
the final answer is

fU (u) =

3
2(1− u2), if u ∈ [0, 1],

0, otherwise.

Example 5.1.5. Suppose the joint density of X and Y is

fX,Y (x, y) =

{
6e−3x−2y, for 0 ≤ x, 0 ≤ y,

0, elsewhere.

Find the pdf of U = X + Y.

Example 5.1.6. Suppose the joint density of X and Y is

f(x, y) =

{
5xe−xy, for 1

5 ≤ x ≤ 2
5 , 0 ≤ y,

0, elsewhere.

Find the pdf of U = XY.
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Figure 5.2: The idea of the pdf transformation method

5.2 The pdf transformation method

The pdf method is best to explain with a simple example.
Suppose that X is uniformly distributed on the interval [0, 1] and we are

interested in calculating the density of Y = 2X.
Then, intuitively, fY (y) dy is the probability that Y takes its value in

the interval [y, y + dy]. Since Y = 2X, this probability equals the proba-
bility that X takes its value in the interval [y/2, y/2 + dy/2], which equals
fX(y/2) (dy/2) = 1

2fX(y/2)dy. So, we conclude that fY (y) = 1
2fX(y/2),

and the density of Y is constant and is equal to 1/2 on the interval [0, 2].
In other words, the density of Y at point y equals the density of X at the

point x = y/2 (which corresponds to y under transformation x → y = 2x)
divided by the amount of the stretch that transformation x → 2x applies to
the region around the point x = y/2.

This is the main idea of the pdf transformation method.

5.2.1 A function of one random variable

Let U = g(X) where g(x) is a one-to-one function (for example, a strictly
increasing or a strictly decreasing function). And let g(−1)(u) is the inverse
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of the function g(x). That is,

g(−1)
(
g(x)

)
= x.

Intuitively, g(x) maps x to u and g(−1)(u) maps u back to x.
Assume that g(x) is increasing and let us start as in the cdf method:

FU (u) = P
(
g(X) ≤ u

)
= P

(
X ≤ g(−1)(u)

)
= FX

(
g(−1)(u)

)
.

Then by differentiating and using the chain rule we find that

fU (u) = fX
(
g−1(u)

) d

du
g(−1)(u).

If g(x) is decreasing then the calculation is slightly different.

FU (u) = P
(
g(X) ≤ u

)
= P

(
X ≥ g−1(u)

)
= 1− FX

(
g−1(u)

)
,

and by differentiating,

fU (u) = −fX
(
g−1(u)

) d

du
g(−1)(u)

These two formulas can be written as a single formula:

fU (u) = fX
(
g−1(u)

)∣∣∣ d
du

g(−1)(u)
∣∣∣

It is important also to determine the range of the random variable U .
It is simply the image of the range of the random variable X under the
transformation g(x):

Range(U) = g
(
Range(X)

)
.

Let us redo the examples that we considered earlier to convince ourselves
that the pdf method is easier than the cdf method.
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Example 5.2.1. Let X be the amount of sugar produced per day (in tons).
Suppose

fX(x) =

{
2x, for 0 < x < 1,

0, elsewhere.

Let the profit U = 3X − 1 (in hundreds of $).
Find the density of U .

The transformation is u = 3x − 1, the inverse transformation is x =

(u + 1)/3. The transformation maps the range of X, [0, 1], to the interval
[−1, 2]. So by using the formula, we get

fU (u) = 2
u+ 1

3

1

3
=

2

9
(u+ 1), if x ∈ [−1, 2].

Example 5.2.2. Let X have the pdf:

fX(x) =

{
6x(1− x), for 0 < x < 1,

0, elsewhere.

Find the pdf of U = X3.

The transformation is u = x3 and the inverse transformation is x = u1/3.
So by using the formula, we get

fU (u) = 6u1/3(1− u1/3)× 1

3
u−2/3 = 2

(
u−1/3 − 1

)
.

The transformation u = x3 sends the interval [0, 1] (the range of X) to itself,
so the final answer is

fU (u) =

2u−1/3 − 2, if u ∈ [0, 1],

0, otherwise.

Example 5.2.3. Let X be a standard exponential r.v. Find the pdf of U =√
X.

Here X = U2, and we have

fU (u) = fX(u2)× 2u = 2ue−u2
, if u > 0.
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Exercise 5.2.4 (Cauchy distribution). Let U ∼ unif(−π/2, π/2). Find the
pdf of X = tan(U).

One should be careful about the cases when the function g : X → Y is
not one-to-one. Say, we want to calculate fY (y) and the point y corresponds
to two points x1 and x2. That is, we have both g(x1) = y and g(x2) = y.

Then we have two inverse functions g(−1)
1 and g

(−1)
2 such that g(−1)

1 (y) =

x1 and g
(−2)
2 (y) = x2 and they will both contribute to the density of Y . In

this case, we have

fY (y) = fX(g
(−1)
1 (y))×

∣∣∣ d
dy

g
(−1)
1 (y)

∣∣∣+ fX(g
(−1)
2 (y))×

∣∣∣ d
dy

g
(−1)
2 (y)

∣∣∣.
Example 5.2.5. Let X be uniformly distributed on [−1, 1] and Y = X2. Find
the density of X.

Here we have x1 =
√
y and x2 = −√

y. Also note that fX(x) = 1/2 on
the interval [−1, 1], and that the function g maps this interval to the interval
[0, 1]. Therefore

fY (y) =
1

2
×
∣∣∣ d
dy

√
y
∣∣∣+ 1

2
×
∣∣∣ d
dy

(−√
y)
∣∣∣ = 1

2
y−1/2 if y ∈ [0, 1].

5.2.2 Functions of several variables

The density transformation method can also be extended to functions of
several random variables. The difficulty is that this method is inherently
designed for one-to-one functions. Indeed, if we have U = g(X,Y ), then
to find the density of U at a point u by using the density transformation
method, we need to find the pair (x, y) which is mapped to u, take the
density fX,Y (x, y) at this point and adjust it for the stretching of the space
introduced by transformation g. The difficulty is that there is an infinite
number of these pairs (x, y) , so we should somehow integrate the density
over all these pairs.

The way out of this difficulty is to introduce another function V =

g2(X,Y ), find the joint density of U and V and then find the marginal
density of U by integrating out V .
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So let us consider the case of two random variables X and Y which are
mapped to two random variables U and V in a one-to-one fashion.

The transformation g : (x, y) → (u, v) is given by functions

u = g1(x, y)

v = g2(x, y),

where the transformation is one-to-one.
Let the inverse transformation be denoted h : (u, v) → (x, y) with com-

ponents:

x = h1(u, v)

y = h2(u, v),

We assume that random variables X and Y have the joint density fX,Y (x, y),
and the task is to find the joint pdf of (U, V ).

We have the following theorem, which is complete analogue of the the-
orem for the univariate case: the joint density of (U, V ) at a point (u, v)

equals to the joint density of (X,Y ) at the corresponding point (x, y) mul-
tiplied by a factor that measures the stretching. This factor equals to the
Jacobian of the inverse transformation h(u, v).

Theorem 5.2.6.

fU,V (u, v) = fX,Y (h1(u, v), h2(u, v))
∣∣∣∂h(u, v)
∂(u, v)

∣∣∣
where

∂h(u, v)

∂(u, v)
= det

[
∂h1(u,v)

∂u
∂h1(u,v

∂v
∂h2(u,v)

∂u
∂h2(u,v)

∂v

]
is the Jacobian of the transformation h.

Example 5.2.7. Let X be the amount of gasoline stocked at the beginning of
the week. Let Y be the amount of gasoline sold during the week. The joint
density of X and Y is

fX,Y (x, y) =

{
3x, for 0 ≤ y ≤ x ≤ 1,

0, elsewhere.
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Find the density of U = X − Y , the amount of gasoline remaining at the
end of the week.

In order to use the pdf method, we add another variable V = Y . Then
the transformation g has components

u = x− y,

v = y,

and the inverse transformation h has components:

x = u+ v,

y = v.

In particular the transformation g is one-to-one and so we can use the pdf
method.

Figure 5.3

Next we need to determine what is the
range of the random vector (U, V ). The
range of (X,Y ) is the triangle with vertices
(0, 0), (1, 0), (1, 1). The transformation g is
linear and therefore this triangle is mapped
to a triangle with vertices g(0, 0) = (0, 0),
g(1, 0) = (1, 0) and g(1, 1) = (0, 1). The re-
sulting triangle is the range of (U, V ). On
this range we can calculate the density by
applying the formula above. The Jacobian
of the inverse transformation is

J = det
[

∂
∂u(u+ v) ∂

∂v (u+ v)
∂
∂uv

∂
∂vv

]
=

[
1 1

0 1

]
= 1,

and therefore

fU,V (u, v) = 3(u+ v)|J | = 3(u+ v).
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We are interested not in the joint density of U and V but in the marginal
density of U , which we calculate as

fU (u) =

∫ 1−u

0
3(u+ v) dv = 3

(
uv +

1

2
v2
)∣∣∣v=1−u

v=0

= 3
(
u(1− u) +

1

2
(1− 2u+ u2)

)
=

3

2
(1− u2).

So the answer is

fU (u) =

3
2(1− u2), if u ∈ [0, 1],

0, otherwise.

Example 5.2.8. Suppose X and Y are r.v.’s with joint density

fX,Y (x, y) =

{
e−(x+y), if x > 0, y > 0,

0, elsewhere.

(These are two independent exponential random variables.) Find the joint
density of U = X + Y and V = X

X+Y . and then find the marginal densities
of U and V.

One of the important issues is to find the range of the transformed ran-
dom variables U and V . In order to do this, we look at the boundary
of the range of r.v.’s X and Y . It consists of two lines: x = 0, y ≥ 0

and y = 0, x ≥ 0. It is useful to think about these lines as curves with
a parametric representation. For the first line, the parametric representa-
tion is x = 0, y = t, where t changes from 0 to ∞. It is mapped to the line
u = x+y = t and v = x/(x+y) = 0, which we can identify as the horizontal
line.

Figure 5.4

The second boundary line is x = s, y =

0, where s changes from 0 to ∞. It is
mapped to the line u = x + y = s and
v = x/(x + y) = 1. This is another hori-
zontal line. These two lines do not touch
each other. It turns out that there is an-
other piece on the boundary of the range of
(U, V ) which is the interval u = 0, v ∈ [0, 1].
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So the range looks as in the picture.
The direct transformation is u = x+ y,

v = x/(x+ y), so for the inverse transformation we get

x = uv,

y = u− x = u− uv.

The Jacobian of the inverse transformation is

J = det
[

v u

1− v −u

]
= −uv − u(1− v) = −u.

Hence the joint density is

fU,V (u, v) =

ue−(uv+u−uv), if u > 0, 0 < v < 1,

0, elsewhere.

=

ue−u, if u > 0, 0 < v < 1,

0, elsewhere.

For the marginal density of U , we have:

fU (u) =

∫ 1

0
ue−udv = ue−u, if u ≥ 0.

This means that the distribution of the sum of two standard exponential
random variables has the gamma distribution with parameter α = 2.

In order to find the marginal density of V , we integrate the joint density
over u:

fV (v) =

∫ ∞

0
ue−u du = Γ(2) = 1! = 1,

and this is valid for every v ∈ [0, 1]. Hence,

fV (v) =

1, if 0 < v < 1,

0, otherwise.

In other words, V has the uniform distribution between 0 and 1.
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Exercise 5.2.9. Let the density of X and Y be

fX,Y (x, y) =

4x(1− y), 0 < y < x < 1,

0, otherwise.

Let U = Y /X and V = 2X.
Find the joint density of U and V .

Exercise 5.2.10. Suppose X and Y are r.v.’s with joint density

fX,Y (x, y) =

{
2(1− x), for 0 < x < 1, 0 < y < 1,

0, elsewhere.

Find the density of U = XY . [Use an auxiliary variable V = X.]

5.2.3 Density for a sum of two random variables

A very frequent problem is to calculate the density for the sum of several
independent random variables. In this section, we use the pdf transformation
method to solve this problem for two random variables and in the next
section we will see how to solve it by using the moment generating method.

In fact let us look at a more general problem. Suppose X and Y have
the p.d.f. fX,Y (x, y) and we wish to calculate the p.d.f. of U = X + Y .

Let V = Y . Then X = U−V and Y = V . �Then we calculate the
Jacobian of the inverse transformation as

det
[
1 −1

0 1

]
= 1

and so, the joint distribution of U and V is fU,V (u, v) = fX,Y (u−v, v).
The marginal density of U is

fU (u) =

∫ ∞

−∞
fX,Y (u−v, v) dv =

∫ ∞

−∞
fX,Y (t, u− t) dt.

(The last equality is by change of variable.)
If the random variables X and Y are independent with densities fX(x)

and fY (y), then the joint density is fX(x)fY (y) and so we get the following
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formula for the marginal density of U = X + Y :

fU (u) =

∫ ∞

−∞
fX(t)fY (u− t) dt.

This operation is called the convolution of functions fX and fY .
Remark: In these formulas we wrote the integrals from −∞ to ∞ and

disregarded the ranges of X and Y . The reason is that the ranges are needed
only if we need to calculate the integrals as explicit analytical formulas.

We can leave the integrals without specifying ranges if we do not intend
to calculate the integrals explicitly, or if we do the calculation numerically. In
the latter case, the functions fX(t) and fY (t) will be calculated by numerical
procedures and the integrals will be calculated approximately, for example
by calculating Riemann sums.

Exercise 5.2.11. Let X and Y are two independent variables both distributed
uniformly on the interval [0, 1]. Calculate the density of U = X + Y .

5.3 Method of moment-generating functions

Suppose U = U(Y1, . . . , Yn). The idea of the mgf method is that if the
can calculate the mgf of U , mU (t) and recognize it as the mgf of a known
distribution, then U has that distribution.

The method of mgf’s is especially useful for deriving the distribution of
the sum of several independent random variables

Recall that we proved earlier that if X1, …, Xn are independent and
U = X1 + . . .+Xn, then

mU (t) =
n∏

i=1

mXi(t).

So it is easy to compute the mgf of U . The main question is whether we
can recognize the result as an mgf of a known random variable.

The following example is probably the most important for statistical
applications.
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Example 5.3.1. Suppose X1, …, Xn are independent normal r.v.’s with means
µ1, …, µn and variances σ2

1, …, σ2
n. What is the distribution of U = X1 +

X2 + . . .+Xn?

The mgf of Xi is

mXi(t) = exp(µit+
σ2
i

2
t2),

and the mgf of U is

mU (t) = exp
(
(µ1 + . . . µn)t+

(σ2
1 + . . .+ σ2

n)

2
t2
)
.

Hence, U is a normal r. v. with parameters (µ1+ . . . µn) and (σ2
1+ . . .+σ2

n).
In fact, one can prove a more general fact: if several random variables

X1, . . . , Xn are jointly normal, then their sum is always normal (even if they
are not independent). So one only needs to calculate the expectation and
variance of U = X1 + . . .+Xn in order to write down its density.

Here are some other examples, when we can calculate the density of the
sum X1 + . . .+Xn by using the mgf method.

Example 5.3.2. Suppose X1, …, Xn are independent exponential random
variables with mean β. What is the distribution of U = X1 + . . .+Xn?

The mgf of an exponential r.v. is mX(t) = (1− βt)−1. Hence the mgf of
U is mU (t) = (1− βt)−n. This can be recognized as the mgf of the Gamma
distribution with parameters α = n and β. Hence the density of U is

fU (t) =

 1
Γ(α)βαx

n−1e−x/β , if x ≥ 0,

0, otherwise.

Note that in this example it is important that all exponential variables
have the same mean β.

Example 5.3.3. Suppose X1, …, Xn are independent Poisson r.v.’s with pa-
rameters λ1, …, λn. What is the distribution of U = X1 + . . .+Xn?

The Poisson r.v. Xi with parameter λi has the mgf

mXi(t) = exp(λi(e
t − 1)).
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Hence,

mU (t) = exp
(
(λ1 + . . .+ λn)(e

t − 1)
)
,

and U is the Poisson random variable with parameter (λ1 + . . .+ λn).

Exercise 5.3.4. Suppose X1, …, Xn are independent r.v.’s with distributions
Γ(α1, β), . . . ,Γ(αn, β), respectively (note that β is the same for all random
variables). What is the distribution of U = X1 +X2 + . . .+Xn?

5.4 Order Statistics

Let X1, …, Xn be n random variables. The order statistics are:
X(1) = the smallest value in the sample,
X(2) = the second-smallest value in the sample,

...
X(n) = the largest value in the sample.
So, X(1) ≤ X(2) ≤ . . . ≤ X(n).
Order statistics are functions of the original random variables. For ex-

ample,

X(1) = min{X1, . . . , Xn},

X(n) = max{X1, . . . , Xn}.

So, the order statistics are random variables and we can ask a question
about their probability distribution.

The motivation behind this question is that order statistics frequently
appear in applications. Here is a couple of examples.

• Let Xt denote the volume of network traffic at minute t. We are inter-
ested in behavior of X(n), the maximum traffic volume, that occurs in
the interval of n minutes.

• We need a net to hold particles. If X1, . . . , Xn are the sizes of particles,
we are interested in X(1), their minimum size.
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In addition, some common summary statistics are functions of order
statistics.

If n is odd the sample median of the sample X1, X2, . . . , Xn is defined
as X(

(n+1)/2
). If n is even it is defined as (X(n/2) +X(n/2+1))/2.

A sample range is defined as X(n) −X(1)

In particular, the distribution of these statistics depends on the (joint)
distribution of order statistics.

5.4.1 Distribution of order statistics via density transforma-
tion method

First let us see, how to calculate the joint density of order statistics. The vec-
tor of order statistics (X(1), . . . , X(n)) is a function of the vector (X1, . . . Xn).
The difficulty is that it is not one-to-one function. Consider, for example,
n = 3, and a triple of numbers (a, b, c). Then, we can have

X(1) = a,X(2) = b,X(3) = c

only if a ≤ b ≤ c. However this vector of values can arise for 6 different
(assuming a, b, c are different) realizations of variables X1, X2, X3. One
possibility is that X1 = a,X2 = b,X3 = c, another X1 = b,X2 = a,X3 = c,
and so on, with 6 possible permutations of set (a, b, c).

The good news is that the six inverse functions are simple and have the
Jacobian equal to 1. For example, for the second case above, we have the
inverse function X1 = X(2), X2 = X(1), X3 = X(3), and the Jacobian of this
transformation is

J =
∣∣∣ det

0 1 0

1 0 0

0 0 1

 ∣∣∣ = 1.

So, we can calculate the joint density as

fX(1),X(2),X(3)
(a, b, c) =

fX1,X2,X3(a, b, c) + . . .+ fX1,X2,X3(c, b, a) if a ≤ b ≤ c,

0 otherwise,

where summation is over all permutations of the set (a, b, c).
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If random variables X1, . . . , X3 are independent and identically distributed,
then this formula simplifies. Let Xi have density f(x) for every i, then we
can rewrite the formula above as

fX(1),X(2),X(3)
(a, b, c) =

3!f(a)f(b)f(c) if a ≤ b ≤ c,

0 otherwise.

Obviously, this formula generalizes to arbitrary n ≥ 1 and we have the
following theorem.

Theorem 5.4.1. Suppose X1, …, Xn, are i.i.d. with density f(x). Then
the joint density of the order statistic vector is

fX(1),...,X(n)
(x1, . . . , xn) =

n!f(x1)f(x2) . . . f(xn) if x1 ≤ . . . ≤ xn,

0 otherwise.

5.4.2 Distribution of order statistics via cdf method

In order to find the probability distribution of individual order statistics,
we can apply a variant of the cdf method. This is especially easy for the
maximum and the minimum of the sample X1, . . . , Xn.

Theorem 5.4.2. Suppose X1, …, Xn, are i.i.d. with cdf FX(x). Then the
cdf of the maximum statistic X(n) is

FX(n)
(x) =

[
FX(x)

]n
Proof.

P(X(n) ≤ x) = P
(

max{X1, . . . , Xn} ≤ x
)

= P(X1 ≤ x,X2 ≤ x, . . . ,Xn ≤ x)

=
[
P(X1 ≤ x)

]n
=

[
FX(x)

]n
,

where the equality in the third line follows by the independence of r.v.s X1,
…, Xn.
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In particular, if the variable Xi have density fX(x), then the order statis-
tics also have a density, which can be calculated as the derivative fo the cdf.

fX(n)
(x) = nf(x)F (x)n−1.

A similar result holds for the minimum statistic.

Theorem 5.4.3. Suppose X1, …, Xn, are i.i.d. with cdf FX(x). Then the
cdf of the minimum statistic X(1) is

FX(1)
(x) = 1−

[
1− FX(x)

]n
Proof. Here it is more convenient to calculate the survival function:

1− FX(1)
(x) = P(X(1) > x)

= P
(

min{X1, . . . , Xn} > x
)

= P(X1 > x,X2 > x, . . . ,Xn > x)

=
[
P(X1 > x)

]n
=

[
1− F (x)

]n
.

So, if random variables Xi have density then the minimum X(1) also has
a density, which we calculate as

fX(1)
(x) = nf(x)(1− F (x))n−1.

The application of these formulas is straightforward.
Example 5.4.4. Suppose wave heights have an exponential distribution with
mean height 10 feet. If 200 waves crash during the night, what is the distri-
bution of the highest wave? What is the probability that the highest wave
is more than 50 feet? more than 100 feet?

The density and cdf of the wave height are

fX(x) =
1

10
e−x/10,

FX(x) = 1− e−x/10.
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So we get

FX(200)
(x) =

(
1− e−x/10

)200
.

In particular,

P(X(200) > 50) = 1− FX(200)
(50) = 1−

(
1− e−50/10

)200

= 0.7413165

Similarly,

P(X(200) > 100) = 1− FX(200)
(100) = 1−

(
1− e−100/10

)200

= 0.009039092

Example 5.4.5. Suppose light bulbs’ life-lengths have an exponential distri-
bution with mean 1200 hours. Two bulbs are installed at the same time.
What is the expected time until one bulb has burned out? What if we had
installed 3 lamps? If X1, X2 are the life-lengths of the bulbs then the time
until one bulb has burned out is X(1) = min{X1, X2}. The distribution of
the exponential r.v. Xi has the survival function

P(Xi > x) = e−x/1.2

where we measure time in thousands of hours. Then, the survival function
for X(1) is

P(X(1) > x) =
[
e−x/1.2

]2
= e−x/0.6

So we can conclude that X(1) has the exponential distribution with mean
600 hours. Hence, the expected time until one bulb has burned out is 600

hours.
Similarly, we can calculate for 3 bulbs, that X(1) has the exponential

distribution with mean 1200/3 = 400 and so the time until one bulb has
burned out is 400 hours.

This the reflection of the general fact that if we have n i.i.d random
variables X1, . . . , Xn that have the exponential distribution with mean β,
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then its minimum X(1) also have the exponential distribution, only with
mean β/n.

However, the distribution of the maximum of exponential random vari-
ables is complicated.

We can also find the distribution of other order statistics. Consider, for
example, the third smallest statistic X(3) (and assume that n > 3).

The event X(3) ≤ x occurs when at least 3 of variables X1, . . . Xn are
smaller than or equal to x. The probability that exactly k ≥ 3 specific
variables Xi1 , Xi2 , . . . , Xik is ≤ x and all others Xj1 , …, Xjn−k

are > x is

P(Xi1 ≤ x, . . . ,Xik ≤ x,Xj1 > x, . . . ,Xjn−k
> x) =

[
FX(x)

]k[
1− FX(x)

]n−k

Now, we can choose the set of indices i1, . . . , ik in
(
n
k

)
ways. So the prob-

ability that exactly k of n variables X1, . . . , Xn are ≤ x and all others are
> x is (

n

k

)[
FX(x)

]k[
1− FX(x)

]n−k
.

The probability that X(3) ≤ x is the sum of all these probabilities over k ≥ 3:

FX(3)
(x) = P(X(3) ≤ x) =

n∑
k=3

(
n

k

)
FX(x)k(1− FX(x))n−k.

More generally, for every s between 1 and n,

FX(s)
(x) = P(X(s) ≤ x) =

n∑
k=s

(
n

k

)
FX(x)k(1− FX(x))n−k.

If the random variables Xi have a density, then the density of X(s) can
be obtained by the differentiation of this expression. Rather magically, the
formula simplifies.

Theorem 5.4.6. Let X1, . . . , Xn be i.i.d continuous random variables with
density fX(x) and cdf FX(x). Then, X(s) is a continuous random variable
with the density given by

fX(s)
(x) =

(
n

s− 1, 1, n− s

)
fX(x)

[
FX(x)

]s−1[
1− FX(x)

]n−s
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Proof. We differentiate the expression for the cdf of X(s) and find that

fX(s)
(x) = fX(x)

n∑
k=s

(
n

k

)(
kFX(x)k−1(1− FX(x))n−k

− (n− k)FX(x)k(1− FX(x))n−k−1
)
.

Let us write several terms of the sum explicitly. For shortness, we write F

instead of FX(x). (
n

s

)
sF s−1(1− F )n−s −

(
n

s

)
(n− s)F s(1− F )n−s−1

+

(
n

s+ 1

)
(s+ 1)F s(1− F )n−s−1 −

(
n

s+ 1

)
(n− s− 1)F s+1(1− F )n−s−2

+ . . .

+

(
n

n

)
nFn−1(1− F )0 − 0

By noting that
(
n
k

)
(n− k) =

(
n

k+1

)
k + 1, we can observe that the sum tele-

scopes to (
n

s

)
sF s−1(1− F )n−s,

and since (
n

s

)
s =

n!

(s− 1)!(n− s)!
=

(
n

s− 1, 1, n− s

)
the claim of the theorem is proved.

The formula have some intuitive meaning. We partition the variables
X1, . . . , Xn into s− 1 of those that have value < x, one that have value in a
small interval of length dx around x and n− s of those that are larger than
x. The number of these partitions is given by the multinomial coefficient(

n
s−1,1,n−s

)
and the probability is FX(x)s−1fX(x)(1 − FX(x))n−sdx. This

allows us to write the formula in the theorem, however this argument is not
so easy to turn into a proof.
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Example 5.4.7. Ten numbers are generated uniformly at random between 0

and 1. What is the distribution of the 3rd-smallest of these? What is the
expected value of the 3rd smallest?

The cdf of the uniform distribution is FX(x) = x if x ∈ [0, 1] and 0,
otherwise. So by our formula we have:

fX(3)
(x) =

10× 9× 8

2
x2(1− x)7.

This is the beta distribution with parameters α = 3 and β = 8, and for the
beta distribution we know how to calculate the expectation. So,

EX(3) =
α

α+ β
=

3

3 + 8
=

3

11
.

More generally if X1, . . . , Xn are i.i.d from the uniform distribution on
[0, 1], then the order statistic X(s) has the beta distribution with parameters
α = s and β = n+ 1− s, and the expectation of this statistic is

EX(s) =
s

n+ 1
.

It is interesting that sometimes one does not need the formulas for cdf
or pdf to answer questions about order statistics.

Example 5.4.8. Let X1, . . . , Xn are independent and identically distributed
(i.i.d) observations having a continuous cdf F (t). Let X(k) denote the k-th
order statistic from this collection of random variables. Also let Y1, . . . , Y5

are i. i. d. with the same distribution as Xi and independent of Xi.

1. If n = 15, what is P(X(7) = X13) ?
Note that the random variables X1, . . . , Xn is a random permutation
of the order statistics X(1), . . . , X(n). The probability that after this
permutation X(7) will be exactly in the place number 13 is equal to 1/15

since all possible positions are equally probable after the permutation.

2. If n = 15, what is the probability P(X(3) < Y1 < X(10)) ?
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Add Y1 to X1, . . . , X15 and order them. The possible outcomes are

Y1 < X(1) < . . . < X(15),

X(1) < Y1 < X(2) < . . . < X(15)

. . .

X(1) < . . . < X(14) < Y1 < X(15)

X(1) < . . . < X(15) < Y1

These are 16 outcomes which are equally probable. The event {X(3) <

Y1 < X(10)} corresponds to those of the outcomes where Y1 is immedi-
ately after X(k) with k = 3, 4, . . . , 9. There are (9− 3) + 1 = 7 of these
outcomes. Therefore the probability of the event is 7/16.

3. What is the smallest n such that P(Y1 < X(n)) ≥ .9 ?
By argument as in previous item, we have P(Y1 < X(n)) = n/n + 1.
Hence, we need 1/(n+ 1) ≤ 0.1 or n ≥ 10− 1 = 9.

4. What is the probability that Y1, . . . , Y5 all fall in the interval [X(1), X(n)]?
The probability that Y1 falls in the interval [X(1), X(n)] is (n−1)/(n+1).
The random variables Y1, . . . , Y5 are independent, so the probability
that they all fall in the interval [X(1), X(n)] is(n− 1

n+ 1

)5
.
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Chapter 6

Sampling distributions, Law
of Large Numbers, and
Central Limit Theorem

6.1 Sampling distributions

Definition 6.1.1. A statistic is a function of several random variables.

A statistic is usually used to estimate an unknown parameter of a distri-
bution from an observed sample taken from this distribution. For example,
the sample average (or sample mean) X for a collection (or “sample”) of
random variables X1, X2, . . . , Xn is defined as

X =
1

n
(X1 + . . .+Xn),

and is often used to estimate the expectation of the distribution of Xi.

6.1.1 Sample average of i.i.d normal random variables

For normal random variables, it is easy to calculate the distribution of the
average.

Theorem 6.1.2. Let independent random variables X1, . . . , Xn have a nor-
mal distribution with mean µ and variance σ2. Then the sample average X
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has the normal distribution with mean µ and variance σ2/n.

Proof. First, by Example 5.3.1, the sum S = X1 + . . . + Xn is the normal
r.v. with mean nµ and variance nσ2. That means that its density is

fS(s) =
1√

2πnσ2
exp

(
− (s− nµ)2

2nσ2

)
Next we apply the pdf transformation method to the function X = S/n.

The inverse function is S = nX, so the Jacobian is n and we can write

fX(x) = fS(nx)× n =
n√

2πnσ2
exp

(
− (nx− nµ)2

2nσ2

)
=

1√
2π(σ2/n)

exp
(
− (x− µ)2

2(σ2/n)

)
,

and we can identify this density as the density of a normal r.v. with mean
µ and variance σ2/n.

As a consequence we can see that

Z =
X − µ

σ/
√
n

has the standard normal distribution.
The point of this theorem is that the sample average X has the same

mean as the original random variables X1, . . . , Xn but smaller variance, so
it can be used to estimate the mean µ from data.

Example 6.1.3. A bottling machine can be regulated so that it discharges
an average of µ ounces per bottle. It has been observed that the amount of
fill dispensed by the machine is normally distributed with σ = 1.0 ounce. A
sample of n = 9 filled bottles is randomly selected from the output of the
machine on a given day (all bottled with the same machine setting), and the
ounces of fill are measured for each. Find the probability that the sample
mean will be within 0.3 ounce of the true mean µ for the chosen machine
setting. How many observations should be included in the sample if we wish
X to be within .3 ounce of µ with probability 0.95?
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Essentially we have X1, . . . , X9 ∼ N(µ, 1) and we want to calculate
P(|X − µ| ≤ 0.3). This is the same as

P
(∣∣∣X − µ

σ/
√
n

∣∣∣ ≤ 0.3

σ/
√
n

)
= P

(
− 0.3

1/3
≤ Z ≤ 0.3

1/3

)
which can be calculated as

1−2P(Z > .9) = 1−2× .1841 = .6318.

For the second question we observe that if we wish

1−2P(Z > z) = 0.95,

then we need to have P(Z > z) = 0.025, which corresponds to z = 1.96.
Then we have equation

0.3

1/
√
n
= 1.96,

which can be solved to give n = (1.96/0.3)2 = 42.68. Since it is not possible
to use fractional bottles, we should set n = 43.

6.1.2 Sum of the squares of standardized normal random
variables

In the previous section we looked at the sample average X which is used to
estimate the expected value µ of i. i. d. random variables X1, . . . , Xn.

What if we are instead interested in estimating variance of these random
variables?

Recall that by definition the variance of a r.v. X is

Var(X) := E(X − µ)2,

where µ = EX. So Var(X) is the expected value of random variable (X−µ)2,
and it is natural to estimate it by using the following statistic:

Y = (X − µ)2 =
1

n

n∑
i=1

(Xi − µ)2.
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The difficulty with this approach is that we typically do not know µ and it
also should be estimated.

However, in this section we will pretend that we know µ, and postpone
the question of unknown µ to the next section.

The statistic Y varies around the true value of variance σ2 and it turns
out that it is convenient to quantify this variation by looking at the distri-
bution of nY /σ2. (The reason for why we do this transformation is that we
want that the resulting distribution belongs to the list of the distributions
that we already defined.)

In the case of normal random variables, we can calculate the distribution
of nY /σ2 exactly.

Theorem 6.1.4. Let X1, X2, . . . , Xn be independent random variables dis-
tributed according to N(µ, σ2). Then Zi = (Xi − µ)/σ are independent,
standard normal random variables, i = 1, 2, . . . , n, and

nY

σ2
=

n∑
i=1

(Xi − µ

σ

)2
=

n∑
i=1

Z2
i

has a χ2 distribution with n degrees of freedom, that is, the Gamma distri-
bution with α = n/2 and β = 2.

By using this theorem and some facts about the Gamma distribution, it
is easy to figure out that E(nY /σ2) = αβ = n, so EY = σ2. The variance
of nY /σ2 is αβ2 = 2n, so the variance of Y is 2σ4/n. In particular, we see
that the expected value of Y is the same as the variance of r.v.s. Xi, and
the variance of Y declines as n grows.

Proof of Theorem 6.1.4. The first statement, that Zi = (Xi−µ)/σ are stan-
dard normal random variables easily follows by either the pdf transformation
method or by the mgf method. Also these transformed variables are still
independent as functions of independent random variables.

To give full details for the pdf transformation method, we write the
inverse function as Xi = µ+ σZi, so the Jacobian is σ and the density of Zi
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is

fZi(z) = σfXi(µ+ σz) =
σ√
2πσ2

exp
(
− (µ+ σz − µ)2

2σ2

)
=

1√
2π

exp
(
− z2

2

)
,

so Zi is a standard normal random variable.
For the second statement, we first calculate the distribution of the Z2,

where Z is a standard normal random variable. One way to do it is by using
the mgf method.

mZ2(t) = EetZ
2
=

1√
2π

∫ ∞

−∞
etz

2
e−z2/2 dz

=
1√
2π

∫ ∞

−∞
ez

2(t−1/2) dz

=
1√
2π

∫ ∞

−∞
exp

(
− z2

2 1
1−2t

)
dz

=
1

(1− 2t)1/2
,

where the last step follows because we know that the density of a normal
random variable with mean 0 and variance 1/(1− 2t) has the integral equal
to 1, so

1√
2π × 1

1−2t

∫ ∞

−∞
exp

(
− z2

2 1
1−2t

)
dz = 1, and therefore

1√
2π

∫ ∞

−∞
exp

(
− z2

2 1
1−2t

)
dz =

√
1

1− 2t
,

We can recognize this mgf as the mgf of a gamma random variable with
parameters α = 1/2 and β = 2.

Next, we use the fact from Exercise 5.3.4 which implies that the sum
of n gamma random variables with parameters α and β = 2 is a gamma
distributed random variable with parameters nα = n/2 and β = 2.

Example 6.1.5. If Z1, Z2, . . . , Z6 denotes a random sample from the standard
normal distribution, find a number b such that P(Z2

1 + . . .+Z2
6 ≤ b) = 0.95).
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By the previous theorem, the sum is distributed as χ2 with df = 6.
Hence we can calculate this by using the R quantile function for the χ2

distribution:

qchisq(0.95, 6)

which gives b = 12.59159.

6.1.3 Distribution of the sample variance for normal r.v.s

In this section and in the following we will consider functions of random
variables which are important for statistical questions when the sample sizes
are small (the number of observations is smaller than ≈ 30). Since in modern
applications this is not a very typical situation, we only overview these
results.

The result in the previous theorem is not satisfactory because in practice
µ is not known. In statistics, the estimator for the parameter σ2 of the
normal distribution is called the sample variance and it is defined by the
formula

S2 =
1

n− 1

n∑
1

(Xi −X)2.

Note that in difference from the previous statistics, we divide not by n but
by n− 1.

Theorem 6.1.6. Let X1, X2, . . . , Xn be independent random variables dis-
tributed according to N(µ, σ2). Then,

(n−1)S2

σ2
=

∑(Xi −X

σ

)2

has a χ2 distribution with (n−1) df. Also, X and S2 are independent random
variables.

Note that in difference from the previous theorem χ2 distribution has
n− 1 degrees of freedom, not n.

Unfortunately, the proof of this important theorem is not easy and we
will skip it.
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This theorem can be used to make some inferences about the variance
of underlying distribution:

Example 6.1.7. In Example 6.1.3, the ounces of fill from the bottling machine
are assumed to have a normal distribution with σ2 = 1. Suppose that we
plan to select a random sample of ten bottles and measure the amount of fill
in each bottle. If these ten observations are used to calculate S2, it might
be useful to specify an interval of values around σ2 = 1 that should include
S2 with a high probability provided our assumption about σ2 is correct.
If the resulting S2 happen to be outside of this interval, it might be that
something is wrong with our assumption about σ (or with our assumption
about the normality of the disribution). So, the task is to find numbers b1

and b2 such that

P(b1 ≤ S2 ≤ b2) = 0.90.

We can rewrite the inequalities and write the probability as

P
((n− 1)b1

σ2
≤ (n− 1)S2

σ2
≤ (n− 1)b2

σ2

)
= 0.90.

The random variable Y = (n − 1)S2/σ2 is distributed according to χ2

distribution with n−1 = 9 degrees of freedom. So we are looking for numbers
y1 and y2 such that

P(y1 ≤ Y ≤ y2) = 0.90.

These numbers can be chosen in several different ways. One conventional
choice is to choose them so that

P(Y ≥ y2) = 0.05 and P(Y ≤ y1) = 0.05

By using R (or tables), we find

y_1 = qchisq(0.05, 9) = 3.325113,
y_2 = qchisq(0.95, 9) = 16.91898
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Then we can calculate

b1 =
σ2

n− 1
y1 =

1

9
× 3.325113 = 0.369457

b2 =
σ2

n− 1
y2 =

1

9
× 16.91898 = 1.879886

So if we observe the sample variance S2 outside of the interval (0.369457, 1.879886),
then we might suspect that something is wrong about our assumptions. Ei-
ther σ2 is different from the assumed value of 1 or the random variables are
not normal.

6.1.4 Student’s t distribution

For the problems of statistical inference one needs another distribution,
which is called a Student’s t distribution (or simply t distribution).

Definition 6.1.8. Let Z be a standard normal random variable and let
W be a χ2-distributed variable with df = ν. Assume that Z and W are
independent. Then, the random variable

T =
Z√
W/ν

is said to have a t distribution with ν degrees of freedom.

The density of the t-distribution with ν degrees of freedom is as follows:

fT (t) =
Γ
(
(ν + 1)/2

)
√
πνΓ

(
ν/2

) (
1 +

t2

ν

)−(ν+1)/2
,

for all real t. This density is symmetric, similar to the density of the normal
distribution. However note that when t grows, the density declines much
slower compared to the density of the normal distribution. (It declines as
1/tν while the density of the normal declines as ≈ 1/et

2 which is much
faster.) For this reason, the t distribution is sometimes used to model the
situation where big outliers are possible.

On the other hand, when ν is large it is easy to see that the density is
close to the density of the normal distribution. Indeed, for every t,(

1 +
t2

ν

)−(ν+1)/2
→ e−t2/2,
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as ν → ∞.
The density of the t distribution is relevant for our topic, – the sampling

distributions, for the following reason.
We can write:

X − µ

S/
√
n

=
(X − µ)/(σ/

√
n)√[

(n− 1)S2/σ2
]
/(n− 1)

If we apply Theorem 6.1.6 to the right hand side, this random variable has
the t-distribution with n− 1 degree of freedom.

The benefit of this result is that the quantity X−µ
S/

√
n

includes only one
unknown quantity, µ, and not two, µ and σ, as, for example, the quantity
(X − µ)/(σ/

√
n). In particular, it allows us to test our assumptions about

µ only, even if we do not know σ.

Example 6.1.9. The tensile strength for a type of wire is normally distributed
with unknown mean µ and unknown variance σ2. Six pieces of wire were
randomly selected from a large roll. The tensile strength Xi was measured
for each i = 1, 2, . . . , 6. Find the approximate probability that X will be
within 2S/

√
n of the true population mean µ.

We have

P(−2S/
√
n ≤ X − µ ≤ 2S/

√
n) = P

(
− 2 ≤ X − µ

S/
√
n

≤ 2
)

= 1− 2P(T > 2)

= 2P(T ≤ 2)− 1,

where T has the t distribution with 5 = 6− 1 degrees of freedom. Then
by using R, we calculate

2 * pt(2, 5) - 1 = 0.8980605 \approx 90%.

Note that if T had the standard normal distribution, then we would get

2 * pnorm(2) - 1 = 0.9544997 \approx 95%.
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6.1.5 F distribution

One more distribution that sometimes occur in statistics is F distribution.

Definition 6.1.10. Let W1 and W2 be independent χ2 distributed random
variables with ν1 and ν2 degrees of freedom, respectively. Then the random
variable

F =
W1/ν1
W2/ν2

has an F distribution with µ1 numerator degrees of freedom and µ2 denom-
inator degrees of freedom.

The density of F distribution is

fF (x) = c(ν1, ν2)x
(ν1/2)−1

(
1 +

ν1
ν2

x
)−(ν1+ν2)/2

,

for x ≥ 0.
It is useful for statistics because it allows to test assumptions about

variances in two samples. if we have two independent samples of normally
distributed random variable that have n1 and n2 elements, respectively, and
if we assume that the variance of random variables in the first sample is σ2

1

and that it is σ2
2 in the second sample, then we can form the ratio

S2
1/σ

2
1

S2
2/σ

2
2

=
σ2
2

σ2
1

× S2
1

S2
2

.

By Theorem 6.1.6, this ratio has the F distribution with parameters (n1 −
1, n2 − 1), and we can use this to test our assumptions about σ1 and σ2.
Example 6.1.11. If we take independent samples of size n1 = 6 and n2 =

10 from two normal populations with equal population variances, find the
number b such that

P
(S2

1

S2
2

≤ b
)
= 0.95

(The idea is that if the ratio is greater than b we will reject the assumption
that the variances are equal)

Since we assumed that σ1 = σ2, the ratio S2
1/S

2
2 has the F distribution

with parameters (n1 − 1, n2 − 1) = (5, 9).
So we calculate b using R:
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qf(0.95, 5, 9) = 3.481659.

6.2 Law of Large Numbers (LLN)

We have seen that for normal random variables X1, . . . , Xn the distribution
of the sample average X is normal with mean µ and variance σ2/n. So
the variance becomes smaller and smaller as n grows while the expectation
remains equal to µ.

This is also true if the random variables are not necessarily normal and
we can prove the following result.

Theorem 6.2.1 (Law of Large Numbers (LLN)). Let X1, X2, . . . be an
infinite sequence of i.i.d. random variables with finite expectation µ and
variance σ2. Let

Xn =
X1 +X2 + ...+Xn

n
=

1

n

n∑
i=1

Xi.

Then for every ϵ > 0, we have

lim
n→∞

P(|Xn − µ| > ε) = 0.

In other words, the probability that Xn deviates from µ by more than ε

converges to zero as n grows.
One says that Xn converges to µ in probability.

Proof. We use Chebyshev’s inequality.

P(|Xn − µ| > ε) ≤ Var(Xn)

ε2
=

σ2

nε2

The right-hand side converges to zero. Therefore P(|Xn − µ| > ε) also
converges to zero.
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6.3 The Central Limit Theorem

As in the previous section X1, X2, . . . is an infinite sequence of i.i.d. random
variables with mean µ and standard deviation σ. As before

Xn =
X1 +X2 + ...+Xn

n
=

1

n

n∑
i=1

Xi.

It is easy to calculate the mean and the variance of X by using formulas
for the expectation and variance of linear combinations of random variables.
E(X) = µ, Var(X) = σ2/n.

For normal random variables Xi, we have seen that X is normal with
mean µ and variance σ2/n. In particular this means that

Zn =
Xn − µ

σ/
√
n

has the standard normal distribution for all n.
What can be said about Zn if Xi are i.i.d but not normal? It turns out

that in this case Zn is approximately normal for large n. More precisely, the
following theorem holds.

Theorem 6.3.1 (The central limit theorem (CLT)). Let X1, X2, . . . be i.i.d
random variables with finite mean µ and variance σ2. Define

Zn =
Xn − µ

σ/
√
n

,

where Xn = (X1 + . . . Xn)/n. Then the cdf of Zn converges to the cdf of a
standard normal variable. That is for all z,

FZn(z) = P(Zn ≤ z) → 1√
2π

∫ z

−∞
e−t2/2dt

when n → ∞.

Remark: Convergence of this type is called the convergence in distribu-
tion. So, the normalized sample average Zn converges to a standard normal
r.v. Z in distribution.
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Proof. We will prove the theorem only for the case when the moment-
generating function mXi(t) exists for all t. The more general case can be
proved similarly by using the characteristic function φX(t) = E(eitX) (where
i =

√
−1 is the imaginary unit of complex numbers) which exists for all t.

The proof is based on an important statement which we accept without
proof. Namely, if for a sequence of random variables Y1, Y2, . . ., the moment
generating functions of these variables converge to the mgf of a random
variable Y , with the convergence for all real t, then the cdf of Yn converges
to the cdf of Y .

We will apply this statement to the random variables Zn.
Note that

Zn =
(X1 + . . .+Xn)/n− µ

σ/
√
n

=
1√
n

n∑
i=1

Xi − µ

σ

Then if we use the notation Ui = (Xi − µ)/σ, we have

m∑
Ui
(t) =

[
mU1(t)

]n
,

and

mZn(t) = m 1√
n

∑
Ui
(t) = m∑

Ui
(t/

√
n) =

[
mU1(t/

√
n)
]n
,

where in the second equality we used the identity maX(t) = mX(at) (obvious
from the definition of the moment generating function).

Now, the random variable U1 has mean zero and the variance 1, which
means that m′

U1
(0) = 0 and m′′

U1
(0) = 1. We can use the Taylor’s formula

with the remainder to write

mU1(t) = 1 +
1

2
m′′

U1
(ξ)t2,

where ξ ∈ [0, t]. And so

mZn(t) =
[
mU1(t/

√
n)
]n

=

[
1 +

m′′
U1
(ξn)

2

( t√
n

)2
]n

where ξn ∈ [0, t/
√
n]. As n → ∞, ξn → 0 and so m′′

U1
(ξn) → m′′

U1
(0) = 1.

(Here one needs the continuity of m′′
U1
(t) at t = 0 which we also assume

without proof.) This implies
m′′

U1
(ξn)

2 t2 → t2/2.
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Finally we use the fact that if bn → b then(
1 +

bn
n

)n
→ eb.

(This can be considered as a good calculus exercise on limits.) If we apply
it to bn =

m′′
U1

(ξn)

2 t2 and b = t2/2, then we get that

mZn(t) =

[
1 +

m′′
U1
(ξn)

2

t2

n

]n
→ et

2/2 as n → ∞,

and it remains to recall that et
2/2 is the mgf of a standard normal random

variable Z, in order to conclude that both the mgf and cdf of Zn converge
to the mgf and cdf of Z, respectively.

Note that we can write Zn differently,

Zn =
X − µ

σ/
√
n

=
(X1 + . . .+Xn)− µn

σ
√
n

.

This gives another form of the Central Limit Theorem. Namely if X1, X2, . . .

are i.i.d random variables with mean µ and variance σ2, and if Sn = X1 +

. . . Xn, then

Sn − µn

σ
√
n

→ Z,

where Z is the standard normal random variable and the convergence is in
distribution.

The main impact of these theorems is that if the number n of independent
random variables X1, . . . , Xn is large, then the sums and averages of these
random variables behave as if X1, . . . , Xn were normal random variables.

Example 6.3.2. The service times for customers at a cashier are i.i.d random
variables with mean 2.5 minutes and standard deviation 2 minutes. Ap-
proximately, what is the probability that the cashier will take more than 4
hours to serve 100 people?
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If the service times are denoted X1, X2, . . ., then the question is about
the probability

P(
100∑
i=1

Xi > 4× 60) = P
(∑100

i=1Xi − 2.5× 100

2×
√
100

>
240− 2.5× 100

2×
√
100

)
≈ P

(
Z > −1

2

)
= P(Z ≤ 1/2),

where Z is the normal random variable.

We can calculate using R:

pnorm(0.5) = 0.6914625

So the probability is approximately 69%.

6.3.1 Normal approximation to the binomial distribution

Note that a binomial random variable Y with parameter n and p can be
seen as a sum of indicator random variables Xi, where Xi = 1 if there was a
success in trial i and Xi = 0 if there was a zero. So for large n, the CLT is
applicable and the binomial distribution can be approximated by the normal
distribution. Since µ = EXi = p and σ2 = Var(Xi) = p(1 − p), for large n

the random variable

Y − np√
np(1− p)

is distributed as approximately standard normal.
This approximation is often used in various estimates related to public

polls.

Example 6.3.3. General elections of a president are going to be conducted
in Freedonia. Suppose that 48% of the population support Martha, 48%
supports Rose, and 2% support Dr. Who.

A poll asks 400 random people who they support. What is the proba-
bility that at least 50% of those polled prefer Rose?
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Let Y be the number of those in the poll who prefer Rose. Then we want
to find

P(
Y

400
> 0.5) = P(Y > 200)

= P
( Y − 0.48× 400√

400× 0.48× (1− 0.48)
>

200− 0.48× 400√
400× 0.48× (1− 0.48)

)
≈ P(Z > 0.8006408)

By using R we find that this probability is

1 - pnorm(0.8005408) = 0.2116988

So the probability is around 21%.

Continuity correction

Figure 6.1: Normal approximation for binomial distribution with n = 10 and
p = 0.5

Sometimes when n is not large it is useful to adjust the argument of the
normal cdf when approximating binomial. For example, if we Y is binomial
with n = 10 and p = 0.5, then direct calculation gives

P(Y ≤ 3) = pbinom(3, size = 10, p = 0.5) = 0.171875,

The normal approximation without correction gives

P(Y ≤ 3) ≈ P
(
Z ≤ 3− 10× 0.5√

10× 0.5× (1− 0.5)

)
= pnorm(−1.264911) = 0.1029516,
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while the approximation with correction (note 3.5 instead of 3, with justi-
fication in Figure 6.1: for x = 3.5, the area under the curve gives a better
approximation to the area of rectangles) gives

P(Y ≤ 3) ≈ P
(
Z ≤ 3.5− 10× 0.5√

10× 0.5× (1− 0.5)

)
= pnorm(−0.9486833) = 0.1713909,

which is very close to the true value.
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