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Abstract Let Hy = Ay+UnByUjy where Ay and By are two N-by-N Hermitian
matrices and Uy is a Haar-distributed random unitary matrix, and let ;L g, , (A, 1By
be empirical measures of eigenvalues of matrices Hy, Ay, and By, respectively. Then,
it is known (see Pastur and Vasilchuk in Commun Math Phys 214:249-286, 2000) that
for large N, the measure (g, is close to the free convolution of measures (4, and
By, Where the free convolution is a non-linear operation on probability measures.
The large deviations of the cumulative distribution function of u g, from its expecta-
tion have been studied by Chatterjee (J Funct Anal 245:379-389, 2007). In this paper
we improve Chatterjee’s concentration inequality and show that it holds with the rate
which is quadratic in N. In addition, we prove a local law for eigenvalues of Hy,,,
by showing that the normalized number of eigenvalues in an interval approaches the
density of the free convolution of w4 and wp provided that the interval has width
(log N)~1/2.

Mathematics Subject Classification (2010) 60B20 - 60B10 - 46L.54

1 Introduction

If A and B are two Hermitian matrices with a known spectrum, it is a classical problem
to determine all possibilities for the spectrum of A+ B. The problem goes back at least
to Weyl [21]. Later, Horn [13] suggested a list of inequalities which must be satisfied
by eigenvalues of A 4+ B, and recently, Knutson and Tao [15] using earlier ideas by
Klyachko, proved that this list is complete.

For large matrices, it is natural to consider the probabilistic analogue of this prob-
lem, when matrices A and B are “in general position”. Namely, let Hy = Ay +
UnBy U;‘,, where Ay and By are two fixed N-by-N Hermitian matrices, and Uy is

V. Kargin (X))
Department of Mathematics, Stanford University, Stanford, CA 94305, USA
e-mail: kargin @stanford.edu

@ Springer



678 V. Kargin

arandom unitary matrix with the Haar distribution on the unitary group U/ (N). Then,
the eigenvalues of Hy are random and we are interested in their joint distribution.

Let AEA) > 0> k;’;‘) denote eigenvalues of Ay, and define the spectral measure
of Ay aspuay == N1 Z,ivzl BA;:D. Define g, and g, similarly, and note that g,
israndom even if w4, and up, are non-random. What can be said about relationship
of way, By, and pp,?

An especially interesting case occurs when N is large. This case was investigated
by Voiculescu [20] and Speicher [18] who found that as N grows pp, approaches
1ay B sy, where H denotes free convolution, a non-linear operation on probability
measures introduced by Voiculescu in his studies of operator algebras. Their proofs
are based on calculating traces of large powers of matrices and use ingenious combi-
natorics. Later, Pastur and Vasilchuk [16] applied the method of Stieltjes transforms
to this problem and extended the results of Speicher and Voiculescu to measures with
unbounded support.

It appears natural to ask the question about deviations of p g, from s, B up,.

In order to illuminate the issues that arise, suppose first that we place N points inde-
pendently on a fixed interval [a, b], each according to a measure v. Let the number of
points in a sub-interval I be denoted A/;. Then, N is a sum of independent Bernoulli
variables and satisfies the familiar central limit law and large deviation estimates. In

particular,
Pr —NI —E —NI
NI|I| NI|I|
for large N.

A remarkable fact is that for random points corresponding to eigenvalues of clas-
sical random matrix ensembles, the asymptotic is different and given by the formula

Pr [ Mg (ﬂ)
NI NI
Intuitively, there is a repulsion force between eigenvalues which makes large devia-
tions of A; much more unlikely for large N.

For classical ensembles this fact was rigorously shown in a more general form in
[4]. Later, this result was extended to matrices of the form Ay + s Xy, where Ay is
an Hermitian N-by-N matrix and X is an Hermitian Gaussian N-by-N matrix; see
for an explanation Sects. 4.3 and 4.4 in [1].

The fluctuations of eigenvalues of matrices Hy = Ay + Uy By U;:, were consid-
ered by Chatterjee [8]. By an ingenious application of the Stein method he proved that
for every x € R,

> 5] ~ c1 exp[—c28%N] (1)

> 5] ~ c1expl—ca f (5)N?). )

Pr{|fHN(x) — IE]:HN(x)| > 8} <2exp [_68210gN] ,

where Fp, (x) := N~ 1./\/(,00, x] denotes the cumulative distribution function for
eigenvalues of Hy, symbol [E denotes the expectation with respect to the Haar measure,
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A concentration inequality and a local law 679

and c is a numeric constant. Note that the rate in this estimate is sublinear in NV, hence
the estimate is weaker than (2). In fact, it is even weaker than the estimate in (1)
because of the logarithmic factor (log N)~!, and therefore it does not contain any
evidence of the repulsion between eigenvalues.

The first main result of this paper is an improvement of this estimate and is as
follows.
AssumptionA1l. The measure 4, B up, is absolutely continuous everywhere on R,
and its density is bounded by a constant T} .

Theorem 1 Suppose that Assumption A1 holds. Let Fpy, and Fm_ y be cumulative dis-
tribution functions for the eigenvalues of Hy = Ay +Un By U;'\‘, and for s, Bup,,
respectively. Then, for all N > exp((c1/8)*/%),

P [sup | Fry () — Fay ()] > 5] < exp[—c28°N?(log N)~¢], 3)

where c1, ¢y are positive and depend only on Ky := max{||An|l, | B~ I}, Tn, and
e € (0,2]

Up to a logarithmic factor, the rate in this inequality is proportional to N2, which is
consistent with the possibility that the eigenvalues of matrix Hy = Ay + Uy BnUj;
repulse each other.

With respect to Assumption A1, it is pertinent to note thatif u4, ({x}) < 1/2 and
uay ({x}) < 1/2 for every x € R (i.e., if the multiplicity of every eigenvalue of Ay
and By is less than N /2), then p 4, B g, has no atoms (see Theorem 7.4 in [5]).
Moreover, since jt4, and up, are atomic, the results of [3] imply that the density of
Ay B wpy is analytic (i.e., in C* class) everywhere on R where it is positive. In
particular, Assumption A1 holds.

If Assumption A1 is relaxed, then it is still possible to prove a result similar to the
result in Theorem 1. Namely, if um y is absolutely-continuous at the endpoints of
interval I, then it is possible to show that for all sufficiently large N,

P ”% — pmn (D] > 3] < exp[—c28° N*(log N)~*]. )
Indeed, the only place where Assumption Al is used is when the distance between
FHy and Fm y is estimated in terms of the distance between m g (z) and mm y(z)
and this is done by using Bai’s theorem. In order to prove (4), the original proof
should be modified by using techniques from the proof of Corollary 4.2 in [10] instead
of Bai’s theorem. In this paper, however, we choose to concentrate on the proof of
inequality (3).

In addition, if Assumption A1 fails and x is an atom of w4, B upg, then by Thm
7.4 in [5] there exist x4 and xp such that x4 + xp = x, and

pay(§xad) + sy (fxph) — 1 = pay B upy({x}).

These x4 and xp are eigenvalues of Ay and Uy By U;‘, with multiplicities 4,
({xa})N and g, ({xp})N, respectively. Hence, by counting dimensions and using
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680 V. Kargin

the fact that eigenspaces of Ay and Uy By U;, are in general position, we conclude
that with probability 1, x4 + xp is an eigenvalue of Hy with multiplicity

(may({xad) + ppy(fxp}) — DN.

Hence, if x is an atom of w4, B up,, then we have the exact equality

iy (X)) = pnay Burpy ({x)).

These considerations suggest that perhaps Assumption Al can be eliminated or
weakened as a condition of Theorem 1.

Our main tools in the proof of Theorem 1 are the Stieltjes transform method and
standard concentration inequalities applied to functions on the unitary group.

In the first step, we establish the N rate for large deviations of the Stieltjes trans-
form of 11y, , which we denote m ,, (z). This follows from results in [1] and the fact
that the Stieltjes transform of g, is Lipschitz as a function of Uy and its Lipschitz
constant can be explicitly estimated.

Itis not possible to prove a concentration inequality for Fp,, (x) by a similar method
because for some x this function is not Lipschitz in Uy. An alternative is to use an
inequality by Bai (Theorem 23 in this paper), which gives a bound on sup, |Fg, (x) —
EFuy (x)| in terms of sup, [mpy, (z) — Empy, (z)|, where z = x + in. However, the
second term in this inequality depends on smoothness of EFp,, (x), which is difficult
to establish.

Instead, we show that sup, [Empy, (z) — mm y(z)| is small for n := Imz >
c/+/Tog N. (Here mg y(z) denote the Stieltjes transform of 14, B g, .) This esti-
mate allows us to use Bai’s inequality and estimate sup, | Fp, (x) — EFg y(x)| in
terms of the sum of sup, |myy(z) — Empy, (z)| and sup, |[Emy, (z) — mm y ()l
which are both small. The benefit of this change is that smoothness of Fg y (x) is
easier to establish than the smoothness of EFy, (x). In our case it is guaranteed by
Assumption Al.

For large Imz, the difference |Em g, (z) — mm@ x(2)| can be estimated by applying
Newton’s iteration method (as perfected by Kantorovich [14]) to the Pastur—Vasilchuk
system for Em g, (z). Namely, we use mgg y (z) as the starting point for this method
and show that for sufficiently large N the difference of the solution of the system,
Em g, (z), and the starting point is less than any fixed § > 0.

This method fails for small Imz. We use a modification of Hadamard’s three circle
theorem [12] in order to estimate the difference |Em g, (z) — mm y(z)| in the region
close to the real axis.

Theorem 1 implies the following local law result. Let N, (E) denote the number of
eigenvalues of Hy in an interval of width 25 centered at £, and let o y (E) denote
the density of s, B upy at E.

Theorem 2 Suppose that n = n(N) and 1//logN < n < 1. Let assumption Al
hold with Ty = T. Assume also that max{||An ||, |By |} < K for all N. Then, for all
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A concentration inequality and a local law 681

sufficiently large N,

2
> 8] < exp (—c82 (1N) ) ,

Ny (E)
7 el emnee (loz V72

2Nn
where ¢ > 0 depends only on K and T

(Here the notation (N) < g(N) means that limy_.o g(N)/f(N) = 4+00.)

The plan of the rest of the paper is as follows. We start in Sect. 2 by establishing
our notation. Section 3 provides a large deviation estimate for the Stieltjes transform
of py, and a related function. In Sect. 4, we use this estimate to bound error terms
in the Pastur—Vasilchuk system, which we re-derive for reader’s convenience. Section
5 is devoted to estimating |Em g, (z) — mm y(z)| in the region where Imz > 79, and
Sect. 6 is concerned with estimating it in the region Imz > 1/4/log N. Section 7
completes the proof of our two main theorems. Several concluding remarks are made
in Sect. 8.

2 Definitions and notations

We define Hy = Ay + UNBNU;\‘,. The spectral measure of Hy is ppy, =
N1 Z,](V:l 8, an, where )L,(fl) are eigenvalues of H, counted with multiplicity. Its
k

cumulative distribution function is denoted Fp,, (x) := pn, ((—00, x]). The num-
ber of eigenvalues of Hy in interval I is denoted N7 := Nupy (1), and NV, (E) :=
./\/( E—n,E+n) denotes the number of eigenvalues in the interval of width 25 centered
at E.

The resolvent of Hy is defined as Gy (z) := (Hy — z)~!. Similarly, GA(z) :=
(Any —z) ' and Gp(z) := (By — z)~". (For brevity, we will omit the subscript N in
the notation for resolvents and Stieltjes transforms.)

The Stieltjes transform of Hy is defined as

Wy (d))
A—2z

)

mp(z) :=N""TrGy(z) = /
R
where Tr denotes the usual matrix trace. The Stieltjes transforms of Ay and By are

defined similarly, e.g., ma(z) = N~!'Tr G 4(z). More generally, if 4 is a probability
measure, then its Stieltjes transform is defined as

di
my(2) ::/I)L»(—z)'
R

In addition, we define the following quantities:

1
= N'"Tr (UyByU*
fB(2) r( NBn NHN—Z)

@ Springer



682 V. Kargin

and

1
fa(z) ;== N~'Tr (ANH )

N —2Z
Next, we define the free convolution. Consider the following system:

m(z) =mu(z — Sp(2)),
m(Z) = mB(Z - SA(Z))s (5)

4+ L = Sa(2) + Sp(2),
m(z)

where m(z), Sa(z), Sp(z) are unknown functions.

Proposition 3 There exists a unique triple of analytic functions m(z), So(z), Sp(2)
that are defined in CT = {z : Imz > 0}, satisfy system (5), and have the following
asymptotics as 7 — 00:

mz) = —z '+ 072, ©
Sa,(2) = O(1).
Moreover, the function m(z) maps C* to C* and the functions Sa p(z) map C* to
C™ ={z:Imz < 0}.

Proposition 3 implies that the first function in this triple, mg v (z), is the Stieltjes

transform of a probability measure. This measure is called the free convolution of
measures (44, and pg, and denoted w4, B g, . (For shortness, we will sometimes
write this measure as ju@ x.) The two other functions in this triple, S4(z) and Sg(z),
are called subordination functions.
Proof of Proposition 3 The uniqueness of the solution of system (5) was proved in
Prop. 3.3 in [16]. However, it appears that their proof does not show that the solution
exists everywhere in the upper half-plane. We prove the existence and uniqueness
differently, by establishing a one-to-one correspondence between solutions of (5) and
certain objects in free probability theory. After this correspondence is established, the
existence, uniqueness and claimed properties of the solution follow from the corre-
sponding properties of the free probability objects.

Recall that in the traditional definition of free convolution [19], one defines the
R-transform of measure w4 by the formula R4 (¢) = mf{”(—t) — 1/t, where mi{l)
is the functional inverse of m 4, chosen in such a fashion that R 4 (¢) is analyticatt = 0.
The function Rp(¢) is defined similarly. Then, one proves that R = R4 + Rp is the
R-transform of a probability measure, and one calls this measure the free convolution
of u4 and w p. In fact, this definition of free convolution is equivalent to the definition
we have given above.

Indeed, let mm y be the Stieltjes transform of w4, B p) as it is usually defined,
that is, let it equal the functional inverse of R + 1/¢ multiplied by —1. By definition
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A concentration inequality and a local law 683

of Ry, the first equation of (5) can be written equivalently as

1
Sp(z) =72+ ——— — Ra(—mm y(2)),
WIEEL

N()

which we can use as a definition of Sp(z). This definition holds only for sufficiently
large z. However, by the results of Biane ( [6]), Sp(z) can be analytically continued to
the whole of C*. If we write the second equation in a similar form, add them together,
and use the equality R = R4 + Rp, then we get:

2
Sa(2) + Sp(2) =22+ ——— — R (-m@n(2))
mm, y(2)

1

=z+—0,
mm,n(2)
which is the third equation of system (5). By analytic continuation it holds everywhere
in C*. This shows that if mgg v (z), Sa(z), and Sp(z) are defined using the traditional
definition of free convolution, then they satisfy system (5). In particular this shows
the existence of the solution of (5) as a triple of analytic functions defined everywhere
inC*.

Conversely, if mm y(2), Sa(z), and Sp(z) satisty (5) with asymptotic conditions
(6), then in a neighborhood of infinity we can write

Ra(—mg n(2) = m§Vmg n(2) + 1/mz y(2)
=27— S + 1/mm N (),

where the first line is the definition of R4 and the second uses the first equation of (5).
If we write a similar expression for Rg(—mm y(z)), add them together, and use the
third equation of (5 ), then we find that

R(—mm@ N () =z+ 1/m@p N (2).

This shows that mm y (z) satisfies the same functional equation as the Stieltjes trans-
form of the free convolution measure defined in the traditional fashion. Since their
power expansions at infinity are the same, these functions coincide. In particular, this
shows that the solution of (5) is unique as a triple of analytic functions in C* that
satisfy asymptotic conditions (6).

Finally, the claimed properties of mm (z) and Sa, p(z) follow from the properties
of the Stieltjes transform of a probability measure and of the subordination functions.
The latter were established by Biane in [6]. O

We denote the cumulative distribution function of w4, H g, as Fm y and its
density (when it exists) as om -

The integration over U using the Haar measure will be denoted as [E. (This opera-
tion is often denoted as (-) in the literature.) Correspondingly, P (w) denotes the Haar
measure of event w.
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684 V. Kargin

We will usually write z = E + in, where E and n denote the real and imaginary
parts of z. We will also use the following notation:

Qpp.c = {z € C:Imz > 1o, Imz > cRez}.

3 Concentration for the Stieltjes transform and associated functions
The main result of this section is the following large deviation estimates for m g (z)
and fp(z).

Proposition 4 Let z = E + in where n > 0. Then, for a numeric ¢ > 0 and every
§ >0,

C82T]4
P{mu(2) —Empu(2)] > 8} < exp (— ||B||2N2)’ %)
and
C827']4 ) n 2
P{|fB(z) —Efp(2)| > 8} <exp |:— ||B||4N /(1+m) . (8)

Proof The first claim of this proposition follows directly from Corollary 4.4.30
in [1]. The second claim can be obtained by a modification of the proof of this Corol-
lary. For the convenience of the reader we give a short proof of both claims.

Both claims are consequences of the Gromov—Milman results about the concentra-
tion of Lipschitz functions on Riemannian manifolds [11]. In a small neighborhood
of identity matrix, all unitary matrices can be written as U = X, where X is Her-
mitian. We identify the space of Hermitian matrices X with 7U, the tangent space
to U(N) at point I. By left translations this identification can be extended to the
tangent space at any point of /(N). Define an inner product norm in 7l by the for-
mula || X |, = (Zij |Xi; 12)1/2. This gives us a Riemannian metric ds on U (N). The
Riemannian metric on SU(N) can be defined by restriction.

The (real or complex-valued) function f(x) on a metric space M is called Lips-
chitz with constant L if for every two points x, y € M, itis true that | f(x) — f(y)| <
Ld(x, y), where d(x, y) is the shortest distance between x and y.

Proposition 5 Let g : (SU(N), ds) — R be an L-Lipschitz function and let Eg = 0.
Then

(i) Eexp(rg) < exp(ct>’L?/N) for every t € R and some numeric ¢ > 0, and

(i) P{lg| > 8} < exp(—c1N8*/L?) for every 8 > 0 and some numeric ¢ > 0.

For the proof, see Theorems 3.8.3 and 3.9.2 in [7] and Theorem 4.4.27 in [1].

In order to apply this result, we need to estimate the Lipschitz constants for m g (z)
and fp(z). If M is a Riemannian manifold and f is a differentiable function on M,
then it is Lipschitz with constant L provided that |dx f(x)| < L for every x € M
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A concentration inequality and a local law 685

and every unit vector X € T M,. Here dy denotes the derivative in the direction of
vector X. We will apply this general observation to the manifold SU(N).
Let B denote UBU*, B(x) = ¢/X Be™X and let
mu(z, X) = (A+ B(x) —2)~'

We differentiate m y (z, X) with respect to X (and evaluate it at X = 0) by using the
chain rule.

l[dxmpy(z, X)]

ompy(2)
E 1 dXBxy(x)
- an}
sy

1 ~
= |7 222Gl X, Blyy
X,y

= _Z(Gz ~)yx xy| -

where we used the facts that dm; /d(Byy) = —N~'(G?),, and that dx B(x)|x—0 =
[X, B]. These facts can be easily checked by a calculation. For the first one, see Lemma
9 below.

If | X || = 1, then it follows that

ldxm(z, X)|

A

L6 By
N 9 2

L6 B
VN ’

_ 21B|
~ JNp?
Together with Proposition 5, this implies the first claim of the lemma. For the sec-

ond claim, let f(z, X) = B(x)(A + B(x) — z)~!. Note that B(A + B — 7)™} =
I — (A —2)(A+ B —z)~!. This allows us to calculate:

IA

83” (fB(z, X)) = —(G(A —2)G)yx-

Hence,

3fB(Z)

x,y xy

ldx f (z, X)|

dXBxy(x)

1 ~
‘ﬁ D (IG(A=2)G, Bl)yuXuy
x’y
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1 ~
NII[G(A —2)G, Bl

IA

IA

1 _
—|I[G(A — 2)G, B]]||.
«/ﬁ”[ (A—2) 11l

Since (A —2)G = 1— EG, we can continue this as

2 (B ||B||2)
dy f(z. X)| < — (— ,
ldx f(z )'<ﬁ( TR

and the rest follows from Proposition 5. O
Later, we will need the following consequence of Proposition 4.

Corollary 6 Let I, = [-2K +in, 2K + in]. Then for some positive ¢ and ci which
may depend on K and for all 5§ > 0,

C(SZT]4 )
P{sup mp(z) —Emp(z)| > 6} <exp|— =N,
el | Bl

provided that N > ¢1(y/— log(128))/(n%5).

Proof of Corollary Note that |m',(z)| < n~= and [Em’,(z)] < n~° and that it is
enough to place O (K /5>8) points on interval I, to create an g-net with & = n>8/4.1f
Impy(z) —Empy(z)| < /2 at every point of the net, then |my(z) — Empy(z)| < 6 for
all z € I;). Hence, by Theorem 4,

2 2

zel, 028 1BI2
:exp _C62n4N2+10g C/_K
1B %8
//62 4
< exp _con N? ,
1B

if N >ci(v/— log(nzé))/(nza) and ¢ is sufficiently large. O

/K 32 4
P sup|mH(z)—EmH(z)|>8]§c exp( ©n N2)

4 An estimate on error terms in the Pastur—Vasilchuk system

For the convenience of the reader, we re-derive here the Pastur—Vasilchuk system.
This is a system of equations for Em g (z), Efa(z), and E fp(z). When N is large,
this system is a perturbation of system (5), and the main purpose of this section is to
estimate quantitatively the size of this perturbation. Later, we will show that system
(5) is stable with respect to small perturbations, and therefore for large N the function
Em g (z) is close to the Stieltjes transform of w4, B up, .
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We use notations
Ag:i=my —Emp)Gy — Ga(fp —Efp)GH

and

1 1 1
Ry = ——Tr EA4 ), 9
AT Emp N (1 + (Ef5/Emp)Ga A) ©
with similar definitions for Ag and Rp.

Theorem 7 (Pastur—Vasilchuk) The functions Empy (z), Efa(z) and E fp(2) satisfy
the following system of equations:

E
Empg(z) =ma (Z - ]Enj:lj[((zz))) + R4(2),
Emp(2) = mp (z _ Efaw@ ) + Ry (), (10)
Emp(2)
4 I _Efa@+EfQR
EmH(Z) ]EmH(Z) ’

where R4 and Rp are defined as in (9).

The main technical tool in the proof of this theorem is the following formula due
to Pastur and Vasilchuk. Recall that G g is the resolvent of Hy = Ay + Uy By U;f,
where Uy is the Haar distributed random unitary matrix.

Proposition 8 E(myGy) = EmyGa — G4 fGp).

This result immediately implies Theorem 7. Indeed, the identity in Proposition 8
can be written in the following equivalent form.

Emyg)EGy = (Emy)Ga — Efp)GAEGH
+ E[lmyg —Emyg)Gpl — GAE[(fp —Efp)GH]
= Emy)Ga— (Efp)GAEGH +EA4.

This expression can be further re-written (after we multiply it by A y —z and re-arrange
terms) as

Efp
Empy(Ay — |2 — EGy =Emp + (Ay — 2)EA4.
EmH

Let 7’ := z — Efp/Em. Then for almost all values of z,

EmyEGy = GA(Z/)EmH + (Ay — Z)GA(Z/)EAA.
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688 V. Kargin

Take the normalized trace and divide the resulting expression by Em . Then, we
obtain

1

/ 1 1
Empy(z) =ma(Z) + Emp NTI (] B/ EmGa EAA) .

=ma(2) + Ra.

The second equation of the system is obtained similarly and the third equation is an
identity.

Proof of Proposition 8 1t is useful to use notation B=U NByUy and B(x) =
¢X Be~X Note that by using the resolvent identity Gy (z) — Ga(z) = —GA(z)E
G g (z), we know that

E(myGr) =EmuGa—myGaBGp)
= GAE(mH —mHEGH).

Hence, it is enough to show that ]E(mHEGH) =E(fpGp),

Lemma 9 Let A and B be two arbitrary matrices and G(z) = (A+ B —z)~ ). Then,
(0G/0Bxy)uv = —GuxGyy. In particular,

(Z(aG/any)Mxy) = - Z GuxMxyGyv~

X,y X,y

Proof This is an immediate consequence of the resolvent identity Gx4y(z) —
Gx(z) = —Gx(2)YGx4y(z) appliedto X = A+ B and Y = tE*Y, where E*Y
denote the matrix that have 1 in the intersection of row x and column y and zeroes
elsewhere. O

Lemma 10 For every u, v, a, b, it is true that

E(G#)ua(BG 1)pw) = E(G 1 B)ua(G ).

Proof Note that d(E[(A 4+ B(x) — z2)~ 1])/a't = 0 for every Hermitian matrix X,
because the distribution of B(x) = e~ X Be!'X is the same as the distribution of B.
We can compute

_y 0G 1 dB(x)xy

d
—[(A+B(x) —2)7'] =
dt =0 4 9By dt

t=0
. Gy Z = 7
=1 Z = [_Xstsy + BxsXsy]-
™ 0By

N

Let E®? denote an N-by-N matrix that has zeros everywhere except at the intersec-
tion of the a-th row and b-th column, where it has entry 1. If we set X = Eab 4 pba
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and use Lemma 9, then we obtain

~ELG 1)ua(BG )b + (G )up(BG )]
+ELG #B)ua(Gr)pw + (G B)un(Gr)ar] = 0.

IfwesetX =i (E ab _ g b“) , then we obtain a similar expression and adding them
together, we get:

El—(G#)ua(BG)py + (G1 B)ua(G)py] = 0.

If we take # = a in the statement of Lemmas 10 , then we get

E(G#)aa(BG1)pw) = E(G 1 B)aa(G1)iv).

By adding up these equalities over a and dividing by N, we obtain that E(m g BGp) =
E(fsG ), and Proposition 8 is proved. O

Now, we are going to estimate the error terms R4 and Rp. Let no > 0 and « > 0.
For our purposes it is sufficient to make the estimates in the region

Qo =1z € C:Imz > no, Imz > «Rez}.

Proposition 11 Assume that max {||A||, || Bl|} < K and let k > 0. There exists an ng
= cK such that for every z = E +in € Qy, «, it is true that

where C > 0 and depends only on K and k.

In order to prove this result, we will proceed in two steps. First, we will estimate
IEA 4] . Then we estimate the multipliers before IEA 4 in the definition of R4.

Proposition 12 Let z = E +in. Assume that n > no and that max {||A||, | B||} < K.
Then

PAIAAGI = e} < exp [—cen®N?],

and |EAA(D| < ¢/ (Nn3) where constants depend only on K and ng.
Proof of Proposition 12

Lemma 13 Let z = E + in, where n > 0. Then for a numeric ¢ > 0,

a)

e
P{ll(mpu(z) —Empy(2)) Gull = ¢} < exp |:_C||B||2N } ’
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and b)

827]8 2 n ?
PUIGA (f5) = Efa@) Gl = &) < exp| —eioigN /(”m) |

Proof Note that if X is a Hermitian matrix and 7 > 0, then [|[(X — in)~!| < 1/7.
By using this fact and Proposition 4, we get

80t 5
P{l|(mp(z) —Emp(2))Gyll = 8/n} <exp [—C”anN } :

Claim (a) of the lemma follows if we set ¢ = §/n. Claim (b) follows from Proposition
4 in a similar fashion. O
The first claim of Proposition 12 directly follows from Lemma 13.
For the second claim, note that ||EA4|| < E|| A4l by the convexity of norm, and
E||A 4|l can be estimated by using the first claim of Proposition 12 and the equality

EX = /(1 — Fx())dt,
0

valid for every positive random variable X and its cumulative distribution function
Fx (t). In our case, we obtain

o0
c/
E|Asll < [ exp[—ct?n®N?]dt = —.
|| A||_/xp[cn i = s
0

m}

Proposition 14 Let z = E + in where n > 0. Assume that {||A||, | B|l} < K. Then,
there exists such an ng = cK with numeric ¢ > 0, that for every n > no, (1 +

Efs/Emp)Ga@) 'l < 2.
The proof uses the following result.

Lemma 15 Assume that {||All, || Bll} < K. Then, for some numeric ¢ > 0, the func-
tions Em(z), E fp(2), and Em(2) /E f(z) can be represented by uniformly convergent
series in 7~V in the area |z| > cK,

oo

Em(z) = -+ Zak[m]sz,
k=2

Efp(z) = > alfsle ™
k=1

Efp(z)

—k
Em(z) Prz

M2

~
Il
=}
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The proof of the first two equalities is by expansion of (A + B — z)~! and B(A +
B — z)~! in convergent series of z~! and estimating the coefficients in these series.
This establishes the uniform convergence in the area |z| > ¢K and ensures that it is
possible to take expectation and trace of the series in a term-by-term fashion. The third
equality follows from the first two. O
Proof of Proposition 14 By the previous lemma, E fg/Emy is analytic in z~! and
therefore bounded if |z| > ¢K. Since |G 4(z)|| < 1/n, we can choose 79 = cK with
sufficiently large c, so that > ng ensures that

Ga(2)

H Ef5(z) 1

Empg(z)

and

< 2.

1
(- 2nen)

m}
Proof of Proposition 11 For every matrix X, it is true that | N “ITr(x)| < ||X||. Hence,
by using Propositions 12 and 14,

1 1 1
‘—Tr( EAA)‘ < H H IEAAN < —.
N 1+ (Efp/Empy) Gy 1+ Efp/Empy) Ga Nn

provided that n > 9 = cK.
By using the power expansion for m(z), we find m(z) ™' < 2|z| < 2nv/1 + k2 if
|z] > c¢K. It follows that for z € ;) «,

R 1
[Ral < N + k-

5 Stability of the Pastur—Vasilchuk system

By results of [16], the solution of system (10) exists and unique in the upper half-plane
C™. We are going to show that the solutions of systems (10) and (5) are close to each
other.

Proposition 16 Forall z € Q. «,

c/

ma E —
X{‘ mH(z) mEN(Z)‘} N
where ¢ and C/ depends on K and k ()}’llv.
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The idea of proof is to use the solution of the system (5) as the starting point of the
Newton-Kantorovich algorithm [14] that computes the solution of system (10).
It is convenient to use a more uniform notation, so we write system (10) in a more

compact form:
X3
X1 —mg (Z——)—RAZO,
xi

xl_mB(Z—ﬂ)_RBZO, (i

X1

X1 —x2—x3+1=0,

The starting point of the algorithm is £ = (mm N, Samm N, Spmm ), where

mm N (z), Sa(z), and Sp(z) are the solutions of (5).The variable z plays the role
of a parameter.

We assume that R4 and Rp are evaluated at the solution of (10) and fixed. Hence,
in (11), R4 and Rp do not depend on x. The solution of (10) remains a solution of
this simplified system.

In a shorter form, system (11) can be written as

P(x)=0. 12)

Now, let us explain the Newton-Kantorovich method. Let (12) be a general non-linear
functional equation where P is a non-linear operator that sends elements of a Banach
space X to a Banach space Y. Let P be twice differentiable, and assume that the
operator P’(x) has an inverse [P’ ()]~ € L(Y, X) where L(Y, X) denotes the space
of bounded linear operators from Y to X. Then the Newton-Kantorovich method is
given by the equation

Xnt1 = Xn — [P (x)]7 P (xn).

The Kantorovich theorem (i) gives the sufficient conditions for the convergence of
this process, (ii) estimates the speed of convergence, and (iii) estimates the distance of
the solution x* from the initial point xo. We give the statement of the theorem omitting
the claim about the speed of convergence, which is not important for us.

Theorem 17 (Kantorovich) Suppose that the following conditions hold:

1. foraninitial approximation xo, the operator P’(xq) possesses an inverse operator
[y = [P’ (x0)]~! whose norm has the following estimate: |T'¢|| < Co,

2. IToP(xo)l =< do,

3. the second derivative P"(x) is bounded in the domain determined by inequality
(13) below; namely, | P"(x)|| < M,
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4. the constants Cy, 69, M satisfy the relation ho = CodoM < 1/2.
Then equation (12) has a solution x*, which lies in a neighborhood of x( deter-
mined by the inequality

1—-J1—=2h
lIx — xoll < h—ooao, (13)

and the successive approximations x,, of the Newton method converge to x*.

Proof of Proposition 16 In order to apply the Newton-Kantorovich method, let us
calculate the derivative P’(x) for our system:

—m _Xx3\x ’ _x) L
1 mA(Z Xl)x% 0 mA(Z xl)xl
/
PO=|1omy(c-2)% my(c-2)4 0
1

z —1 —1
Then, the determinant is

m/ +m/
det(P) = ——4 B

m/ /
+ A (x4 0 +x3),
X1 Xi

where m', and m’; are short notations form’, (z — j{‘—f) and m'y (z — %) , respectively.

The power expansions from Lemma 15 and the definitions of m 4 and mp imply
that x; ~ —z 71, xo ~ apz ™!, x3 ~ Boz !, m'y ~ z72, and m'y ~ 772 for z — oo.
Hence

det(P) = % +0(),

in the area |z| > cK, where the constant in O (1) depends only on K.

(The proof that we gave for Lemma 15 holds only for x1 = mp, (2), x2 = fa (2),
and x3 = f3, (z). However, by using results from free probability, these power expan-
sions can be established in the case when x1, x> and x3 are defined as mm y, Samm v
and Spmm y, respectively.)

Now, it is easy to calculate the inverse of the derivative and find that

0
To=[P P ' =271 + o(1). (14)
0

- O O
S O O

Hence

IToll = |zl + O(1)
<2|z|,

if z € Qck .« and c is sufficiently large.
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By using formula (14), we calculate for z € Qcx «:

IToP (P < 1zI(IRal + |R5]) + O(Ral + |R5l)

C/
= cn(|Ral + [RB|) =< Ny’
where ¢’ depends only on K and « by Proposition 11.

The next step is to estimate || P”(x)|. Assume that ||x — B < %|z|’1. [Later
we will show that for large N this disc contains the disc given by (13).] By direct
computation of the second derivatives, it is easy to check that if ¢ is sufficiently large
and z € Q. ., all second derivatives of P (x) are bounded by a constant, which can
depend on K only. Hence, || P”(x)|| < M, where M depends on K only.

Now we can apply Theorem 17 with Cp = 2|z|, §o = ¢//Nn, M as in the previous
paragraph, and ko = CodoM. For all sufficiently large N, hg < 1/2 and disc (13) is
inside the disc ||x — xB | < %|z|_1 so that the estimate for the second derivative holds.

Hence by Theorem 17, if z € Q¢k «, then the Newton algorithm which starts at
x will converge to a solution of P(x) = 0 and this solution satisfies inequality
lx — +B | <280 = c/(Nn). This completes the proof of Proposition 16. O

6 Hadamard’s three circle theorem

So far, we established the behavior of the difference |Em p, (z) — mm y(z)| only for
the points where Imz > 1. Here we prove a result about its behavior for small Imz.

Proposition 18 Let 1), be a straight line segment between points —2K + iny and
2K +iny, where ny > c1/+/log N, and c\ is a positive constant that can depend on
K. Then,

sup |]EmH(z) — mag,N(z)| < exp (—c,/log N) ,

z€lyy

where ¢ depends only on K.

Corollary 19 Letny = c1 (log N)™% , where 0 < o < 1/2 and I,,,, be a straight line
segment between points —2K + iny and 2K + iny. Then,

P 1 sup |my(z) —mmy ()| > 8] < exp(—c28> N2 (log N) ™).

zelyy,

Constants c1 and ¢ depend only on K.

Proof of Corollary 19 This result follows from Corollary 6 and Proposition 18, which
estimate [my — Empy| and |Em H —mm y|, respectively, if we note that for suffi-
ciently large N, [Emp (z) — mm y(2)| < 8 forall z € I, o

For the proof of Proposition 18, we use the three circle theorem by Hadamard
[12,17].
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Theorem 20 (Hadamard’s three circle theorem) Suppose that f(z) is a function of a
complex variable z, holomorphic for |z| < 1, and let M (r) = supy fre?) forr < 1.
Then M (r) possesses the following properties:

1. M(r) is an increasing function of r;

2.log M(r) is a convex function of log r, so that

log(r2/7) log(r/r1)
logM(r) < —log(rz/rl) log M (r2) + —log(rz/rl) log M (r1)

O<rn<r<rmn<l.

We will need the following consequence of this theorem.
Lemma 21 Suppose f(z) is holomorphic for |z| < 1, and let M (r) be defined as in

Theorem 20. Suppose that M(r) < ¢/(1 —r) for all r < 1 and that M(e™") < 8,
where 0 < § < 8o and 8y depends only on c. Let

() = exp (—4y/c/log(1/8))
() = exp (—/clog(1/9))
Then
M) < &)
forallr < r(8) (Fig. I).
(Note that if § — 0, then  (8) — 1 and & (8) — 0.)

Proof Let Ls = log(1/8),r9 = exp(—+/c/Ls), and so = logrg = —+/c/Ls. By
assumption,

< 2+/cLg

M(ro) <

c
1 —exp(—+/c/Ls

for all sufficiently small §. In the plane (log r, log M), the equation of the straight line
that goes through points (—1, —Lg) and (log rg, 2+/cLs) is given by

I(s) = 2{/cLs + Ls
—e/Ls + 1

= Lg |:—2\/E+\/L_8
—Jc+/Ls

(s+1)—Ls

(s+1)—1].
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log M(r)
1/2

“12(cL)

logr
12

[ —(cL)

—L=logd

Fig. 1 Illustration to the proof of Lemma 21

By Hadamard’s theorem, log M (e®) < I(s) for all s € [—1, s0]. Let us sets =

4s0 = —44/c/Ls. Then,

I5) = —JeLy — 9cvLs —JcLs

if Ls > c.
Hence,
log M(e*) < —/cLs
ifs =logr <5 =—4/c/Ls and § < 8y(c). O

Since we are interested in functions on the upper half-plane rather than on the unit
disc, we have to make a change of variables before we are able to apply Hadamard’s
theorem. Consider the following map:

w—ia

= )
w+1ia

where a is a positive real number. This map sends the upper half-plane C* = {w :
Imw > 0} bijectively to the unit disc D={z : |z| < 1}. In particular, it sends point ia
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to the center of the disc. The inverse transformation is

14z

w=1ia .
-z

Letx e Randleté = (x —ia)/(x +ia) € dD. Then

1L _ 1 0-50-2

x—w 2ai E—z
Let
T du(x)
X
g(w)=/ a ,
X —Ww
—0o0o

where Imw > 0 and p is the difference of two probability measures. After the change
of variable w = w(z), this function becomes a function of variable z € D. We will
denote it as f(z). Then,
1 (1-8)1—-2)
f@)= T/—dV(E), (15)
ai E—z
8D

where |z] < 1 and v is the forward image of u, hence it is the difference of two
probability measures on the unit circle 0 D.
Evidently, f(z) is analytic for |z]| < 1.

Lemma 22 Let f(z) be defined by formula (15) with v which is the difference of two
probability measures on dD. Then, M(r) < 4a='(1 —r)~L.

Proof Clearly, |1 — &| < 2,|1 —z| <2, and |§ — z] > 1 — |z]. It remains to notice
that the total variation of v is bounded by 2, since it is a difference of two probability
measures. These facts imply that | f(z)| < 4a~'(1 — |z)~L. O
Proof of 18 The map w = ia% sends disc B(0, e~!) to adisc D; € C* that has the
diameter

ce—1  e+1
ia ,ia .
e+1 e—1

By an appropriate choice of a, disc Dj can be placed arbitrarily far from the real axis,
hence we can apply Proposition 16 and write

/

C
sup |[Emp(w) —mg y(w)| = —, (16)
weDy aN

where ¢’ depends on K.

@ Springer



698 V. Kargin

Next, define § = ¢’/(aN) and let r(§) = exp(—8a‘1/,/log(1/8)) as in Lemma 21
with parameter ¢ = 4a=' The mapw = ia%ﬁ sends disc B(0, r(8)) todisc D, € C*
with the diameter

, |:l—r(8) 1+r(8)i|
TR 1= |

Note that the radius of D, approaches infinity as § | 0, and that

. 1—=r() . a . a
ia——— ~4i =4 .
1+7r(5) log(1/6) log(aN/c")
It follows that there exists a ¢; > 0 such that for ny = c1/+/log N all the points of

the segment 7, are located inside the disc D;.
Hence, Lemma 21 and estimate (16 ) imply that

sup |Emp(w) —meg y(w)| < exp(=2y/a=!log(aN/c")) (17
wEIWN
< exp(—c2+4/log N). (18)

]

7 Proof of Theorems 1 and 2

We use the following result due to Bai (see Theorems 2.1, 2.2, and Corollary 2.3 in
[2]). We formulate it in the form suitable for our application

Theorem 23 (Bai) Let K = max{||Ay.Bn|}. Then,

K

sup |[Fay (x) — FEN(K)] < 1 / Imp(E +in) —mm y(E +in)|dE
X
— K

1
+;Sup / |F@ N (E +x)=Fm@ y(E)ldx |, (19)
E

lx|=<4n

where c) and ¢y are numeric.

Proof of Theorem 1 By using Assumption A1, we can estimate
|F.n (E +x) — Fan(E)] < Tylxl],

and therefore the second term on the right-hand side of (19 ) is bounded by 167y 1.
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—e/4

Letussetny = c1(log N) , where 0 < ¢ < 2. By Proposition 18, we can make

sup [Emp (z) —mm y(2)| < 8/3,

z€ly

provided that N > (3/8)1°23/9 We can also make 16Tyny < 8/3 by choosing
N > exp((c/8)¥%).

Then, we can use Bai’s theorem and Corollary 19, and find that for all sufficiently
large N

P [SUP|-7:HN —F@nl > 5] < P{sup |my(z) —mm n ()| > cd}
X

€Ly

< P{sup |my(z) —Empg(z)| > c16}
zel,,N

< exp(—c28>N2(log N) ™),

where to make sure that the last inequality holds, it is enough to take

N > c1(/log(1/(128)))/ (1*5).

For small 8, the most binding inequality on N is N > exp((c/8)*/?). O
By using Theorem 1, we can derive the following corollary and prove Theorem 2.
Recall that N7 denotes the number of eigenvalues of H in the interval /.

Corollary 24 Suppose the assumptions of Theorem 1 hold, and assume in addition
that n > c/(e+/log N). Then the following inequality holds:

N 2
Py sup >epr <exp (—cez(n—)z) ,
1,|I|=n (log N)

where ¢ > 0 depends only on K and T

N N
NI 1]

Proof Let I = (a,b]. Then N;/N = Fpy(b) — Fuy(a) and pm y(I) = Fan
(b) — Fm n(a), and therefore

1
L=y | N| 1]
=P | Sup |Fry () — Fan (D) — (Fuy (@) — Fy(@)] = 877] ,
a,b:b—a=n

and the corollary is the direct consequence of Theorem 1. The assumption about 7 is
needed to ensure that NV in Theorem 1 is sufficiently large and is forced by assumptions
of Proposition 18. O
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Proof of Theorem 2 Assumption Al with uniform 7 ensures that wm y(1)/|1]
approaches o y(E£) when I = (E—n, E+n]andn — 0. Moreover, the convergence
is uniform in E. Hence the conclusion of the theorem is implied by Corollary 24.

(]

8 Concluding remarks

We have shown that the probability of a large deviation of the empirical c.d.f. of
eigenvalues of Ay + UyByUy, from the c.d.f. of pay BH upy is bounded by
exp(—c8?N?/log® N). The same results holds for the ensemble in which Uy denotes a
Haar-distributed real orthogonal matrix. In this case Lemma 10 does not hold as stated
and should be corrected. After this correction the identity in Proposition 8 becomes:

1
EmuGr) =EmuGa —GafpGr) — NGAE([(GH)Ta BlGh).
Hence, we need to re-define A 4 by adding an additional term
~N~'GAlGw)", BIGy.

The norm of this term is bounded by ¢/(Nn?), therefore the estimate ||[EA 4| <
¢/(Nn?) from Proposition 12 remains valid and further analysis can be carried through
without changes.

It would be interesting to investigate whether the empirical measure of eigenvalues
satisfies the large deviation principle. At the very least, it should be expected that the
limit

, 1
Jim —— log P{|Fpy () = EFpy ()] > )

exists and is positive. It is also likely that the large deviation principle holds at the
level of measures. For classical Gaussian ensembles the large deviation rate is closely
related to the free entropy of a probability measure:

X(u) = /log[x = yldp(x)du(y).

For more general large matrices with Gaussian entries, the large deviation rates were
obtained in the work of Guionnet. It is not clear if there are similar formulas for the
large deviation rate in the case of sums of random matrices.

The second contribution of this paper is a local law for eigenvalues. It was shown
that the local law holds on the scale (log N y~1/2 1t would be interesting to extend
this law to smaller scales. In the case when the eigenvalue distributions of matrices
Ay and By converge to limiting distributions 4 and up with the free convolution
w4 B up, the author expects that the local law holds on the scale N =1+ at all points
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where the density of the free convolution exists. (A trivial cases when (14 or up are
concentrated on a single point should of course be ruled out.)

Currently, the limit laws on this scale are known for the Gaussian symmetric and
sample covariance matrices, where they are implied by the explicit description of the
limiting eigenvalue process on the scale N~!. They have also been established in [9]
for the Wigner and sample covariance random matrices. In this case, the local laws
have been used as the first step in the proof of the universality conjecture for this class
of random matrices.

Another area of possible further research is to understand better the local structure
of the eigenvalues, in particular, the point process of eigenvalues and compare it to
the structure of eigenvalues in classical ensembles of random matrices. One would
expect that the point process of eigenvalues converges to a universal limit.
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