Chapter 1

Review

The following topics from previous courses are assumed to be known. If
needed, review this material on your own. You can find review material on
our current textbook [3], and in the textbook for previous course [2].

1.1 Groups

The following definition, is somewhat different from, although equivalent to,
the usual definition of a group.

Definition 1.1 A group consists of a non-empty set G with three opera-
tions:

e a binary operation, denoted by _- _, called the group multiplication,

e a unary operation, denoted by _!, called the inverse operation, and

e a nullary operation, or constant, denoted by 1 or e, called the identity

element of G.

Moreover, these operation must satisfy the following identities:
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Associativity = - (y-z2) = (z-y) - 2,

Identity element z-1=1-2z =z,

Inverse elements z-z '=x2"1-z=1.

When we refer to the above as identities, we mean they are formulas univer-
sally quantified on all their variables.

The purpose of this modified version, is to avoid existential statements in
the definition. Universal statements tend to behave better than existential
statements under some algebraic constructions. In the standard definition,
the uniqueness of the identity element, and the uniqueness of the inverse
of an element, are not part of the definition, and they follow from it. In
our definition, the uniqueness is built-in as inverse and identity element are
defined as operations.

Note that an n-ary operation, is a function that takes n arguments and
produces one (unique) result for those arguments. A zero-ary operation takes
no arguments and produces one result; in other words, a zero-ary or nullary
operation selects one element from G.

1.1.1 Subgroup Lattice

Definition 1.2  Given a group G, the collection of subgroups of GG, denoted
Sub(G) is called the subgroup lattice of G.

Definition 1.3  Given a group G, the collection of normal subgroups of G,
denoted Nor(G) is called the normal subgroup lattice of G.

The word lattice has a technical meaning, and hidden in the previous
definitions, are a couple of theorems that state Sub(G) and Nor(G) are indeed
lattices. More on this later.
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1.1.2 Isomorphism Theorems

The naming/numbering of the isomorphism theorems varies from one author
to another. Here is a table comparing our notation with that of Dummit &
Foot[2] and Grillet [3].

Our Dummit & Foote[2] Grillet[3] Other
Factorization Factorization

First First Homomorphism Isomorphism
Second Second Second Diamond

Third Third First Double quotient
Fourth Fourth Factorization* Lattice

Fifth Fourth**

* The Factorization Theorem is only part of our Fourth Isomorphism The-
orem.

** Dummit & Foote combine our Fourth and Fifth Isomorphism Theorems
into a single one.

Theorem 1.1 [Factorization Theorem] Let G be a group and N a normal
subgroup of G. For any group homomorphism ¢ : G — H, ¢ factors through
the quotient map q : G — G/N iff N < ker(y). When this is the case, the
factorization is unique.

G2+ H
q

13w
G/N

Exercise 1.1.1 Prove Theorem 1.1.

There is a set theoretic version of this theorem. it requires we define the
kernel of any function f: A — B as:

ker(f) = {(a1,a2) € A x Alf(ar) = f(az)} (L1)

Exercise 1.1.2  let A, B be sets and f : A — B a function. Show that
ker(f), as defined in (1.1) above, is an equivalence relation on A, and the
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function f factors through the quotient map

qg: A — Afker(f)
a +— |[d

where [a] is the equivalence class of a under the equivalence relation ker(f).

The previous exercise is a special case of the following theorem.

Theorem 1.2 [Factorization Theorem (Set Version)] Let A be a set
and 0 an equivalence relation on A. For any function f : A — B, f factors
through the quotient map q : A — A/0 iff 6 < ker(f). When this is the case,
the factorization is unique.

A—L.B

hd
’

q .l

v e
A/6

This set theoretic version has applications outside of algebra. For ex-
ample, if A and B are topological spaces, and f is continuous, then ¢ is
continuous, when A/6 is given the quotient topology.

Exercise 1.1.3 Prove Theorem 1.2.

Theorem 1.3 [First Isomorphism Theorem] If ¢ : G — H is a group
homomorphism, then

G/ ker(p) ~ Im(p);

in fact, there is a unique isomorphism 6 : G/ker(p) — Im(yp), such that
p=108o0q.

G L H
G/ker(p) - o Im(¢p)

Exercise 1.1.4 Prove Theorem 1.3. Hint: use Theorem 1.1.
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Theorem 1.4 [Second Isomorphism Theorem]| Let G be a group, N be
a normal subgroup of G and H a subgroup of G. Then HN is a subgroup of
G, N is normal in HN, H N N is normal in H and

HN/N ~ H/(H N N)

The following diagram is associated with this theorem, hence the name
Diamond Theorem. Double lines indicate normality. Note that the statement
is that the corresponding quotients are isomorphic. Theorem 1.4 holds with
a weaker assumption. N doesn’t have to be normal in G; it suffices that H
normalizes N.

Figure 1.1: Diamond Theorem

Theorem 1.5 [Third Isomorphism Theorem]| Let G be a group, N, M
normal subgroups of G with N < M. Then
(G/N)

G/M =~ —(M/N)

The third isomorphism theorem, can be remembered as saying “a quotient
of a quotient is a quotient”. That is why it is sometimes refered to as the
double quotient theorem.
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00—
G/M

G/N| M=
M/N

Ly

Figure 1.2: Double Quotient Theorem

For the next two theorems to make full sense, we need to know the def-
inition of a lattice, and lattice homomorphisms. These can be found in
Chapter 2 ahead. In the absence of those definitions, instead of isomor-
phism of lattices, the claim is of a bijective correspondence. Thus, the name
Correspondence Theorem is sometimes used.

Theorem 1.6 [Fourth Isomorphism Theorem] Let G be a group and
N a normal subgroup of G. The lattice Sub(G/N) of subgroups of G/N is
isomorphic to the interval [N, G] in Sub(G). An isomorphism is given by

[N,G] — Sub(G/N),

M +—  M/N (1.2)

and this isomorphism preserves indices.

Theorem 1.7 [Fifth Isomorphism Theorem| Let G be a group and N a
normal subgroup of G. The lattice Nor(G/N) of normal subgroups of G/N
is isomorphic to the interval [N, G in Nor(G). An isomorphism is given by
the same map as in (1.2).

Clearly, when it comes to groups, the fourth and fifth isomorphism theo-
rems could be combined into a single theorem. The only reason to keep them
separate, is that in other algebraic systems, quotients do not correspond to
a special class of subs, as they do in groups. This can be seen in the case of
rings, where quotients correspond to ideals; it is even more clear in the case
of lattices, where one needs congruences to form quotients.
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1.1.3 Commutators, Derived Subgroup

There are two different and non-equivalent definitions of “commutators”.
They both serve the same purpose, but they should not be combined with
each other. Our choice follows Grillet’s [3] notation. Dummit & Foote [2]
use the other notation!.

Definition 1.4 Let G be a group. For z,y € G, the commutator of x and

y is defined as:
1

[z, y] =y ™y~
The commutator subgroup of GG, denoted G’ is the subgroup of G generated
by the set of all commutators of elements of G. The commutator subgroup

is also called the derived subgroup of G.

Remarks 1.1.1 1. Even though, the commutator of two elements is
defined differently, the commutator subgroup is the same under the
other definition. If we denote by *y the element xyz !, i.e. the result
of the left conjugation on y by x, then the commutator

[z, yl ="y -y,

can be thought of as the “difference” between y and y acted on by .

2. The inverse of a commutator is a commutator

[z,y] 7! = [y, 2],

but the product of two commutators is not necessarily a commutator.
So, the best we can say about elements of G’ is that they are the
product of commutators.

Lemma 1.8 1. If H <G then H' < .
2. If p: G — H is a homomorphism, then o(G') < H'.

Theorem 1.9 The commutator subgroup G' of a grup G is a normal subgroup
of G. In fact, it is a characteristic subgroup of G, i.e. closed under all
automorphisms of G. It is the smallest normal subgroup of G whose quotient
1s abelian. In other words, for a normal subgroup N < G,

G/N s abelian iff G’ < N.

!The other definition has [z,y] = 27ty toy
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The derived subgroup G’ of G is more than characteristic, it is a “fully
invariant” subgroup, i.e. it is closed under all endomorphisms of G.

1.1.4 Solvable groups

Definition 1.5 The commutator series or derived series of G, denoted by
(G™|n > 0), is defined recursevely by

G =@, and GV .= (G("))/.

The group G is solvable if there is a k such that G*) = 1. The smallest such
k is called the derived length or solvable length of G, and is denoted I(G).

The only group of solvable length zero is the trivial group. Groups of
solvable length 1 are precisely the non-trivial abelian groups. It is common
practice by some authors to say “solvable of length n” meaning “solvable of
length < n”; that way, one would say that abelian groups are precisely the
groups of solvable length 1.

Proposition 1.10 Let G be a group, H < G and N <G.

1. If G is solvable, then H 1is also solvable, and
I(H) <I(G).
2. G is solvable iff N and G /N are both solvable. In this case
I(G) <I(N)+I(G/N).
Definition 1.6 A normal series of a group G is a series
l=Hy<H, Q---<H, ,<H, =G

Theorem 1.11 A group is solvable iff it has a normal series with abelian
factors.
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1.2 Commutative Rings

Here are some concepts and results from the course Rings and Algebras
that we will be using. Throughout this section the term “ring” will mean
commutative ring with unity.

1.2.1 Isomorphism Theorems

1.2.2 Polynomial Rings

The following theorem is called the “Universal Mapping Theorem” for poly-
nomial rings.

Theorem 1.12 [Universal Mapping Theorem] Let R and S be

R : 15 rings, ¢ : R — S a ring homomorphism, and a € S such that a
Ll 3!?/ ;a commutes with p(R). There is a unique homomorphism
Rlz] - ¢ : Rlx] — S,
x
such that

e © extends v, i.e. for everyr € R, p(r) = ¢(r),

o O(z) =a.

1.2.3 Integral Domains

Proposition 1.13 Let D be an Integral Domain, and M <1 D. M is a max-
imal ideal iff D/M is a field.

Definition 1.7 Let p € D be a non-zero non-unit element (nznu for short).

1. We say p is irreducible if

p = ab = a is a unit, or b is a unit.
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2. We say p is prime if
plab = pla or p|b, i.e. abe (p)=ac (p)orbec (p).

Note 1.1 It is easy to check that prime implies irreducible.

1.2.4 Unique Factorization Domains

Lemma 1.14 Let R be a UFD. An element of R is prime iff it is irreducible

Lemma 1.15 Any two elements of a UFD R have a greatest common divisor,
unique up to associates.

Definition 1.8 A polynomial f(z) € R[z] is primitive if the ged of all
coefficients is 1.

Proposition 1.16 [Eisenstein Criterion] Let R be a UFD, and f(x) €
Rx] a primitive polynomial. If there is p € R prime that divides all coeffi-
cients of f(x), other than the leading coefficient, and p* does not divide the
constant term, then f(x) is irreducible.

Lemma 1.17 [Gauss’ Lemma] Let R be a UFD. If f(z),g(x) € R[z] are
primitive then their product f(x)g(x) is also primitive.
The following corollary is also known as Gauss’s Lemma.

Corollary 1.18 Let R be a UFD, and @ 1its field of fractions. For f(z) €
R[x] a primitive polynommial, f(x) is irreducible in R|x] iff it is irreducible

1.2.5 Principal Ideal Domains

Proposition 1.19 Let R be a PID, a € R and I = {(a). I is a mazimal ideal
of R iff a is an irreducible element of R.
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1.2.6 Euclidean Domains

1.2.7 Fields

Theorem 1.20 D > UFD > PID > ED > Filds

Theorem 1.21 Let R be a ring and R|x] its polynomial ring. The following

table gives the best possible property for R[x], given the property of R, among
{ID,UFD,PID,ED, Field}.

Coefficient Ring | Polynommial ring
R Rz]

ID ID

UFD UFD

PID UFD

ED UFD

Field ED

1.3 Vector Spaces

1.3.1 Bases, Dimension

Theorem 1.22 Let V' be a v.s. over a field F.

1. V has a basis.

2. Any two bases of V' have the same cardinality.

Proposition 1.23 Let F be a field. The polynomial ring F[z|, as a vector
space over F' is infinite dimensional with basis

{2'|i > 0}.
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1.4 Posets and Zorn’s Lemma

01/28/20 Definition 1.9

e A partially ordered set, (poset for short), (P, <) consists of a set P
and a binary relation < on P which is reflexive, antisymmetric, and
transitive. When < is implicitly understood from the context, we just
say P is poset.

e A subset X of a poset P is itself a poset under the same order relation
restricted to X.

e A chainis a poset (or a subset of a poset) in which every pair of elements
x,1y are comparable, i.e. either x < y or y < .

e An element m € P is said to be maximal, if for every x € P,
m<T=m=uz;
i.e. there is no element of P strictly larger than m.

e An element m € P is said to be maximum or largest, if x < m for every
x e P.

Maximal elements don’t need to exist, and when they do, they don’t have
to be unique.

Definition 1.10 Let P be a poset, and X C P. We say that u € P (resp.
[ € P) is an upper (resp. lower) bound for X if z < u (resp. [ < z) for every
r e X.

Note 1.2 Note that an upper bound for X in P, does not have to belong
to X. When it does, it is the largest element of X.

Theorem 1.24 [Zorn’s Lemma]| Let P be a non-empty poset. If every
non-empty chain in P has an upper bound, then P has a maximal element.

Zorn’s Lemma is equivalent to The Axiom of Choice, meaning that in
standard set theory minus AC, either one can be proved assuming the other.
ZL is in fact one of dozens of important statements throughout mathematics
that are equivalent to AC.



Chapter 2

Lattices

In this chapter we have a brief discussion about lattices and complete lattices,
with the material we will need in Chapter 4. We will alto touch on some basic
ideas about Universal Algebras.

2.1 Equivalent Definitions

There are two alternative, and equivalent, ways to define the concept of
lattice. The first is as a poset; the second as an algebraic system, i.e. a set
with operations. Before we jump into the definition(s) of a lattice, we need
a couple of poset concepts.

Definition 2.1 Let P be a poset, and X C P. We say that u € P is a
least upper bound for X, if v is an upper bound for X and it is the smallest
element in the set of all upper bounds for X, i.e.

o (Vze X)(z<u)

e (VzeX)(z<v)=u<w

A dual definition can be given for greatest lower bound of a set.
The antisymmetric property guarantees that a least upper bound for a set X

13
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is unique when it exist. In such case we denote it by Lu.b.(X) or by \/ X.
However, a subset of a poset doesn’t have to have a least upper bound. The
greatest lower bound of X, when it exists, is denoted by g.l.b.(X) or by

AX.

Definition 2.2 [1st. Lattice Definition]

e A /attice is a non-empty partially ordered set L, in which every pair
of elements have a l.u.b. and a g.l.b.. For z,y € L, the Lub.{z,y} is
denoted x V y, and the g.l.b.{z.y} is denoted = A y.

e A bounded lattice is a lattice with largest and smallest element. The
largest element is usually denoted by 1 and the smallest element by 0.

It follows easily by induction that in a lattice L, any non-empty finite
subset has a l.u.b. and g.1.b.. As a consequence, any finite lattice is bounded.
A generic picture of a bounded lattice:

1

Q

0

For 1.u.b.(0) to exist, it is necessary and sufficient that L has a smallest
element, and 1.u.b.(() is that smallest element of L. Similarly, the existence
of g.1.b.(0) is equivalent to L having a largest element. Hence, in a bounded
lattice every finite subset has a l.u.b. and g.l.b..

Every chain is a lattice, with the meet of two elements being the smaller
and the join being the larger. In the bounded lattice

1
{:I:— nEN}
n

Notice that in a lattice L, V and A can be thought of as binary operations.
This gives rise to the second definition of a lattice.

not every subset has a l.u.b..
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Definition 2.3 [2nd. Lattice Definition] A lattice (L,V,A) consists
of a non-empty set L and two binary operations V and A that satisfy the
following identities:

Associative (xAyY)ANz=zxzANyNz) (zVy)Vz=xV(yVz)

Commutative zAy=yAx rVy=yVz
Idempotent rANr =21 rNr==x
Absortion zA(xVy) =z zV(xANy) =z

A bounded lattice (L,V,A,0,1) consists of a non-empty set L, two binary
operations V and A and two nullary operations 0 and 1, satisfying the above
identities plus the zero-element identities.

Zero element A0 = 0 zVv1 =1

Here is the statement about the equivalence of the two definitions of
lattice.

Theorem 2.1

1. Given a lattice (L,<) in the poset sense, the meet and join, as bi-
nary operations, satisfy the identities in the second definition of lattice.
Hence, (L,V,N\) is a lattice in the algebraic sense.

2. Given a lattice (L,V,\) in the algebraic sense, the binary relation <

defined by
<y iff rAhy=u=

is a partial order on L, and for x,y € L, x Ay is the gl.b.{x,y} under
this order, and x V' y is the L.u.b.{x,y}. Hence (L, <) is a lattice in the
poset sense.

3. Given a lattice (L, <) in the poset sense, the partial order defined on
(L,V,A) via Part 2 is the same as the original partial order on (L, <).

Proof. Ex. [ |
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The previous theorem shows not only that we can go from a lattice in
one sense to a lattice in the other sense, but that going back and forth are
inverse processes.

From now on, when we say lattice, we don’t need to specify in what sense.
We have both.

Examples 2.1.1 1. (N, <) is alattice, bounded below, but not bounded
above. It is a chain.

2. (N, ]) is a bounded lattice, with smallest element 1 and largest element
0. In this lattice,

Lub{n,m} =LemA{n,m} and glb{n,m}=gc.d{n,m}.

Definition 2.4 Let (P, <) be a poset. It is clear that the reverse order
> is also a partial order on P. The poset (P, >) is called the dual poset of
(P, <). When < is not explicitly mentioned with P, we denote the dual poset
by P°.

Lemma 2.2 The dual of a lattice is a lattice.

Metatheorem 2.3 [Duality Principle for Posets| If a statement S in
the language of posets holds true for all posets, then the dual statement S°,
obtained from S by reversing all inequalities, also holds true for all posets.

Metatheorem 2.4 [Duality Principle for Lattices| If a statement S in
the language of lattices holds true for all lattices, then the dual statement S°,
obtained from S by reversing all inequalities and exchanging all meets and
joins, also holds true for all lattices.

The next two propositions illustrate the use of this duality principle. They
are both related to the distributive property. Even though distributivity does
not hold in every lattice, Proposition 2.5 shows that half of it does. The
second part of this proposition follows from the first by the duality principle.

Proposition 2.5 Let L be a lattice, and x,y,z € L.

1.xAN(yVz)>(xAy)V(zAz)

2.2V (ynz)<(xVy A(zVz)
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Proof. Ex. [ |

Most ideas related to lattices can be expressed using either the partial
order, or the operations. Depending on the idea, one of them, or a combina-
tion of both, will be more appropriate. The ideas of sublattice, and lattice
homomorphism, are better expressed in algebraic terms.

Definition 2.5 A sublattice of a lattice L is a non-empty subset M which
is closed under meets and joins.

Examples 2.1.2 1. Not every subposet of a lattice is a lattice. Even
when it is a lattice, its meet and join operations may differ from those of
the bigger lattice. Consider the poset L in Figure 1.2 for the Diamond
Isomorphism Theorem, which is a lattice. The subset X = {N, H} is
not a lattice. The subset Y = {1, N, H, G}, is a lattice, but it is not a
sublattice of L; the meet of N and H in L is NH, whereas their join
inY is G.

2. The subset M = {N,H, NH, N N H} of the lattice L in Figure 1.2 is a
sublattice

Definition 2.6 Given two lattices L and M, a map ¢ : L — M is said to
be a lattice homomorphism if it preserves the operations, meet and join. For
two bounded lattices a homomorphism is required to preserve also the two
constants 0 and 1.

As with other algebraic objects, lattice morphism come in six flavors: homo,
mono, epi, iso, endo and auto.

Examples 2.1.3 1. The embedding of { N, H, NH, NN H} into the lat-
tice L of Figure 1.2 is a lattice homomorphism, but not a bounded lat-
tice homomorphism. The bottom line is that preservation of some of
the operations does not imply preservation of all of them. This is un-
like the case of groups, where the preservation of the binary operation
implies the preservation of the unary and the nullary operations.

2. A lattice homomorphism has to be isotone, i.e., preserve the order.
However, being isotone is not enough to be a homomorphism. Consider
the two lattices in Figure 2.1 below, and the map

p:l—1la—2,0—1y,0~0.

01/30/20
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Figure 2.1: Bijective, isotone but not an isomorphism

N\
N/

It is an order-preserving map, but it is not a lattice homomorphism.
Even though it is a bijection, it is not a lattice or poset isomorphism.

Proposition 2.6 Consider the two distributive laws (identities)

cAyVz) = (xAy)V(zAz)
zV(yNz) = (zVy A(zVz)

A lattice L satisfies one of the distributive identities iff it satisfies the other
one. Such lattice is called distributive.

Proof. One direction is proved directly (exercise). The other direction follows
by the duality principle. [ |

2.2 Complete Lattices

Definition 2.7 A complete lattice is a poset L in which every subset has
a l.u.b. and ag.l.b..

Clearly, every complete lattice is a lattice and every finite lattice is a
complete lattice. Not every lattice is complete as illustrated by (N, <).
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The following proposition shows that Definition 2.7 is redundant.

Proposition 2.7 If L is a poset in which every subset has a l.u.b., then every
subset of L also has a g.1.b.. Hence L is a complete lattice. Dually, if every
subset of L has a g.1.b., then every subset also has a l.u.b..

Proof. Ex. [ |
Examples 2.2.1 1. (N,|) is a complete lattice. The join of any infinite
subset is 0.

2. For a group G, Sub(G) is a complete lattice. The order is inclusion
and the meet of any collection of subgroups of G is equal to their
intersection. For Hy, Hy < G, the join H;V Hs is the smallest subgroup
of G containing both H; and H,, i.e. the subgroup (H;UH,), generated
by their union. In fact, for any collection (H;|i € I) of subgroups of G,

3. For a group G, Nor(G) is a complete lattice. The order is inclusion
and the meet of any collection of subgroups of G is equal to their
intersection. For Ny, Ny < G, the join Ny V N is their product NiNs.

2.3 Universal Algebras and Closure Systems

The two examples at the end of last section are a special case of a more
general situation.

Definition 2.8 Let S be a set. A collection F of subsets of S is called a
closure system on S if it is closed under arbitrary intersections. The elements
of F are called closed subsets of S. Given X C S, the smallest closed subset
of S that contains X is called the closure of X.

Since the intersection of the empty collection of subsets of S is equal to
S, any closure system F on S is required to have S as an element, hence be
non-empty. It follows immediately from Proposition 2.7 that
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Corollary 2.8 Given a closure system on S, the closed subsets of S form a
complete lattice with intersection as the meet.

Examples 2.3.1 1. The closed sets of a topological space form a clo-
sure system.

2. For any set S, P(S) is a closure system. All subsets are closed.

3. For any set S, Pr(S)U{S} is a closure system. Any finite set is closed.
The closure of an infinite subset if all of S.

4. For a group G, the collections Sub(G) and Nor(G) are closure sys-
tems. Given X C G, the closure of X in Sub(G) is (X), the subgroup
generated by X; the closure in Nor(G) is (X¢), the normal subgroup
generated by X.

5. For any ring R, the collection Sub(R) of subrings of R and Idl(R) of
ideals of R are closure systems.

All the above are complete lattices, and Examples 2.3.1.2,4,5 are special
cases of Proposition 2.9. For that proposition we need the following defini-
tion.

Definition 2.9 We say that a non-empty poset D is a directed set if any
two elements of D have an upper bound in D, i.e. for any z,y € D there
is z € D such that z,y < z. The dual of directed is sometimes called dual-
directed, or directed down.

Note that the condition for directed set is weaker than than for join
semilattice, i.e. a poset where any two elements have a L.u.b..

Definition 2.10 Let A be a set, and n € N. An n-ary operation on A is
a function f : A" — A. We call n the arity of the operation f. A universal
algebra or algebraic system

A= (A7 (fi)iel))

consists of a non-empty set A, called the wniverse of A, together with a
family of (finitary) operations, f;. The corresponding family of arities (n;);cr
is called the type of the algebra A
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Proposition 2.9 Let A be a universal algebra, i.e. a non-empty set with
a collection of finitary operations. Let Sub(A) be the family of all subalge-
bras/subuniverses of A, i.e. subsets of A which are closed under all operations

of A.

1. Sub(A) is a closure system, and a complete lattice. For X C S, the
closure of X is called the subalgebra generated by X, and it is denoted
(X).

2. Gwen a directed subfamily of Sub(A), its union is in Sub(A).

Proof. Ex. [ |
Exercise 2.3.1 1. What is the collection of operations in Example 2.3.1.27

2. What is the collection of operations for Nor(G) in Example 2.3.1.47

3. Why is Example 2.3.1.3 not necessarily an instance of Proposition 2.97

4. Why is Example 2.3.1.1 not necessarily an instance of Proposition 2.97
Exercise 2.3.2  Prove Proposition 2.9.2.

It can be shown that every complete lattice is isomorphic to a closure
system.

Associated with every closure system on S, there is a closure operator

c:P(S) = P(9)

that assigns to each subset of S the smallest closed subset that contains it.
It is possible to characterize closure systems in terms of closure operators.

Definition 2.11 Let P be a poset. A function ¢ : P — P is called a
closure map if it is “extensive”, “idempotent”, and “isotone”. That is, for all
z,y € P,

L.z <c(x),

HW
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3. 2 <y=c(z) <c(y).
When P = P(S) for some set S, ordered by inclusion, we refer to a closure

map ¢ : P(S) — P(S) as a closure operator.

Lemma 2.10 Let L and M be posets and ¢ : L — M a bijection such that
both ¢ and ¢~ preserve order. If L is a lattice (resp. complete lattice) then
so is M, and ¢ is a lattice (resp. complete lattice) isomorphism.

Proposition 2.11 The complete lattice 1d1(Z) of ideals of the ring of inte-
gers, is anti-isomorphict to (N, |).

Proof. [ |

Proposition 2.12 Let L be a lattice and a,b € L with a <.

1. The interval [a,b] defined by
[a,b] :={z € Lla <z <b}
is a bounded lattice, and it is a sublattice of L.

2. If L is a complete lattice, then |a,b] is also a complete lattice with the
same meets and joins, except on the empty set ().

! Anti-isomorphic means isomorphic to the dual.



Chapter 3

Field Extensions

In this chapter we study fields and how they are related to each other. Since
every homomorphism of fields is injective (see Proposition 3.1 below) it fol-
lows that fields are related by inclusion, up to isomorphism.

Throughout this chapter all rings are understood to be unitary, and so
are all ring homomorphisms. Moreover, unless otherwise stated, rings are
assumed to be non-trivial, i.e. 0 # 1. To preserve the bijection between
homomorphic images and ideals (1st Isomorphism Theorem) it is common
practice to assume ideals are proper, I # R, or equivalently, 1 ¢ I.

3.1 Fields

Definition 3.1 A field is a non-trivial commutative ring in which every
non-zero element has a multiplicative inverse. Equivalently, it is a ring in
which the non-zero elements form an abelian multiplicative group.

It is easy to see that a field is an integral domain, and we will make use
of this fact.

Notice that in a field F, the multiplicative inverse is a unary partial op-
eration, as it is not defined for 0. This prevents us from treating fields as

23
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universal algebras. Many results that hold for universal algebras also hold
for fields, but not all of them. See Proposition 3.2 and Exercise 3.1.1 .

Exercise 3.1.1  Show that the direct product of two fields is never a field.

Definition 3.2 Given a field F, a subfield of F' is a subring K which is
closed under multiplicative inverses of all non-zero elements.

Proposition 3.1

1. A field F is a simple ring, i.e. the only ideals are F' and 0. The only
quotients are 0 and F.

2. A homomorphism ¢ : F — R from a field to a non-trivial ring is
injective. Therefore, F' ~ Im(p) is a subring of R. When R is also a
field, Tm(yp) is a subfield of R.

Examples 3.1.1 1. Q is a subfield of R, which is a subfield of C.

2. Zy is a field iff p is prime.

The next proposition shows that, despite fields not being universal alge-
bras, Sub(F’) has properties in common with the lattice of subalgebras of an
algebra A. It turns out to have many properties in common with the lattice
of subalgebras of an algebra A.

Proposition 3.2 Let F' be a field.

1. The set of subfields of F is closed under arbitrary intersections; hence
Sub(F) is a closure system and a complete lattice.

2. The union of a directed family of subfield of F' is a subfield of F.

Proof. Proposition 2.9 takes care of everything other than the multiplicative
inverses. It is easy to see that a non-zero element in the intersection (resp.
union) of subfields, has its multiplicative inverse in the intersection (resp.
union). |

Definition 3.3 Given a field F', the smallest subfield of F', which exists
by Proposition 3.2, is called the prime subfield of F'.
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The reason for this name comes from Proposition 3.3 below.

Definition 3.4 Let R be aring, x € R, and n € N. We denote by n - z,
the sum
T+T+--+.

n—times

The characteristic of R is the smallest element n in (N, |), such that n-x =0
for all x € R.
For n < 0, we define n-x = —((—n) - z.

Proposition 3.3 The characteristic of a field F' is either 0 or a prime p.
Correspondingly, the prime subfield of F' is isomorphic to Q or Z,.

Proof. Consider the map

p: Z — F
n — n-1

It is easy to see that this is a ring homomorphism, whose kernel is the ideal
generated by ¢ = char(F'). It follows that Z/(c) ~ Im(¢p) is (isomorphic to)
a subring of F', hence an integral domain. That forces c to be 0 or a prime.
Since Z is generated by 1, then Im(y) is generated by ¢(1) = 1p.

If ¢ = 0 then Im(yp) ~ Z, and the subfield generated by this subring is
isomorphic to Q. Since every subfield of F' contains 1, it must contain this
copy of Q, showing that this is the prime subfield of F'.

If ¢ = p is a prime, then Im(p) ~ Z/(p) ~ Z, is a subfield of F. Again, every
subfield of F' contains this image, showing that this is the prime subfield of
F. [ |

Since Sub(F) is a closure system, we can talk about the subfield generated
by A for any subset A of F. We are particularly interested in the subfield
generated by a subfield K and an element a, and in the subfield generated
by a family of subfields, i.e. their join. We begin with the first.

Proposition 3.4 Let K be a subfield of F', and a € F.

1. The evaluation map

ev, : Klz]
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is a ring homomorphism. Its image, Im(ev,) is the subring of F' gen-
erated by K U{a}. We denote it by K|a).

2. The field of fractions of K[a] is the subfield generated by K U{a}. It is
denoted by K (a), and its elements are of the form u/v with u,v € Kla],
and v # 0.

The elements of K(a) can be thought of as evaluations at a of rational
functions in K (z), but this evaluation map

evy : K(xz) —» F

is only a partial map, as many denominators may evaluate to 0. The domain
is a subring of K (x).

Proof. 1. That ev, is a ring homomorphism is an immediate consequence
of the UMP for polynomial rings, see Theorem 1.12. It is clear that
Im(ev,) contains K and a, so it contains the subring generated by
K U{a}. On the other hand, the elements of K[a| are of the form f(a)
for some f(x) € K[z], so any ring that contains K and a must also
contain Ka).

2. We know that the field of fractions of a subring, is the smallest subfield
containing that subring. In the closure system Sub(F') of subfields of
F, K(a) is the closure of K[a], which contains the closure of K U {a}.
By part 1, any subfield E that contains K U {a} must contain K(a),
and therefore must contain its closure K (a). |

Definition 3.5 Let K be a subfield of F', and a € F. We say that a
is transcendental over K if the homomorphism ev, in Proposition 3.4.1 is
injective. Otherwise, we say a is algebraic over K. In the later case, the
kernel is an ideal of K[z], and since K[z] is an Euclidean Domain, this ideal
is principal. It is generated by a non-zero polynomial of smallest degree in
the ideal. Among the individual generators of ker(ev,) there is one which
is monic; we call that polynomial the minimal polynomial of a over K, and
denote it by ming(a). It is easy to see that this polynomial is irreducible
over K; for that reason, it is also denoted irrg(a). The degree of ming(a) is
called the degree of a over K, and it is denoted deg (a).
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Examples 3.1.2 1. The element v/2 € R is algebraic over Q. Its min-
imal polynomial is ming(v2) = % — 2, and degg(v2) = 2.

2. The elements m,e € R are transcendental over Q. Johann Heinrich
Lambert conjectured that e and m were both transcendental numbers
in his 1761 paper proving the number 7 is irrational. In 1873, Charles
Hermite proved that e is transcendental. In 1882, Ferdinand von Lin-
demann published a proof that the number 7 is transcendental.

3. The elements of K are algebraic over K of degree 1. For a € K,
ming (a) = z — a. In fact, for a € F, degg(a) =1iff a € K.

Corollary 3.5 Let K be a subfield of F' and o € F.

1. If « is trascendental over K, then K[a| ~ K[z], and K(a) ~ K(x).

2. If a is algebraic over K, then K(a) = K[a].

Proof. When « is transcendental over K, the result is obvious. Consider
the case when « is algebraic over K. Since K[z] is a P..D. and ming(«)
is irreducible, it follows, from Proposition 1.19, that ker(ev,) is a maximal
ideal, and by Proposition 1.13, K[a] ~ K[z]/ker(ev,) is a field. [

Note that when o € F' is transcendental, K[a] ~ K|[z| is infinite dimen-
sional as a vector space over K (see Proposition 1.23). We will see that the
converse also holds. See Theorem 3.11 below.

The previous proposition can be extended from a single element a € F',
to a family A of elements of F', with essentially the same proof.

Proposition 3.6 Let K be a subfield of F', and A C F. For each a € A, let
x, denoted an indeterminate, and let X = {x,|a € A}.

1. The evaluation map

evy: K[X] — F
k' — k forkeK
gy > a forac€ A
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is a ring homomorphism. Its image, Im(ev,) is the subring of F' gen-
erated by K U A. We denote it by K[A]. When A = {ay,...,a,} is a

finite set, we also write Kay, ..., a,).

2. The field of fractions of K|[A] is the subfield generated by K U A. It
is denoted by K(A), and its elements are of the form w/v with u,v €
K[A], and v #0. When A ={ay,...,a,} is a finite set, we also write
K(ay,...,a,).

The elements of K(A) can be thought of as evaluations at A of rational
functions in K(X),
evy: K(X)— F,

but this evaluation map is only a partial map, as many denominators may
evaluate to 0. The domain is a subring of K (X).

Definition 3.6 Let K be a subfield of F', and A C F. We say that A is
algebraically independent over K if the map ev4 in Proposition 3.6 is injective.
Othewise, we say that A is algebraically dependent.

Corollary 3.7 If A is algebraically independent over K, then K[A] ~ K[X],
and K(A) =~ K(X).

Notice the similarity with the concept of linear dependence. A set of
vectors is linearly dependent if they can be related by a linear equation. A set
of elements is algebraically dependent if they can be related by an algebraic
(polynomial) equation. The concept of algebraic independence satisfies all
the conditions needed for a matroid.

Exercise 3.1.2  Let K be a subfield of F', and aq,as,...,a, € F. Show
that

Klay,as, ... a,) = Klai][as] - - - [an],

and
K(ay,aq,...,a,) = K(ay)(ag)---(a,).

As a consequence of Proposition 3.6 we get the first part of the next
proposition. A similar argument can be used to prove the second part.
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Proposition 3.8 1. Let K, L be subfields of F'. The join of K and L,
also called their composite, and denoted by KL, is the field of fractions
of the set of all sums of products kl with k € K and [ € L.

2. Let (K)ier be a family of subfields of F. Their join is the field of

fractions of the set of all sums of products of elements in UKi' In
iel

each product, the factors may be taken from different K;’s. When I

15 a totally ordered set, the factors in the products may be taken with

ascending order of indices, meaning a;, a;, - - - a;, withi; < iy < - < 1y,.

3.2 Field Extensions

The concept of field extension and subfield are the same,
but from opposite points of view. We say that F'is a field
extension of K whenever K is a subfield of F. We write
F/K is an extension. Since fields do not have interesting
quotients, there is no danger in using this notation. We just
have to remember that it does not denote a quotient. A
field tower consists of a totally ordered set of fields, ordered
as extensions. For example, we write F//E/K to indicate
that F' is a field extension of F and FE is a field extension
of K. We may draw the diagram shown on the left.

N —

Proposition 3.9 If F' is a field extension of K, then F is a vector space
over K, where the scalar multiplication is just multiplication in F.

Definition 3.7 1. Given an extension F'/K, the dimension dimg(F'),
of F' as a vector space over K, is called the degree of F//K, and is
denoted [F: K.

2. A finite extension is an extension F'/K of finite degree.

3. An extension F'/K is said to be a simple extension if F' = K (a) for some
a € F. Such a is called a primitive element of the extension F'/K.

4. An extension F/K is said to be a finitely generated if F' = K (a4, ..., a,)
for some aq,...,a, € F.
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Note 3.1 1. Given an extension F/K, we have [F: K] =1 iff F =
K.

2. It is common practice to write the degree of an extension next to the
edge in the diagram. See Example 3.2.2 below.

Examples 3.2.1 Here are some examples of extensions

1. C/R is a finite extension of degree 2.

C

‘2 2. R/Q is an infinite uncountable extension.
R 3. The field Q(+/2) is the set

0 {a—kbﬁ‘a,be(@}.

Notice that
(a+bv2)-(c+dv2) = (ac+ 2bd)+ (ad+ bc)v2

1 _ a —b
(a+bv2) —  a?-2b? + a?—2b? \/5

Now, on one hand, Q@ < Q(v/2) since v2 ¢ Q. On the other hand {1,v/2}
is a spanning set for Q(1/2) as a vector space over Q. If follows that
dimg(Q(v/2)) = 2, ie. [Q(v2): Q] =2, and {1,v/2} is a basis for Q(+/2)

as a vector space over Q.

. An identical argument to that in part 3, shows that [Q(v/3) : Q] = 2,
and {1,v/3} is a basis for Q(v/3) as a vector space over Q. Since Q(v/2) #
Q(v/3) (why?), it follows that Q(v/2,v/3) > Q(v/2), so we have [Q(+/2,/3) :
Q] > 2, and Q(v2,V3) > Q(V/3). As before, since {1,1/2} is a spanning
set for Q(v/2,v/3) as a vector space over Q(v/3), we get that [Q(v/2,V3) :
Q(\/g)] = 2, and {1, \/5} is a basis for @(\/5, \/§) as a vector space over
Q(v/3). To obtain [Q(v/2,v/3) : Q], we will use the following theorem. See
Example 3.2.2.1 below.

Exercise 3.2.1  Show that Q(v/2) # Q(V/3). Generalize.

Theorem 3.10 [Product Rule for extensions] Let F//E/K be a field
tower. For U ={o;li € I} CF andV ={p;|j € J} CE, let

UV:{CMZBJ’ZGI,jEJ}
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If U s linearly independent over E and V is linearly independent over
K, then UV s linearly independent over K.

If U spans F over E and V' spans E over K, then UV spans F over
K.

If U is a basis for F over E and V is a basis for E over K, then UV
is a basis for F' over K.

[F:K]|=|F:E|F:K]|. (3.1)

Proof. 1. Suppose we have a finite support family (a; ;i € I,57 € J) of

elements of K, such that

Z amalﬂj =0.

(i) eIxJ

For i € I, let b; = Y _a;;8; € E. The family (b|i € I) has finite
jeJ
support, and we get
icl
By linear independence of U over E, we get b; = 0 for all i € I. By
linear independence of V' over K, we get a;; =0 foralli e [,5 € J.

Let v € F. There is a finite support family (b;|i € I) of elements of E,
such that v = Z b;a;. For each ¢ € I there is a finite support family
icl
(a; ;17 € J) of elements of K, such that b; = Zamﬂj. Combining
jeJ
these expressions we get

= Z aijo ;.

(4,)elIxJ
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Right after Corollary 3.5 we noted that if o € F' is transcendental over
K, then K|[a] is infinite dimensional over K. We’ll now prove the converse,
completely characterizing algebraic v/s transcendental in terms of the degree
of the corresponding simple extension.

Theorem 3.11 Let F'/K be an extension and o € F'.

1. If « s algebraic over K of degree n, then the set
A={l,a,0% ..., 0" "}
is a basis for K(a) over K, and [K(«) : K] =n = degg ().

2. If a is trascendental over K, then [K(a) : K] = oco.

Proof. 1. By Corollary 3.5, it suffices to prove that A is a basis for K|a].
Let f(x) = ming(a) = 2" + ;2" ' + -+ + ¢,_17 + ¢,. The fact that « is
a root of this polynomial yields that ™ is a linear combination of A, with
coefficients in K. If follows by induction that any o™, m € N is in the span
of A, showing that A spans K[a|. The minimality of ming(«) yields the
linear independence of A.

2. This follows from Corollary 3.5, K(a) ~ K(z), and the facts that
dimg (K[x]) is infinite, and Kz] is a K-subspace of K (z). [

Remark 3.2.1 It is not difficult to show that dimg (K (x)) = max(| K], |N]).

Examples 3.2.2 1. Let’s revisit Example 3.2.1.4. Since Q(\/Q_, \/g) >
Q(V3), we have [Q(+v/2,v3) : Q(v/3)] > 2. Since 2 satisfies

a quadratic polynomial over Q(\/§ ), we have the other inequality

[Q(v2,v3) : Q(V/3)] < 2. Using Theorem 3.10 we get [Q(v/2,V3) :

Q] = 4. The following diagram summarizes the information we have

/\
\/

02/11/2020
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2. From the previous example, we can now say something about a =
V2 + /3. Note first that

1 1
a V2+43

s0, V3 = Lo+ 1) and V2 = ia - 1), which yield Q(vV2,V3) <
Q(c). The other inclusion is obvious so, Q(a) = Q(v/2,v/3), and by
Theorem 3.11.1, degg(a) = 4. On the other hand, o® = 5 + 2v6, so
(a? —5)? =24 and a* — 10a® + 1 =0, so « is a root of x* — 102? + 1,
making ming(a) = z* — 1022 + 1.

VT VT,

A natural question to ask here is what other fields lie between QQ and
Q(v2,v/3). By the product rule of Theorem 3.10, any other intermediate
fields will have degree 2 over Q, but we don’t know at this point what they
may look like. We will be able to obtain a complete answer, with the help of
the Fundamental Theorem of Galois Theory in Chapter 4.

Another important question to ask is whether all elements of Q(v/2, v/3)
are algebraic over Q. Example 3.2.2.2 suggests a way to deal with this
question, but for an arbitrary

o =ar+aV2 4+ azV3 + a4

the argument gets trickier. A better approach is found below in Proposi-
tion 3.12.

Definition 3.8 Let F'/K and E/K be two field extensions (over the same
field K). A map ¢ : F — FE is called a K-extension homomorphism, or simply
a K-homormorphism, if it is a field homomorphism, and ¢(a) = a for all
a € K. The set of K-homomorphisms from F to E is denoted Homg (F, E).
The set of K-automorphisms of F' is denoted Autg (F'); it is clearly a group
under composition.

Note that if ¢ : F' — FE is a field homomorphism, F' and E must have the
same characteristic, hence the same prime subfield P. The homomorphism
@ fixes P, hence it is a P-homomorphism.
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3.3 Algebraic Extensions

Definition 3.9 An extension F/K is said to be algebraic, if every a € F'
is algebraic over K. Otherwise, we say that it is trascendental.

Examples 3.3.1 1. C/R is algebraic, as every complex number, a + bi
satisfies a quadratic equation with real coefficients, i.e. (x—a)?+b* = 0.

2. R/Q is transcendental.
3. Q(v/2))/Q is algebraic, as each a 4 bv/2 is a root of a quadratic poly-

nomial with rational coefficients, i.e. (z —a)? — 2b* = 0.

The previous examples are a special case of the following proposition.

Proposition 3.12 Any finite extension is algebraic.

Proof. 1If F/K is a finite extension, then for any a € F', we have [K(«) : K]
[F': K] < co. By Theorem 3.11, « is algebraic over K.

VAN

The converse of this proposition does not hold. That is, not every al-
gebraic extension is finite. On the other hand, Theorem 3.11.1 provides a
partial, i.e. elementwise converse.

Algebraic extensions share many properties with finite extensions. See
for example Theorem 3.18.

Example 3.3.2 We will show below that the set A of algebraic numbers,
i.e. complex numbers algebraic over Q, is a subfield of C. By Eisenstein’
criterion the polynomial x™ — 2 is irreducible, and a root of it has degree n
over Q. Since the degrees of algebraic elements are unbounded, A/Q cannot
be finite.

The following corollary and lemma need each other, without creating a
vicious circle. The corollary uses part (1) of the lemma, and part (2) of the
lemma uses the corollary.

Corollary 3.13 Ifay,...,q, € F are algebraic over K of degrees ny, ...,y
respectively, then K(ai,...,qn) is a finite extension of K, of degree <
Ny Ny
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Proof. By induction on m. The case m = 1 follows from Theorem 3.11.1. As-
sume [K (o, ..., ;1) 1 K] <ny---n,_1. By Lemma 3.14 below, we have
a,, is algebraic over K(ayq, ..., 1) of degree < n,,. By Proposition 3.12,
and the Product Rule (3.1) for extensions, we get

[K<a17"'7am) : K] S ny-- Ny
as desired. [ ]

Lemma 3.14 Let K < E < F be an extension tower, and o € F.

1. If a s algebraic over K then it is algebraic over E.

2. If a is algebraic over E, and E/K is algebraic, then « is algebraic over

K.

Proof. (1) This is the easy part. Suppose « is algebraic over K, and

let
acF ¢
‘ f(z) = ming(a) = 2" + a1z"t + - 4+ ap_17 + ay,
L be the minimal polynomial of o over K. Since aq,...,a, €
alg K < E, we have f(z) € E[z], so « is algebraic over E and
K f(x) is a multiple of ming(«).

(2) Suppose now that « is algebraic over E, and E/K algebraic. Let
g(z) = ming(a) = 2™ + byz™ 4+ b1+ by

be the minimal polynomial of a over £. We get that « is algebraic over
K(by,...,by). The coefficients by, ..., b, € E are algebraic over K, so Corol-
lary 3.13 shows that K(by,...,b,)/K is a finite extension. By the Product
Rule (3.1), we get that [K(a,b,...,b,) : K] is finite, and therefore, by
Proposition 3.12, « is algebraic over K. [ |

Note that the proof of Corollary 3.13 uses one part of Lemma 3.14, and the
other part of Lemma 3.14 uses Corollary 3.13. The first part of Lemma 3.14
does not need F to be algebraic over K. We will find similar looking lemmas
when we consider separable and purely inseparable extensions. (see Lem-
mas 3.57 and 3.69)
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Scholium 3.15 In the set up of Lemma 3.1/, we get

ming(a) | ming (o) and degg(a) < degy ().

The following corollary generalizes what we observed in Example 3.2.2.2.

Corollary 3.16 If o, € F are algebraic over K, of degrees n and m re-
spectively, then K(a, B)/K is a finite extension of degree < nm. Therefore,
a+ B, af and /B, when § # 0, are algebraic over F' and their degrees are
<nm. If (m,n) =1, then [K(«a, ) : K| = mn.

Proof. The first statement is a special case of Corollary 3.13. The second part
follows immediately. The third follows from the first and Theorem 3.10.4,
the product rule for extensions. [ |

Corollary 3.17 The set of elements of F' which are algebraic over K form
a subfield of F.

In particular, the set A of algebraic numbers forms a subfield of C, which
is an algebraic extension but not a finite extension over Q. This fills the gap
in Example 3.3.2

Even though the class of algebraic extensions is larger than that of fi-
nite extensions, both have many common properties. From Theorem 3.10,
the Product Rule (3.1) for extensions, we get that a finite extension of a
finite extension is finite. The next theorem gives the corresponding result for
algebraic extensions. It follows at once from Lemma 3.14.

Theorem 3.18 Let F/E/K be a field tower. F/E and E/K are both alge-
braic extensions iff F//K is algebraic.

The following proposition can be seen as the algebraic counterpart to
Corollary 3.13.

Proposition 3.19 Let F//E/K be a field tower, with E/K algebraic, and let
S C F be a set of elements algebraic over E. Then E(S) is algebraic over
K.



3.3. ALGEBRAIC EXTENSIONS 37

Proof. By Lemma 3.14 every element of S is algebraic over K. It follows that
E(S) is contained in the subfield of F consisting of all elements algebraic over
K. By Theorem 3.18 E(S)/K is algebraic. u

Corollary 3.20 Let K < Ey, Fy < F be such that Ey and Es are algebraic

over F'. Then the join E1Fs is algebraic over K.

More generally, if K < E; < F and each E;/K 1is algebraic, then \/E, s
iel

algebraic over K.

Exercise 3.3.1  Prove Corollary 3.20.

3.3.1 Building Up

The results in this subsection show us how to “build up” extensions where
polynomials have roots, and how to extend morphisms to those extensions.

Definition 3.10 Let E/K be a field extension, and f(x) € Klz] a poly-
nomial. We say that f(x) splits over E if f(z) factors as a product of linear
factors in F[z|. We also say that E has enough roots for f(z).

We say that E is a splitting field for f(x) over K, if f(x) splits over F and E
is minimal with this property.

For a set S C K][x] of polynomials, we say that S splits over E if every
f(z) € S splits over E. We say that F is a splitting field for S over K if S
splits over F, and E is minimal with this property.

Note 3.2 If E is a splitting field for f(z) over K, since E[z] is a UFD,
the roots ay, ..., a, of f(x)in E are uniquely determined by its factorization
into linear factors. By minimality, we get F = K (ay,...,ay,). Similarly, for
S C K]z}, if A is the set of all roots of polynomials from S in E, then by
minimality, £ = K(A).

Thus, we immediately get from Corollary 3.13 and Proposition 3.19 the
following.

Corollary 3.21 1. Let f(x) € K[z] and E/K an extension such that E
is a splitting field for f(x) over K. Then E/K is a finite extension.
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2. Let S C Klz| and E/K an extension such that E is a splitting field for
S over K. Then E/K is an algebraic extension.

From Note 3.2 we also get:

Corollary 3.22 Let f(x) € K[x], and let E be an extension of K such that
f(x) splits over E. Then E contains a unique splitting field of f(x), i.e
K(aq,...,ap), where aq, ..., ay are the roots of f(x) in E.

We will prove a more general result on the uniqueness of splitting fields.
See Corollary 3.35. Before we get there, we are going to show the existence
of a splitting field for a polynomial. In Section 3.4 we will show that any
family of polynomials has a splitting field. See Corollary 3.30.

Proposition 3.23 Let K be a field, and p(x) € K[z] an irreducible poly-
nomial. There is a finite simple extension E/K, where p(x) has a root .
Moreover, [E : K] = deg(p(z)), K(a) = K[z|/{p(z)), and if p(x) is monic,
then p(x) = ming (),

Proof. Let E = K|z]/{(p(x)). The irreducibility of p(x) implies that (p(z))
is a prime ideal in K[x], hence maximal. Therefore, E is a field. Let o =
x + (p(x)), be the coset of x in E. Then

so « is a root of p(x) in E, and « is algebraic over K. By construction,
Kla] = K[z]/(p(x)) = E, and by Corollary 3.5, K(«) = K|[a|, showing F /K
is a simple extension. By irreducibility of p(z), it is associate to ming (),
so by Theorem 3.11, [F : K] = deg(ming(«)) = deg(p(z)). If p(z) is also
monic, then it equals ming (). |

Theorem 3.24 Let K be a field and f(x) € K|x] a polynomial. There is
a finite extension F/K where f(x) splits. Hence, f(x) has a splitting field.
Moreover, if deg(f(x)) = n, then F can be chosen such that [F : K] < nl.

Proof. By induction on deg(f(x)). When deg(f(z)) =1, f(z) splits over K.
Otherwise, let p(x) be an irreducible factor of f(x) in K|z], and let E be the
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finite extension of K constructed in Proposition 3.23. We have that p(z) has
aroot « € E. and [F : K] = deg(p(x)) < n. In Elz|, f(x) factors as

f(z) = (z = a)g(z),

and deg(g(z)) = n — 1. By induction, there is a finite extension F'/E where
g(x) splits, and [F': E] < (n—1)!. By the Product Rule (3.1), F'/K is finite,
with [F: K] < nl, and f(x) splits over F'. u

The upper bound for the degree of a splitting field of f(x) over K, is the
best we can get in general.

Example 3.3.3 Consider the polynomial f(z) = 2% — 2 € Q[z]. This
polynommial is irreducible over QQ, so by Proposition 3.23, there is a extension
Q(«) of degree 3 over QQ, where « is a root of f(z). Using synthetic division
we get

23— 2= (2 —a)(2®+ ar + o?).

Denote by 3 a root of 2% 4+ ax + o®. Note that 8 # «, and let w = g, so that

b= aw, ,
3 I6] B3 2
(a) o 2 !

and w is a root of z% + x + 1, which is irreducible over @, so ming(w) =
2% + 2 4+ 1. Synthetic division yields

2?4+ ax+a’ = (z—B)(z+ (a+5)),

so —(a+ B) = —a(l +w) = aw? is the third root of f(x). A splitting field
for f(z) over Q is Q(a, w).

/\
\/

By Corollary 3.16, [Q(a,w) : Q] = 6 = 3\
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Notice that we did not use C, and the fact that every rational polynomial
splits over C (Fundamental Theorem of Algebra). We could have found a
splitting field of 23 — 2 in C by taking o = v/2 and w = cis(27/3)

The UMP for polynomial rings implies that given a field homomorphism
¢ : K — L there is a unique ring homomorphism ¢ : K[z| — L[z| which
extends ¢ and maps z € K|x] to x € Llz]. From this, we get a UMP for
simple algebraic extensions.

Proposition 3.25 Let a be algebraic over K with minimal polynomial p(x) =
ming («), and ¢ : K — L a field homomorphism. Let p?(x)
be the image of p(x) under the induced map ¢ : Klx] —

K(«) Llz]. If B € L is a root of p?(x), then there is a unique
L h field homomorphism @ : K(a) — L which extends ¢ and
1% —\:L such that (o) = . Moreover, any homomorphism v :

K(a) — L maps « to a root of p¥(z) in L.

€y

Proof. By the UMP for polynomials, there is a unique ring homomorphism
¢:Klz]| - L
that extends ¢ and such that ¢(z) = . Since
¢(p(x)) = p?(@(x)) = p*(B) = 0,

the map ¢ factors through K[x]/(p(z)) =~ K(«), i.e.

K —— Kl L
& B
K[z]/{p(x)) ——= K(a)

0= (0) = ¥(p(a)) = p*(Y(a)),

so ¥ (a) is a root of p¥(z). [ |

Note that given ¢ : K — L it is possible for L not to have any root
of p¥(x), in which case, the extension » will not exist. In the next section,
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we will see that when L has the property of being algebraically closed, such
roots will always exist.

Proposition 3.25 also puts an upper bound on the number of extensions
that ¢ can have to K(«).

Corollary 3.26 Let a be algebraic over K with minimal polynomial p(x) =
ming («), and ¢ : K — L a field homomorphism. The number of extensions
p: K(a) = L of pis < degy(a).

The actual number of homomorphisms @ in Corollary 3.26, is going to
depend on two separate issues:

e the number of linear factors, i.e. roots, p¥(x) has in L[z], and

e the multiplicity of those roots.

We will deal with these two issues separately, in Sections 3.4, and 3.6
below.

3.4 Algebraic Closure

Basically, an algebraic closure of a field, is an extension where all polynomials
have enough roots to split into linear factors. More precisely,

Proposition 3.27 Let F'//K be an algebraic extension. TFAE:

(i) Every non-constant polynomial f(x) € Klz| splits in F;

(i1) every non-constant polynomial f(x) € F[z]| has a root in F';
(7ii) every non-constant polynomial f(x) € F|x] splits in F;
(iv) every irreducible polynomial in F|x] has degree 1;

(v) F has no proper algebraic extension.
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Proof. (v) =(iv) =(ili) =(i), and (iii) <= (ii) are immediate.

For (i) =(v) let L be an algebraic extension of F', and o € L. By Theo-
rem 3.18, L/K is algebraic; « is algebraic over K. Then by (1), ming(«)
splits in ' and « € F', hence L = F. [ |

Note that all but the first condition in the proposition are about F' alone.
The first one is about the extension F/K, and it says that F' contains a
splitting field for the family Kz|, of all polynomials over K.

Definition 3.11 A field F satisfying the conditions in Proposition 3.27 is
said to be algebraically closed, and it is called an algebraic closure of K.

Corollary 3.28 F' is an algebraic closure of K iff F' is a splitting field of
the set K[x] of all polynomials over K.

Proof. Suppose F' is an algebraic closure of K. By Proposition 3.27, every
polynomial in K[z| splits in F', so F' contains a splitting field L for KJz].
Again by Proposition 3.27, L is an algebraic closure of K, so it has no proper
algebraic extension. Since K < L < F ia an algebraic tower, we must
have L = F. Suppose now that F' is a splitting field of the set K|[z]. By
Corollary 3.21.2 F' is algebraic over K, and by Proposition 3.27, F' ia an
algebraic closure of K. [ |

To be an algebraic closure of K, F' must be algebraically closed and
algebraic over K.

We will show that any field K has an algebraic closure. As a consequence
of that we’ll get that any set of polynomials has a splitting field. We will
also show that algebraic closure of a field K is unique up to isomorphism.

Theorem 3.29 Any field K has an algebraic closure F.

Corollary 3.30 Any family { fi(z)|i € I} of polynomials over K has a split-
ting field.

Proof. Take first an algebraic closure F' of K. Now take the K-extension
generated by all the roots of the polynomials in the family {fi(z)|i € I}. W
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The main idea in the following proof, is due to Emil Artin. It mimics the
proofs of Theorem 3.24 and Proposition 3.23, but instead of adding a root of
a single polynomial at a time, it adds one root of every polynomial at a time.
To accomplish this, instead of working with polynomials in one variable,
we introduce one variable for each polynomial. Since irreducible polynomials
may have arbitrarily large (finite) degrees, the process is repeated a countable
number of times.

Proof of Theorem 3.29(Artin). The idea is to construct a sequence of alge-
braic extensions of K such that every non-constant polynomial with coeffi-
cients in one of these extensions will have a root in the next one. Let Fy = K.
We now describe how to obtain E; from Ejy. Let

Klz]" == {f(z) € K[z] | deg(f(x)) > 0}
be the set of all non-constant polynomials with coefficients in K. For each
f(z) € K[z]* let x; denote a variable, and let

X ={zylf € K[z]"}

be the set of all such variables. In the polynomial ring K[X] let I be the
ideal generated by {f(zy)|f € K[z]"}. Note first that I is a proper ideal, for
otherwise, we could write

L=gifi(zs) + -+ gufulzs,) (3.2)

for some fi,..., f, € K[z]" and ¢i,...,¢g, in K[X]. Letting «; be a root of
fi in some extension of K, which exists by repeated use of Theorem 3.24, and
evaluating (3.2) at xy, = a; for i =1,...,n we get 1 = 0, a contradiction.
Let M be a maximal ideal of K[X]| containing I, and F; = K[X]/M.
Claim: FE; is an algebraic extension of Ej in which every non-constant,
single-variable, polynomial f over Ej has a root. If we denote by a; the
image of z; in Fy, then ay is a root of f(x) and E;, which is generated as a
K-extension by the set A = {ay|f € K[z]*}, is algebraic over K.

Repeating the previous process we get a sequence of extensions

Ey<Ey<Ey<...,

such that each FE;,; is algebraic over E;, and every non-constant, single-
variable polynomial over F; has a root in F;,;. Set

=0
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It is clear from Theorem 3.18, that each E; is algebraic over K, hence so is F'.
Any single-variable polynomial with coefficients in F' has all its coefficients
in some FE; and therefore has a root in F;,;. By Proposition 3.27, F'is an
algebraic closure of K. [ |

The following corollary is a consequence of Proposition 3.25 and Corol-
lary 3.26 using the fact that when L is algebraically closed, it contains roots
of all its polynomials.

Corollary 3.31 Let ¢ : K — L be a field homomorphism, with L alge-
braically closed. For « algebraic over K, there is a field homomorphism
¢ : K(a) = L which extends ¢. Moreovoer, if p(x) = ming(«), the number
of such extensions is equal to the number of distinct roots of p?(x) € Llx].

We can take this result, and using Zorn’s lemma, extend it from a simple
algebraic extension to any algebraic extension.

Theorem 3.32 Let p : K — L be a field homomorphism, with L algebraically
closed. For F algebraic over K, there is a field homomorphism @ : F — L
which extends .

N e——"
A

Proof. Let
S={(EW)|K<E<F¢:FE— L, and ¢¥|x = ¢}.

Order S by (E1,¢1) < (Ea, ) iff By < Ey and ¥y|g, = t1. Since (K, ¢) € S,

we have § # (. Given a non-empty chain C = {(E;,1;)li € I} C S, let

E = UE, By Proposition 3.2, F is a subfield of F', and clearly K < FE.
icl

Now define ¢ : E — L as follows: for a € F, find ¢ € I such that a € F;;

take ¥ (a) = 1;(a). That this map is well-defined follows from the conditions
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on Y;’s in §. The fact that S is directed, and the ;’s are homomorphisms,
yield that ¢ is a homomorphism. Finally, (E;,¢;) < (E,1) by construction,
so C has an upper bound in §. By Zorn’s lemma, there is a maximal element
(M, ) € S. We claim that M = F. Otherwise, let &« € F—M. Corollary 3.31
yields a homomorphism 7 : M(«) — L such that |y, = p, and therefore
I|x = ¢ This contradicts the maximality of (M, ). [ |

It will follow from Proposition 3.56 that when F'/K is a finite extension,
the number of ways ¢ : K — L can be extended to @ : F' — L is < [F : K].

The next proposition shows that the following concepts/properties of field
extensions:
e degree,

algebraic,

transcendental,
e algebraic closure,
are preserved under field homomorphisms.
Proposition 3.33 Let F/K be a field extension, and ¢ : F — L a field
homomorphism. Let F' = ¢(F) and K = p(K).

1. [F:K]=[F:K].
2. If F/K is algebraic, then so is ﬁ/[?
3. If F/K s transcendental, then so is ﬁ/IA(

4. If F is an algebraic closure of K, then F is an algebraic closure of K.
Exercise 3.4.1  Prove Proposition 3.33.

Theorem 3.34 Any two algebraic closures of K are K-isomorphic.

Proof. Let F' and L be two algebraic closures of K. Since L is algebraically
closed and F/K is algebraic, there is a homomorphism ¢ : ' — L that ex-
tends the inclusion map ¢ : K — L. The last condition simply says that ¢
is a K-homomorphism. As a field homomorphism ¢ is injective. By Propo-
sition 3.33.4, Im(yp) ~ F is an algebraic closure of K. Since L is algebraic
over K, by Theorem 3.18, L/Im(y) is algebraic, and by Proposition 3.27, we
must have Im(y) = L. [

02/25/20
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Definition 3.12 Gilen a field K, its unique (up to isomorphism) algebraic
closure is denoted by K.

Exercise 3.4.2  Show that the algebraic closure is a closure operator, i.e.

1.

=

<K,
2. K=K,
3. K<E=K<E.
Corollary 3.35 Let K be a field, and S C K[z] a set of polynomials over
K.
1. Any splitting field for S over K is contained in an algebraic closure of
K.
2. Any two splitting fields for S over K are K-isomorphic.
Exercise 3.4.3  Prove Corollary 3.35.
In addition to being a closure operator, algebraic closure shares some
properties with the concept of a basis for a vector space.
Proposition 3.36 Let K be a field, and K an algebraic closure of K.
1. K is minimal, with the property of being an extension of K which is
algebraically closed.
2. K is maximal, with the property of being algebraic over K.

3. K is smallest, up to isomorphism, with the property of being an exten-
sion of K which is algebraically closed.

4. K is largest, up to isomorphism, with the property of being algebraic
over K.

Exercise 3.4.4  Prove Proposition 3.36.

Corollary 3.37 Any K -endomorphism of K is a K -automorphism.
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Proof. If ¢ : K — K is a K-endomorphism, then it is injective. By Propo-
sition 3.33.4, Im(y) is an algebraic closure of K, and by Proposition 3.36.1,
we must have Im(p) = K. [

Lastly, let’s mention that the algebraic closure operator ignores algebraic
extensions.

Proposition 3.38 A field extension E/K is algebraic iff K = E (up to
K-isomorphism). Hence, K contains a copy of every algebraic extension of
K.

Exercise 3.4.5  Prove Proposition 3.38.

As a consequence of Proposition 3.38, any discussion on algebraic exten-
sions of K can be carried out inside a fixed algebraic closure K.

3.5 Root Multiplicity

Given a polynomial f(x) € K|z], its splitting field over K is unique up to
K-isomorphism. Hence, in the factorization of f(x) into linear factors,

flz) =a(x —a))™(x —az)™ - (x — a,.)™, with ;s distinct,  (3.3)

a, the leading coefficient of f(x), r, the number of distinct roots, and the
multiplicities m; of the roots «;, do not depend on the splitting field where
the factorization takes place.

Definition 3.13 A root « of a polynomial f(x) has multiplicity m, if m is
the exponent of the factor (x — «), in the factorization 3.3 of f(x). A root of
multiplicity 1 is called a simple root. A root of multiplicity > 1, is called a
multiple root. To say that « is a root of multiplicity 0, is simply to say that
« 1s not a root.

Definition 3.14 A polynomial f(z) € K|z| is said to be separable, it all
its roots are simple roots. Otherwise, we say that f(x) is inseparable.
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A polynomial f(z) € K|x] is separable, iff all its irreducible factors are
separable and distinct irreducible factors have no common roots. For this
reason, our interest in separability, is focused mostly on irreducible polyno-
mials.

Examples 3.5.1 It is possible to have all combinations on separability
and irreducibility.
1. The polynomial 22 — 2 € Q[z] is separable and irreducible.
2. The polynomial (z? — 2)(2* — 3) € Q[x] is separable and reducible.
3. The polynomial (z? — 2)? € Q|z] is inseparable and reducible.

4. Let t be a variable, and K = Zy(t) the field of rational functions with
coefficients in Z,. An easy degree argument shows that the polynomial
f(x) = 2*—t € K[z] is irreducible. If « is one root of this polynomial,
then a? = ¢, and, being of characteristic 2, we have (v — a)? = 22 — .
Hence f(x) is inseparable over K.

The derivative of a polynomial is defined using the formal rules of calculus.
Definition 3.15 Let
f(z) = apr" + ar2" ' + -+ ap_17 +ay
be a polynomial in K[x]. We define the first derivative of f(z) by
fl(x) = agnz™ * +ar(n—1)2" 2+ -+ a,_1.

Higher order derivatives are defined recursively, and denoted by f®*)(z) for
k > 0, as follows:

fO@@) = f(z) and fP(z):= (f& V().

Note that when taking the derivative, the degree goes down by at least
one. It follows that when k > deg(f(z)), we get f*)(z) = 0. In characteristic
p # 0, the degree may go down by more than one. For example, the derivative
of f(x) = 2? —t in Example 3.5.1.4 above is 0. For any polynomial f(z) in
characteristic p, we have f®(z) = 0.
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Proposition 3.39 Let K be a field.

1. The map D, : K[z] — Klz| given by D.(f(z)) = f'(x), is K-linear.
2. (f(2)g(x)) = f(2)g' () + f'(z)g(x).

3. (flg(@)) = f'(g(x))g (x).
Exercise 3.5.1  Prove Proposition 3.39.
Proposition 3.40 Let f(z) € K[z], o an element of some extension of K,
and m € N. Moreover, in characteristic p # 0, assume m < p for the (<)

direction. The multiplicity of « as a root of f(x) is > m iff « is a root of
fO(z) for 0 <i<m.

Exercise 3.5.2  Prove Proposition 3.40.
Corollary 3.41 Assume char(K) = 0. Let f(z) € K[z] and let o be an

element of some extension of K. The multiplicity m of a as a root of f(x),
is the smallest non-negative integer such that o is not a root of f™(x).

Corollary 3.42 f(z) € K|x] has a multiple root iff g.c.d.(f(z), f'(x)) # 1,
i.e. it is non—constant. In other words, f(x) is separable iff f(x) and f'(z)
are relatively prime.

Examples 3.5.2

1. For n > 1, 2" — x € Z,[z] is separable since its derivative is —1.
Therefore, it has p™ distinct roots, all of multiplicity 1. It is clear that
this set of roots is closed under multiplication.

2. 2" — 1 € F|x] is separable iff charF' fn.

Corollary 3.43 If q(z) € Klz] is irreducible of degree n, and charK fn,
then q(z) is separable. In particular, if charK = 0 then every irreducible
polynomial over K 1is separable.

Proof. The degree of ¢'(z) is n — 1. Since ¢(z) is irreducible, we have
g.c.d.(q(x),q (z)) =1, i.e. q(x) and ¢'(x) are relatively prime. u

This corollary explains why we had to go to non-zero characteristic in
Example 3.5.1.4, and why the degree of the polynomial was a multiple of the
characteristic.

02/27/20
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3.5.1 Finite Fields

We now obtain, as an easy consequence of the results in this section, a com-
plete classification of all finite fields. Recall that a finite field has prime
characteristic, and that the non-zero elements form a multiplicative finite

group.
Definition 3.16 Let K be a field of prime characteristic p. The map

o: K —- K
a +— af

is called the Frobenius map of F.

Proposition 3.44 The Frobenius map is a field monomorphism. If F 1is
finite, then the Frobenius map is an autormorphism of F.

Proof. Use the Binomial Theorem and note that the binomial coefficient (Z)
is divisible by p when 0 < k£ < p. [ |

We’ll use the following universal algebra lemma, together with the previ-
ous proposition, to obtain finite fields.

Lemma 3.45 Let A and B be algebras of the same type (allow partial oper-
ations) and p1,ps : A — B two homomorphisms. The equalizer of ¢1 and
Y2,

(o1 = o] :={a € Alpi(a) = pa(a)}
is closed under all operations of A, hence it is a subuniverse, and a subalgebra
of A, when non-empty.

Proof. Let f be an n-ary operation of A and aq,...,a, € A.

e1(flar, .. an)) = fleilar), ... pi(an))
= f(QDZ(&l)v"'ﬂO?(an))
= o flay,...,an)) [ |

Corollary 3.46 The roots of f(x) = 2" — x € Zy[z] form a subfield of the
algebraic closure of Z,. This subfield is the splitting field of f(x), and is a
field with p™ elements.



3.6. SEPARABLE EXTENSIONS ol

Proof. We saw in Example 3.5.2.1 that this polynomial has exactly p" distinct
roots. This set of roots is the equalizer [®" = Idk|, where K = 7Z,. u

Theorem 3.47 For every prime p and every n € N there is a field of order
p". Such field is unique, up to isomorphism. These are all the finite fields.

Proof. The existence follows from Corollary 3.46. If K is a finite field of char-
acteristic p, its prime subfield is Z,, and since K is a vector space over Z,,
we have | K| = p" for some n > 1. The non-zero elements of K form a multi-
plicative group of order p” — 1, so each of those elements satisfies 27" 1 = 1,
hence it is a root of f(x) = 27" —x. Clearly 0 is also a root of this polynomial,
so K is a splitting field for this polynomial, and by Corollary 3.35.2, there is
only one splitting field for f(z) , up to isomorphism. [ |

Exercise 3.5.3  Show that a finite subgroup of the multiplicative group
K> of any field K is cyclic.

Definition 3.17 For a prime power ¢ = p", we denote by F,, the finite
field with ¢ elements.

3.6 Separable Extensions

In this section we will consider the second issue related to the number of
extensions of a homomorphism ¢ : K — L, as discussed on and after Corol-
lary 3.26. The bottom line is, that multiple roots of p?(z) in L, reduce the
number of extensions @ : K(«a) — L from the upper bound degy ().

Definition 3.18 Let F'//K be an algebraic extension. An element o € F'
is separable over K, if its minimal polynomial ming («) is separable. We say
that F'/K is a separable extension if all elements of F' are separable over K.

Proposition 3.48 Let q(x) € Klx] be non-constant irreducible and p =
charK # 0.

1. q(x) is inseparable iff ¢'(x) = 0 iff q(x) is a polynomial in zP.
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2. There are q5(x) € K|z| separable and m > 0 such that

q(z) = qo(z™"). (3.4)

Moreover, q; and m are unique with this property.

Proof. (1) If q(z) is inseparable, by Corollary 3.42, g.c.d.(¢(x), ¢'(z)) is non—
constant. Since g(z) is irreducible, this means that ¢/(z) is a multiple of ¢(z),
but deg(q'(z)) < deg(q(x)). Hence ¢'(x) = 0.

If ¢ () = 0, then g(x) has to have all its non-zero terms of the form a;x’
with ¢ multiple of p. This means that ¢(z) = f(aP), for some f(z) € K|x].
If g(x) = f(a?), then ¢'(x) = f'(z?) - (a?)' = f'(a”) - p(a?~") = 0.

Finally, if ¢/(z) = 0, then any root of ¢(z) is also a root of ¢'(z), hence a
multiple root, and ¢(x) is inseparable.

(2) If q(x) is separable, take ¢s(z) = ¢(z) and m = 0. Otherwise, by Part 1
there is f(x) € Klx] with ¢(x) = f(2P). Clearly, f(z) is irreducible, and
deg(f(z)) < deg(q(z)), so an induction argument shows that there are fy(x)
and k > 0 such that f,(z) is separable, and f(z) = f,(2*"). Take ¢(x) =
fs(x) and m = k + 1. The uniqueness of m follows since, by separability of
s, and part 1, m it is the largest integer such that ¢(x) is a polynomial in
2P". Once m is determined, there is only one g, satisfying (3.4). [ |

Definition 3.19 Refering to Proposition 3.48.2, the degree of ¢, is called
the separable degree of ¢, and it is denoted deg,(¢(z)). The exponent p™ is
called the inseparable degree of ¢, and it is denoted deg,(¢(z)). Thus, we have

deg(q(z)) = deg,(q(x)) - deg;(q(x)). (3.5)

For the sake of consistency, when charK = 0, we let ¢5(z) = ¢(z) and
separable degree is just the degree. The inseparable degree is 1, so that
Equation 3.5 holds for every field K, regardless of characteristc.

From decompositon (3.4) we get.

Corollary 3.49 For q(z) € K[x] non-constant, irreducible polynomial, and
p = charK # 0, the separable degree is the number of distinct roots, and
the inseparable degree is the common multiplicity of all its roots, which is a
power of p. Each root of q(x) is a p™-th root of a root of qs(x).
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Proof. Let ay,...,a, be the distinct roots of ¢s(z). By Proposition 3.48 we
have

¢(x) = (r—ay) - (r—a,), and
o) = @ —an) (7~ a),
so, the roots of ¢(z) are the p™-th roots of ay, ..., a,. If a; is a p™-th root of

pm
a;, then o; = a; and

m m m

" —a; =" — ol = (v — )",

Since aq, . ..a, are distinct, aq, ..., «, are also distint, so
m

q(x) = (z— )" - (w— )

has r = deg,(q(x)) distinct roots, each with multiplicity p” = deg,(¢(z)). ®

From Proposition 3.25 and Corollary 3.49, we immediately get.

Proposition 3.50 Let o be algebraic over K. The number of
K-homomorphisms from K(«) to K is equal to the separable degree of ming ().

Due to Proposition 3.50 we make the following definition.

Definition 3.20 For an algebraic extension F/K the separable degree of
F over K, denoted by [F : K| is the number of K-homomorphisms from F
to K, i.e.

[F : K], := [Homg(F, K)|.

Corollary 3.26 can now be rewritten and extended as follows.

Corollary 3.51 Let « be algebraic over K. [K(a) : K|, < [K(a) : K].
Moreover, in characteristic p, [K(«) : K| = p™ - [K(a) : K], where p™ is
the common multiplicity of all the roots of ming(«). Thus, « is separable
over K iff [K(«) : K] = [K(«) : Kls. In characteristic 0, we always have
[K(a): K| =[K(a): K]s.

Proposition 3.52 Let K be a field of prime characteristic p, and ® : K — K

the Frobenius endomorphism.

1. If the Frobenius endomorphism is surjective, then every irreducible poly-
nomial q(z) over K is separable.
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2. Conwversely, if the Frobenius endomorphism is not surjective, then there
is an inseparable irrreducible polynomial in K[x].

Proof. (1) Let ¢(x) € K|[z] be irreducible. For the sake of contradiction,
assume ¢(z) is inseparable. By Proposition 3.48.1, ¢(x) is a polynomial in
2P, i.e. there is f(x) € K|[z| so that ¢(z) = f(2P). So we have:

flx) = apa™+ap 12" '+ -+ a1+ ag
q(aj‘) = anxnp + anilx(n_l)p g a/lﬂjp + ao

Since ® is surjective, there are by,...,b, € K such that a; = ®(b;) = bP.
Thus, we have, using Proposition 3.44,

q(z) = bﬁx”p+bfl_lx(”*1)P+...+b117xp_|_b18
= (b + by + o b+ )’
contradicting the irreducibility of ¢(x).

(2) Suppose now that ® is not surjective. Let a € K —®(K), and consider
the polynomial ¢(z) = 2P — a. Since ¢'(x) = 0, by Corollary 3.42, ¢(x) is
inseparable. It has a multiple root, call it «, so o = a, and ming(a) is a
factor of g(x). Since a ¢ ®(K), we have a ¢ K, and

1 < degg(a) = deg(ming(«)) < deg(q(z)) = p.

Note that (x — a)P= 2P —aP = 2P —a = q(z), so a is the only root of ming («),
and its multiplicity as a root of ming («) equals degy (a)). On the other hand,
by Corollary 3.51, this multiplicity is a power of p, So, degy(a) = p and
¢(z) = ming(«) is irreducible over K. |

Definition 3.21 A field K is said to be perfect, if every irreducible poly-
nomial over K is separable. By Corollary 3.43 and Proposition 3.52, this
condition is equivalent to either K having characteristic 0, or having prime
characteristic, and the Frobenius map being surjective (many authors take
this disjunction as the definition of perfect).

Corollary 3.53 1. Every finite field F, is perfect.

2. QOver a finite field F,, every irreducible polynomial is separable.
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3. If K is perfect, and F/K is algebraic, then F is perfect.

Exercise 3.6.1  Prove Corollary 3.53.

Example 3.5.1 of an irreducible and inseparable polynomial, was over the
field K = Zs(t), an infinite field, and transcendental extension of a field of
prime characteristic. The previous corollary shows why we had to go there
to find it. In a sense, that example is minimal and representative of what is
needed.

Proposition 3.54 Let K < E < F be an algebraic tower.

[F: Kl =[F:E]s-[E:K]s.

Proof. WLOG, we may assume K = E = F, so we need to show
Homg (F, K)| = |Homg(F, K)| - [Homg (E, K)|.

Given ¢ € Homg(E,K), by Theorem 3.32, there is » : K — K which
extends ¢. For each ¢ fix one such ¢, and consider the map

v: Homg(E,K) x Homg(F,K) — Homg(F,K)
(0, %) = oy

By Corollary 3.37, ¢ is a K-automorphism of K. Given v € Homg (F, K),
let
0 =7|p € Homg(E,K), and ¥ = 3 * 0.

For a € E, v(a) = ¢(a), so ¥(a) = a, and v € Homg(F, K) and v(p,v) =
Qoplory=r,s0 v is surjective. o o
To see that v is injective, let 1, @9 € Homg (E, K) and 91,1, € Homg(F, K),
be such that v(p1,91) = v(pa, 1), l.e. @1 0 Yy = @y 01y, It follows that
Yo = @3 oproy, and @y ' o @y fixes E, 50 Pi|p = Palm, 1e. o1 = @
Since ¢ was uniquely selected for each ¢, we get 1 = ¥, and it follows that

1 = 1ho. ]

Scholium 3.55 Let K < E < F be an algebraic tower, and K their algebraic
closure. There 1s a bijection

Hompg (F, K) ~ Hompg(F, K) x Homg(E, K).

03/12/20
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Proposition 3.56 For every finite extension FE/K, we have
[E: K], <[E: K]

Moreover,

1. If charK =0, then [E: K| = [E : K];.

2. If charK = p # 0, then [E : K] =p"[E : K|, for some m > 0.
Proof. Any finite extension is an extension by finitely many algebraic ele-
ments, i.e. £ = K(ay,...,q,). That places E at the top of a finite tower,

with finite simple steps. For each step, Corollary 3.51 yields the desired
result. Theorem 3.10.4 and Proposition 3.54 allow us to combine them. M

The next lemma does for separable extensions what Lemma 3.14 did for
algebraic extensions.

Lemma 3.57 Let K < E < F, and o € F', algebraic over K.

a€el 1. If « is separable over K, then it is separable over E.

‘ 2. If « is separable over E, and E/K is separable, then « is
E separable over K.

sep

K

Exercise 3.6.2 Prove Lemma 3.57.

Proposition 3.58 Let E/K be a finite extension. TFAE:

1. FE is separable over K;

2. E is generated by finitely many separable element;

3. [E:K|=[F: K.

Proof. (1) = (2) is immedidate.
(2) = (3). Let E = K(ay,...,qa,) with a;’s separable over K, so that E
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E=K(ay,...,ap)

is at the top of a finite tower of simple extensions.
By Lemma 3.57, we have that «; is separable over
K(aq,...,a;1), so each step of the tower is separa-
ble, and by Corollary 3.51, the desired equality holds
on each step. By Proposition 3.54, the equality holds
for the extension E/K.

(3) = (1). Assume [E : K| = [E : K], and let
a € E. Consider the tower K < K(a) < E. Us-
ing Theorem 3.10 and Proposition 3.54, together with
Proposition 3.56, we get

. |E:K]  [E:K],
K@) K] = mR@) B K o)
B K]y
S B K@), He) K
< [K(o): K]

which yields [K(«) : K]s = [K(a) : K], showing « is separable over K. H

Using the previous proposition, we can now show that every finite sepa-
rable extension is simple.

Theorem 3.59 [Primitive Element Theorem] Fvery finite separable ez-
tension E/K is a simple extension.

Proof. When K is finite, E is also finite, and the multiplicative group E* is

cyclic.

Assume now that K is infinite. We proceed by induction on [E : K]. The
result is trivial when [E : K] = 1. By Proposition 3.58, it suffices to consider
the case £ = K(«,3). Let n=[E: K] =[F: K]; > 1, and

HomK(E,?) ={¢1,---,n}

Let a; = ¢;(«) and f5; = ¢;(3). The polynomial

f@) =] (e + Bix) = (a; + Bjz))

1<J
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has degree (;), and at most that many roots in K. Let ¢ € K be such that
f(t) # 0. Since t € K, we have @;(t) = t. Setting v = o+ ft, and v; = ¢;(7)
we get v; = a; + (it, and

F)y =TT 0=

1<j

Since f(t) # 0, we must have that ~, ..., , are all distinct, hence @1, ..., @,
remain distinct, when restricted to K (). This means that [K(7y) : K]s > n,
from which it follows that K(v) = K(«, 3). |

Corollary 3.60 Suppose E/K is separable and every o € E has degree at
most n over K. Then [E : K] <n, and E is a simple extension of K.

Proof. Pick a € E of largest degree over K. For any § € E there is v €
E such that K(«,8) = K(v), so degy(y) > degyx(«). By maximality of
degy () we get degy (o) = degy(y) and this forces the inclusion K(a) <
K(7) to be equality. Hence € K(«), and K(a) = E. [ |

Exercise 3.6.3 Let K = Fy(s,t) be the field of rational functions in two
variables s and ¢, over the two element field, Fy. Let o = /s and 8 = /1,
i.e. a is a root of 22 — s € K|[z], and similarly for 5. Prove or disprove that
K(a, B) is a simple extension of K.

We close this section with a number of properties of separable extensions,
which are identical in form, and often in proof, to properties of algebraic
extensions.

Theorem 3.61 Let K < E < F be a algebraic tower. F/E and E/K are
both separable extensions iff F'//K is separable.

Proof. Follows immediately using Lemma 3.57. [ |

Proposition 3.62 Let K < F and o € F.

1. K(a)/K 1is separable iff « is separable over K.

2. The set of elements of F' separable over K form a subfield of F.
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3. Let S C F. If every a € S is separable over K, then K(S)/K is
separable.

4. If By, Ey < F are separable extensions of K, then so is their composite
EEs.

5. If E; < F s separable over K, for every i € I, then \/El 18 also
iel
separable over K.

Exercise 3.6.4  Prove Proposition 3.62.
Definition 3.22 The field

K*? := {a € K|a is separable over K},

is called the separable closure of K.

As it is defined in terms of the algebraic closure, the separable closure is
unique, up to isomorphism. In characteristic 0, the separable closure is equal
to the algebraic closure.

Proposition 3.63 1. The map K — K* is a closure operator.
2. K*% 1is mazimal with the property of being separable over K.

3. K*% is minimal with the property of having no proper separable exten-
Stomn.

Exercise 3.6.5  Prove Proposition 3.63.

3.7 Purely Inseparable Extensions

In terms of separability, purely inseparable elements/extensions are at the
other end of the spectrum from separable elements/extensions. Since in
characteristic zero, all algebraic extensions are separable, we restrict our
attention in this section to fields of prime characteristic p.

Proposition 3.64 Let E/K be an algebraic extension in prime characteristic
p. Let a« € E. TFAE:

03/17/20
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(i) ming («) has only one root;
(ii) there is k € N such that ming (o) = 27" — a for some a € K ;

(iii) there is | € N such that o' € K.

Proof. (1)=(iii) If ¢(z) = ming(«) has only one root, i.e. it has separability
degree 1, then by (3.4) we have

g(z) = (x — )" =2 — o € K],

where p* = deg;(q(z)) is the inseparable degree of ¢(z), i.e. the multiplicity
of a as a root of ¢(z).

(iii)=(ii) If a = o € K, then a is a root of f(z) = 2#' — a. Since f(x) has
only one root, namely «, then ¢(x) = ming(a) has only one root, and by
(3.4) it has to be of the form 2" — a where p* is the multiplicity of o as a
root of ¢(z), and a € K.

(i))=(i) If ¢(z) = ming (a) = 27" — a, then o”" = a and ¢(z) = (z — )?" has
« as its only root. [ |

Definition 3.23 An element «, algebraic over K is said to be purely insep-
arable over K, if it safistifies the conditions of Proposition 3.64. An algebraic
extension F/K is said to be purely inseparable if all elements of E are purely
inseparable over K.

Remark 3.7.1 Let o be algebraic over K, and ¢(r) = ming(a). Using
Definition 3.25, Proposition 3.64, and (3.5) we get

« is separable over K <= deg,(q(z)) = deg(q(x))
& degi(g(z)) = 1,
« is purely inseparable over K <= deg,(¢(x)) = 1
>  degy(q(z)) = deg(q()).
Examples 3.7.1 1. Note that all elements of K are purely inseparable

over K. In fact, these are the only elements which are both separable
and purely inseparable over K. To be separable, an element of an
extension must have inseparable degree 1; to be purely inseparable, it
must have separable degree 1.
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2. Let K = TFy(t) be the field of rational functions in one variable ¢ over
Fy. Let f(z) = 2° — ¢ € K[z]. Since R = F,[t] is a UFD, by Eisenstein
Criterion, using ¢, we get that f(z) is irreducible in R[x]. Since f(x) is
primitive in R[z] and K is the field of fractions of R, by Corollary 1.18
to Gauss’ lemma, f(x) is irreducible in K[z]|. Let a be a root of f(x).
Then ming(«) = f(x). By Remark 3.7.1 above and the fact that the
inseparable degree of f(x) is a power of 2, we can’t have a purely
inseparable over K. On the other hand, g(z) = x® — t is separable
over K, and f(x) = g(z?), so a has inseparability degree 2, and it is
inseparable over K. In conclusion, the extension K(«)/K is neither
separable, nor purely inseparable. It is just inseparable.

3. Let K =Ty(t), and let 3 be a root of g(z) = 2% — t. Since ¢'(z) = 2*

has no common root with g(x), § is separable over K, so
K(B)/K is separable. Since o> = 3, a is purely inseparable

K(«a) over K(f). Any element v € K(«) has the form
|2 v =u+ va
K(8) ’

sep. | 3 for some u, v € K(f3). It follows that v* = u?*+v*a? € K(f),

K so K («) is purely inseparable over K (). Thus, we have de-

composed the extension K (a)/K into two steps: the bot-

tom one K (f3)/K is separable, and the top one K(«)/K(5)

is purely inseparable. This is typical of any algebraic extension as we will
see in Theorem 3.71 below.

Lemma 3.65 Let K be a field of prime characteristic p, and let K be its
algebraic closure.

1. Forn >0, the set
K" ={a e K|o*" € K}
1s an algebraic, purely inseparable, extension of K.

2. The set -
K= K7
n=0

is an algebraic, purely inseparable, extension of K
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3. If K — KY?~ s a closure operator.

4. The field K'?™ is a perfect field, the smallest perfect field that contains
K.

Exercise 3.7.1  Prove Lemma 3.65.
Definition 3.24 The field K'/?™ is called the perfect closure of K .

Lemma 3.66 Let ¢ : K — L be a field homomorphism. There is a unique

field homomorphism @ : KY/?™ — L which extends p. Moreover, Im(p) <
LV,

Proof. By Theorem 3.32 there is at least one such @. Note however, that for
o € KV its minimal polynomial is of the form 2?" — a for some a € K.
By Proposition 3.25, 3(a) has to be a root 8 of 27" — o(a). It follows that
ﬁp: = gpgca) € L, so Bk € L'/ and the polynomial factors as 27" — ola) =
P — BP° = (x — )P, so [ is the only root of this polynomial. This means
there is exactly one @. |

Proposition 3.67 Let E/K be an algebraic extension, so that E < K.
TFAE:
(i) F/K is purely inseparable;
(ii) B < KYP~;
(iii) [E : K], = 1, i.e. there is exactly one K-homomorphism E — K ;
(iv) there is exactly one K-homomorphism E — K'YP™;

(v) for every homomorphism ¢ : K — L there is a unique homomorphism
¢ E — L, that makes the following diagram commute,

E-?.T
K—2.1L

and the image of ¢ is contained in L'/P™ .
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This proposition tells us that K'/?” is the largest purely inseparable
extension of K. For that reason, some authors call the field K/?% the
purely inseparable closure of K. However, this name is not appropriate, as the
smallest purely inseparable extension of K is K itself.

Proof. (i)=-(ii) Follows from Proposition 3.64.

(ii)=(iii) Assume E < KYP”. The inclusion map i : £ — K is a K-
homomorphism. Now, let ¢ : F — K K-homomorphims. For o € E,
o' € K for some k > 0, and by Proposition 3.64, the minimal polynomial
ming («) has only one root, namely a. By Proposition 3.25, we must have
() = «, so p is just the inclusion map.

(iii)=-(ii) Given a € E, from Proposition 3.54, we get [K(a) : K]; = 1.
Proposition 3.50 yields that « is the only root of its minimal polynomial,
and by Proposition 3.64, a € K7~

(iii)=-(iv) (iil) and (ii) are equivalent, and together, they clearly imply (iv).
(iv)=(v) Let 1 : E — KY?” be the only one K-homorphism. Composing
with @ from Lemma 3.66 we get that = $o : E — L has the desired
property.

7
L
For the uniqueness of ¢, note that £ ~ Y(E) < KYP” and for any K-
homomorphism @ : F — L the homomorphism @ ot~ : ¢)(E) — L extends
to @ by Theorem 3.32. Uniqueness of ¢ implies the uniqueness of Q. o
(v)=(i) Let « € E. The uniqueness of 7 : ¥ — K extending ¢ : K — K,
implies, by Theorem 3.32, that there is only one 7 : K(«) — K that extends ¢.

By Proposition 3.25 ming () has only one root in K, and by Propostion 3.64,
« is purely inseparable over K. [ |

E_Y g 2,
©

AN

K

Corollary 3.68 K'/P” is mazimal with the property of being purely insep-
arable over K, and it is minimal with the property of not having a proper
inseparable extension.

Lemma 3.69 Let K < E < F, and o € F', algebraic over K.
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1. If « is purely inseparable over K, then it is purely inseparable over E.
2. If « is purely inseparable over E, and E/K is purely inseparable, then

a is purely inseparable over K.
Proof. (1) is obvious and (2) follows using Proposition 3.64. |

Theorem 3.70 Let K < E < F be a algebraic tower. F/E and E/K are
both purely inseparable extensions iff F/K is purely inseparable.

The next theorem shows that the decomposition we saw in Example 3.7.1.3
of an algebraic extension, as a two stage tower with purely inseparable on
top, and separable at the bottom, holds in general.

Theorem 3.71 Let E/K be an algebraic extension, so that E < K, and let

&=

E, = ENK*? ={a € E|a is separable over K}.

E, 1. Ei/K is separable.

2. E/Es is purely inseparable.
3. When Es/K is a finite extension, [E : K|s = [Es : K].

Proof. 1. There is nothing to prove.

2. Let @ € E, and ¢(x) = ming(«). By Proposition 3.48.2, there are
qsgx) € K[z] separable, and k > 0 such that ¢(z) = ¢,(z*"). Since
a?” is a root of g4(x), it is separable over K, i.e. o € E,. By
Proposition 3.64, « is purely inseparable over Fj.

3. Every K-homomorphism ¢ € Homg (E, K) restricts to a K-homomorphism
Y|, € Homg (B, K). Since E/E, is purely inseparable, by Proposi-
tion 3.67, every K-homomorphism ¢ € Hompg(FE,, K) extends to a
unique K-homomorphism ¢ € Homg(E, K). So we have, [E : K], =
[Es : K]s. Since E;/K is separable, when this extension is finite, by
Proposition 3.58, [Es : K|s = [E : K]. |
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Remark 3.7.2 When FE /K is an infinite extension, the equality
[Es : K| = [Es : K] from Proposition 3.58 does not necessarily hold, and
the best we can say is that [Fy : K], is also infinite. Thus, one can say in
general, that [E : K], = [E, : K], meaning they are both finite and equal,
or both infinite. See Exercise 4.2.1 , and Example 4.6.1.

Definition 3.25 The inseparable degree of an algebraic extension E/K is
defined as
[E: K], :=[FE: E|.

When E;/K is a finite extension, we have [E : K| = [E : K|{[FE : K];. Note
that when E/K is a finite extension the inseparable equals

E: K]

E: K]’

Corollary 3.72 For an algebraic tower K < E < F,
Exercise 3.7.2 Is K separable over K1/7™?

Exercise 3.7.3 Let E/K be an algebraic extension, and let E; = E N
K/ Prove or disprove that E/FE; is separable.

=
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Chapter 4

Galois Theory

In Chapter 3 we have explored the set of homomorphisms from an algebraic
extension F/K into their algebraic closure K, Homy (E, K). We saw that the
number of such homomorphisms is bounded by the degree of the extension
(Proposition 3.56), and that this upper bound is achieved iff the extension is
separable (Proposition 3.58). We often refer to this property by saying that
a separable extension has “enough” homomorphisms.

In order to give the set Homg (E, K) an algebraic structure of its own,
it would help if the image of those homomorphisms landed back inside E.
This will not always be the case; but when this happens, we will get a group
Autg(FE). Galois Theory can be defined as the study of the connection
between certain field extensions E/K and their groups of automorphisms.

4.1 Normal Extensions

Normal extensions are the extensions that have the desired property, of turn-
ing elements of Homy (E, K) into elements of Autg (E). There are a number
of equivalent conditions that will ensure this.

Proposition 4.1 Let E/K be an algebraic estension, so that E < K. TFAE:
(i) E is the splitting field of a set of polynomial over K;

67
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(ii) for every K-homomorphism ¢ : E — K, o(E) = E.

(iii) for every K-homomorphism ¢ : E — K, o(E) C E.

(iv) For every K-homomorphism ¢ : K — K, o(E) = E.
(v) For every K-homomorphism ¢ : K — K, p(E) C E.

(vi) Every irreducible polynomial q(x) € K[x] which has a root in E splits
n B

Proof. (ii)=-(iii) and (iv)=-(v) are obvious.
(ii)=(iv) and (iii)=>(v). Every K-automorphism of K restricts to an K-
homomorphism from E to K.
(iv)=-(ii) and (v)=-(iii). By Theorem 3.32, every K-homomorphism E — K
extends to an K-homomorphism K — K.
(i)=(ii). Let A C K[z], E the splitting field of A over K, and ¢ : E — K a
K-homomorphism. Let S be the set of roots of polynomials in A. So we have
E = K(S). By Proposition 3.25, ¢ has to map S to S. Since ¢ is injective
and each polynomial in A has finitely many roots, we must have ¢(5) = S.
So, p(E) = p(K(S)) = K(¢(S)) = K(8) = E. B
(iii)=-(vi). Let f(x) € KJ[z| be irreducible with a root o € E. Let f € K
be another root of f(z). By Proposition 3.25, the UMP of simple algebraic
extensions, there is an K-homomorphism ¢ : K(a) — K such that ¢(a) = .
By Theorem 3.32 we can extend ¢ to a homomorphism ¢ : E — K. By (iii),
we must have 8 € E. So, f(x) splits in FE.
(vi)=(i), Let A be the set of irreducible polynomials over K which have a
root in £. Then E is the splitting field of A over K.

|

Definition 4.1 An algebraic extension satisfying the conditions of Propo-
sition 4.1 is said to be a normal extension.

Examples 4.1.1 1. The extension Q(+/2)/Q is normal, as it is the
splitting field of 22 — 2 € Q(x).

2. The extension Q(+v/2)/Q is not normal, as it contains one of the roots
of the irreducible polynomial z® — 2 € Q[z], but is missing the other
two roots, which are not real.
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3. For any K, K/K is normal.

Corollary 4.2 Fvery quadratic extension is normal.

Proof. Let [E : K] = 2, and @ € E — K. The minimal polynomial ¢(z) =
ming («) has degree 2 and splits in £ but not in K, so E is the splitting field
of q(x). [

Definition 4.2 Let F/K be an algebraic extension so that £ < F, and
a € E. For every K-automorphism ¢ of K the element o(a) is called a
conjugate or Galois conjugate of « over K. The extension ¢(F)/K is called a
conjugate extension of E/K.

Note that the group Autg(K) acts by conjugation (as defined above)
on the elements of K. It also acts by conjugation on Subg(K), the lattice
of all extensions E/K such that £ < K. We can now restate parts of
Proposition 4.1 in the following corollary.

Corollary 4.3 Let E/K be an algebraic extension so that E < K. TFAE:

i) E/K is normal;
it) E contains all conjugates of its elements;
iii) E/K has no conjugate extensions other than itself;

w) Eis stable under element conjugation, i.e. under the action of Auty (K)
on K .

v) E is fived under extension conjugation, i.e. under the action of Auty (K)

on Subg(K) .

By expanding the codomain of automorphisms of E/K to K we obtain
the map
Autg(E) — Homg(E,K)
p = Loy

where ¢+ : E — K is the inclusion map. Clearly this map is always injective,
and we may, with a minor abuse of notation, think of it as an inclusion map,
i.e. Autg(E) C Homg(E,K). Using this notation, we get the following
corollary from Proposition 4.1.
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Corollary 4.4 The algebraic extension E/K is normal iff
Autg(E) = Homg (E, K).

Proposition 4.5 Let E/K be an algebraic extension, F/K a field extension,
and EF' their composite, say inside F. If E/K is normal then so is EF/F.

F

EF

LN
X/

K

Double lines denote normal extensions.
The converse does not hold. See Example 4.1.2.3 below.

Proof. Note that F contains an algebraic closure K of K, which in turn
contains E, so the join EF makes sense in Subg (F), and it is algebraic over
F. Let ¢ : EF — F be a F-homomorphism. The restriction to E fixes K
and takes values in K, since every element of E, being algebraic over K has
to be mapped to a root of its minimal polynomial. By normality of £/K we
have ¢(F) C E, and since ¢(F') = F we get ¢(EF) C EF. Hence EF/F is

normal. [ |

Proposition 4.6 1. Let F//E/K be an algebraic tower. If F/K is nor-
mal, then so is F/E.

2. The normal extensions of K form a complete sublattice of Subg (K).

3. Each p € Autg(K) induces a complete lattice automorphism of Subg (K).
All normal extensions of K are fixed points of this automorphism.
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Proof. (1) Let F = E = K be their algebraic closure. If ¢ : F — K is an
E-homomorphism, then it is a K-homomorphism as well, and by normality
of F//K we have ¢(F) = F. Hence F/E is normal.

(2) Let (E;/K|i € I) be a family of normal extensions contained in K,
and \/EZ their join in Subg(K). Let A; C Klx] be such that Ej; is the

iel

splitting field of A;, and let A = UAZ" The splitting field of A is the
iel
smallest subfield of K that contains all £, i.e. \/Ei; hence (\/ El) / K
iel iel

is normal. Now, let ¢ : K — K be a K-homomorphism. Then for each

i € 1, p(E;) = E;, and therefore ¢ (ﬂ E,) C ﬂgp(Ez) = ﬂEi; hence

el iel el

(ﬂ EZ> /K is normal. [ |
iel

Exercise 4.1.1  Prove Proposition 4.6.3.

Examples 4.1.2 1. Let aw = v/2 denote the positive fourth-root of 2.

Q(¥2) Since « is a root of 22 — /2, we have [Q(v/2) : Q(v/2)] = 2,
making Q(v/2)/Q(v/2) a normal extension. The extension
| Q(ﬂ )/Q is also quadratic, hence normal. However, the ex-
Q(v2)  tension Q(v/2)/Q is not normal, as the polynomial 2* — 2 has
| a root in Q(+/2) but does not split in it, as it has two non-real

Q roots.

2. The splitting field of 23 — 1 € Q[z] is Q(w) where w = cis(27/3) is a
primitive cubic root of 1, i.e. a root of 23 — 1 not equal to 1, hence a
root of 2% + z + 1. Being quadratic, Q(w)/Q is normal. Note that the
two roots of this polynomial are w and w?.

3. The roots of 2% — 2 € Q[z] are ¥/2, wv/2, and w?v/2. It follows that
the splitting field of 2 — 2 over Q is Q(w, v/2). It is easy to see that
the degrees of extensions are as indicated in the following diagram:
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The extension Q(w, v/2)/Q is normal, but the extension Q(v/2)/Q is
not normal. Normality on the top of the diamond does not imply
normality at the bottom. This example is also a counterexample to the
converse of Proposition 4.5.

Proposition 4.7 Let E/K be an algebraic extension with algebraic closure
K.

1. The intersection of all normal extensions of K that contain E is equal
to the composite (join) of all extensions conjugate to E/K. Let’s denote
it by E™.

2. The map E — E™ is a closure operator on the set of algebraic exten-
sions of K. We call E™ the normal closure of E over K.

3. The normal closure of E /K 1is the spliting field of the set of polynomials
A ={ming(a) |« € E*}.

Proof. (1). Let F/K be a normal extension that contains F, and ¢(FE) a

conjugate of E for some ¢ € Autg (K). From E < F and normality of F/K,
we get o(E) < ¢o(F) = F. From here we get that the join L of all conjugates

of F'/K is contained in the intersection of normal extensions that contain F.

L=\ eB)< N F

— E<F
pESubg (K) F/K normal

Now, by Proposition 4.6.3 any ¢ € Autg (K ) induces a complete lattice auto-

morphism in Subg (K') which permutes the conjugates of E, hence (L) = L,
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so L/K is normal, which yields the other inclusion.
(2). From Proposition 4.6.2, we get that the normal extensions or K form a
closure system, with £/ — E™ as the corresponding closure operator. [ |

Exercise 4.1.2  Prove Proposition 4.7.3.

4.2 Galois Extensions

We will consider now extensions that are both separable and normal; that is,
algebraic extensions that have enough homomorphisms into their algebraic
closure, and where the image of those homomorphisms land back inside the
extension. The second conditions turns the set of homomorphisms into a
group, and the first guaratees this group is large enough, in particular, non-
trivial.

Definition 4.3 A Galois extension is an algebraic field extension E/K
which is both separable and normal. For a Galois extension E/K, the group
Autg(E) (= Homg (E, K)) is called the Galois group of the extension, and it
is denoted Gal(E : K), Gal(FE/K) or Galg(FE).

From Propostions 4.5, 4.6, 3.62, and Lemma 3.57 we immediately get the
following results.

Proposition 4.8 1. Let F/E/K be an algebraic tower, such that F/K
is Galois. Then F/E is Galois, and if E/K is normal then it is also
Galois.

2. Let E/K be an algebraic extension, F'/K a field extension, and FE
their composite, say inside F. If E/K is Galois then so is EF/F.

3. The Galois extensions of K form a complete sublattice of Suby (K).

Examples 4.2.1 1. The extension Q(v/2)/Q is Galois of order 2, and
its Galois group is cyclic of order 2.

Gal(Q(v2)/Q) = {id, V2 — —v2}.

2. The degree 3 extension Q(+v/2)/Q is not Galois. Note that Autg(Q(v/2)
is a trivial group.

03/26/2020
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3. Let w = cis(27/3). The extension Q(w)/Q is Galois of order 2, and its
Galois group is cyclic of order 2

Gal(Q(w)/Q) = {id,w + w’}.

4. The extension Q(w, v/2)/Q is Galois of order 6. By Proposition 3.25,
any automorphism of this extension has to map w to one of {w,w?},
and V2 to one of {\3/2_,w V2, w2\3’/§}. It then follows that

1: W o w o w = w
/2 — 2 /2 = V2

P W o w po T w o w?
V2 w\g/g V2 w{”/Q_

P w w op w?

EK\D
3
e
17
Ew
N

}_)
NP

are all the automorphisms, and they are all distinct. A little computation
with the above maps, shows that

Gal(Q(w, \3/5)/@) ~ S;.

The extension Q(w, v/2)/Q is the splitting field of the polynomial 2% —2, and
the roots of this polynomial form an equilateral triangle on the complex plane.
The group Gal(Q(w, v/2)/Q) is the group of symmetries of this triangle.

Proposition 4.9 If E/K is Galois then |Autg(E)| = [E : K], meaning
that both are finite and equal, or both are infinite. When E/K is a finite
extension, the converse holds.

Proof. Assume E//K is a Galois extension. By normality, we have Auty (E) =
Homg (E, K). By separability, we have [E : K|; =¢ [E : K] (See Exercise 4.2.1
below). Combining both, we get

|Auty(E)| = [Homg (B, K)| = [E : K], =5 [E : K]. (4.1)
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This proves one direction.
Now, assume that F/K is a finite extension. We have

Autx(E)| < |Homg(E,K)| = [E: K], < [E : K. (4.2)

If we also have |Autg(E)| = [E : K], then must have equality across (4.2).
The first equality yields E/K is normal, the last equality yields E/K is
separable. [ |

Exercise 4.2.1 Prove that if £/ K is separable then [E : K|, =; [E : K|,
meaning both are finite and equal, or both are infinite. Note that this and
its converse were proved for finite extensions in Proposition 3.58. Show that
the converse is not true in general.

Later, in Example 4.6.1, we will see that this weak version (=) of equal-
ity, is the best we can get, even for a Galois extension.

Examples 4.2.2 1. The extension Q(v/2, v/3)/Q is Galois of degree 4.
Any automorphism of this extension is determined by what it does to
V2 and v/3. By Proposition 3.25, v/2 has to be mapped to £1/2, and
V3 to £4/3. Since we know that there are exactly four automorphism
of this extension, the following maps are all automorphisms.

V2 = V2 V2 = =2
V3 = V3 V3 = V3

V2 = V2 V2 e V2
V3 = —V3 V3 = V3

2. Let K =F,, and £ = F,». Since K is perfect, E/K is separable. E is
the splitting field of 27" — z over K, so E/K is normal. We know that
[E : K] = n, so we get that G = Gal(F,»/F,) is a group of order n.
The Frobenius endomorphism ® of F,» is an element of G, and for any
r e EX, ®(z) =z iff 27" = z iff the multiplicative order of z divides
p? — 1. Since E* is cyclic, there is x € E* of order p® — 1. Hence the
smallest d such that ®? = 15 is at least n. But any element of G has
order a divisor of n. We conclude that ® has order n as an element of
G, and G is cyclic generated by ®.
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4.3 Cyclotomic Extensions

Recall that for a prime p, the polynomial

P —1 1 5
gbp(a:):x_l:xp +a2P >+ +rx+1eQ[r] (4.3)

is irreducible over Q. One can, for example, use Eisenstein criteria on

¢p(f€+1)=%=x“+ (pfl>xp2+~-+ (g)x—l— (};)

The roots of ¢,(x) are precisely the primitive p-th roots of unity. We want to
extend this construction to arbitrary n-th roots. This will take a little more
work as the polynomial

" —1

z—1

is not necessarily irreducible.

Definition 4.4 Given a field K, the n-th roots of unity are the roots of the
polynomial 2™ — 1.

Note that these roots depend only on the prime subfield of K, either Q
or F,. Hence, they depend only on the characteristic of K. When n is a
multiple of the characteristic, say n = p* - m, with k > 1 and p/m, the
polynomial 2™ — 1 is not separable, and its roots have multiplicity p*, since
2" —1 = (2™ —1)?". The n-th roots of unity are the pF-th roots of the m-th
roots of unity, and the latter are separable over the prime subfield. For these
reasons, we will only consider n-th roots of unity for n not a multiple of the
characteristic. There are exactly n of them.

The n-th roots of unity form a multiplicative subgroup of K>, which, by
Exercise 3.5.3 , is cyclic, so it is the cyclic group of order n.

Definition 4.5 An n-th root of unity is called primitive if it is a generator
of the cyclic group of n-th roots of unity. We will distinguish one of the
primitive n-th roots of unity with the symbol &,. In characteristic zero, we
can take &, = cis(27/n).

Lemma 4.10 Let K be a field, and n € N not a multiple of char(K).
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1. An n-th root of unity & = ¥ is primitive iff g.c.d.(n, k) = 1.

2. There are ¢(n) primitive n-th roots of unity, where ¢ is Fuler’s func-
tion.

3. If d 1s a divisor of n, then every d-th root of unity is an n-th root of
unaty.

4. Fach n-th root of unity is a primitive d-th root of unity for a unique d
divisor of n

Proof. 1. Recall from group theory, that for a cyclic group of order n,
with generator a, an element a* is also a generator iff g.c.d.(n, k) = 1.

2. Since ¢(n) counts the number of 0 < k < n for which g.c.d.(n, k) = 1,
from part (1), it follows that there are exactly ¢(n) elements, each of
which generates the group. Therefore, there are exactly ¢(n) primitive
n-th roots of unity.

3. This is obvious.
4. For & an n-th root of unity, let d be its multiplicative order in K*. M

Definition 4.6 Let K be a field and n not a multiple of char(K'). The n-
th cyclotomic polynomial is defined as the monic separable polynomial, whose
roots are precisely the primitive n-th roots of unity, i.e.

ta(r) = [[ @-9= ][] (=-¢)

§ primitive gcd(k‘,n)ZI

n-th root

Note that the degree of ¢, () is ¢(n). This explains why we use the same
symbol. This definition includes the case considered in Equation 4.3.

Proposition 4.11 Let K be a field, and n not a multiple of char(K).

v =1 =[] ¢alx) (4.4)

din



78 CHAPTER 4. GALOIS THEORY

2.
¢i(z) = (z-1)
(7)) = _at=1 (4.5)
Pel) [T ¢a()
dn,d<n

3. For a prime p, different from char(K),

P —1 -1 -2 2
op(z) = po =P 42+ frt 441

Formula (4.5), or equivalently (4.4), is a recursive formula that can be
used to compute the cyclotomic polynomials.

Example 4.3.1 The cyclotomic polynomials ¢, (z) for n < 12 are given

o(r) = z—1

po(x) = x+4+1

p3(r) = 2 4+ax+1

(b4(.1') = l’2+1

¢5(x) = st +t+r+1

Po(r) = 22 —2+1

pr(x) = S+ +at+ 2P+t +a+1
Qﬁg(l’) = 1’4+1

Po(z) = ab+a23+1

bro(zr) = 2 —ad+22—x+1

p11(z) = 2042428 +a"+ab+aS +at+ P+t + 1
bra(z) = 2*—22+1

provided that n is not a multiple of char(K).

We now restrict our attention to char(K) = 0 where the prime subfield
is Q. Let’s recall Gauss lemma from Chapter 1.

Recall that, for a UFD R, a polynomial f(z) € R[z] is said to be primitive,
if the g.c.d. of its coefficients is 1, i.e. a unit. Gauss’s Lemma 1.17, and its
Corollary 1.18, tell us
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Lemma 4.12 [Gauss| Let R be a UFD. If f(x),g(x) € Rlx] are primitive
then their product f(z)g(x) is also primitive.

Corollary 4.13 Let R be a UFD, and Q) its field of fractions. Let f(x), h(x) €
Rlx] be primitive and g(x) € Q[z]| be such that f(x) = g(x) - h(x). Then
g(x) € R[z], and it is also primitive.

Proof. Write all coefficients of g(x) in reduced form, and let a be the g.c.d. of
the numerators of these coefficients, and b the lem of the denominators. Then

b
g(x) = —g(x) has coefficients in R and is primitive. From the assumption we
a
get
b- f(z) =a-g(x)- h(x).

From Gauss’ lemma, taking the g.c.d. of coefficients on both sides, we get
that a = b and g(x) = g(z). u

As a special case we get.

Corollary 4.14 Let f(x),h(x) € Z[z] be primitive and g(z) € Q[z] be such
that f(x) = g(x) - h(z). Then g(z) € Z[zx], and it is also primitive.

Theorem 4.15 [Gauss| In characteristic zero, the cyclotomic polynomial
¢n () is monic, irreducible over Q, with integral coefficients.

Proof. The fact that it is monic is immediate from the definition. That it
has rational coefficients follows by induction on n and the division algorithm,
as follows. From the recursive formula (4.5) we have in Q[z]

2" —1=¢u(x) [[ ¢al®)

dln,d<n

Since, by inductive hypothesis, H ¢a(x) € Qlz], the uniqueness in the
dln,d<n

division algorithm forces ¢, (z) to be in Q[z]. Now, using again induction on

n we can see that the coefficients of ¢, () are integers, using Corollary 4.14.

To see that ¢,(x) is irreducible, write ¢,(x) = f(x) - g(z) with f(z), g(x) €

Z[z|, and f(x) irreducible. Since ¢, (x) is monic, the leading coefficients of

f(z) and g(z) are equal to +1, so we may take f(z) to be monic.
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Claim: if § is a root of f(z) and p is a prime not divisor of n then ? is also
a root of f(z). Since pfn, BP is a primitive n-th root of unity, hence a root
of ¢, (). If it wasn’t a root of f(x) it would be a root of g(z), so g(8*) = 0,
and (3 is a root of g(z?). Since f(x) is the minimal polynomial of 5 over Q,
it divides g(z?), i.e. g(xP) = f(x) - h(x) for some h(x) € Z[x]. If we reduce
modulo p we get, using Fermat’s little theorem,

g(x)" =g(a*) = f(z) - h(z)

which tells us that any root of f(z) is also a root of g(x). Since ¢,(z) =
f(x) - g(z), then ¢,(x) has a multiple root, and so does z" — 1 € F,[z]. But
this contradicts Corollary 3.42 since p fn, and (2" — 1)’ = na"~! # 0 whose
only root is 0. This proves the claim.

Repeatedly using the claim we just proved, one can now see that for any k
with g.c.d.(k,n) = 1, 8* is a root of f(x), so all the roots of ¢,(x) are roots
of f(x). Since ¢(x) has no multiple roots then we conclude that g(z) = 1
and ¢(x) = f(z) is irreducible. |

Corollary 4.16 1. The cyclotomic polynomial ¢,,(x) is the minimal poly-
nomaial for each primitive n-th roots of unity over Q.

2. Q(&,) is the splitting field for ¢,(x) over Q, and
[Q(&n) = Q) = ¢(n)

3. The Galois group
Gal(Q(&,) : Q) = U,

the group of units of the ring Z,,.

Proof. 1. For £ a primitive n-root of unity, ¢,(£) = 0, and since ¢, (x) €
Q[z] is monic and irreducible, we get ming(§) = ¢, (§).

2. By Lemma 4.10.1, all the roots of ¢,(z) are powers of &,, and &, is
one of those roots, so Q(&,) is the splitting field of ¢, (x) over Q. The
result on the degree follows from Proposition 3.12.

3. By Lemma 4.10.1, for each k € U,,, £ is a primitive n-th root of unity,
i.e. aroot of ¢,(x). By Proposition 3.25, there is a Q-homomorphism,
Or : Q(&) — A such that 0,(&,) = €F. Since Q(&,)/Q is a Galois
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extension, by Corollary 4.4, ) is a Q-automorphism of Q(&,). The
map

0: U, — Gal(Q(&,)/Q)
kE — Gk

is the desired isomorphism. In fact, 65 06;(&,) = k(&) = €8 = 014(&,),
and since the image of &, determines the automorphism, we get

Hkoel = Hkl- |

Definition 4.7 The n-th cyclotomic extension of Q is the field Q(&,).

We will revisit the cyclotomic extensions after the we establish the Fun-
damental Theorem of Galois Theory in Section 4.5.
Exercise 4.3.1  Show that if n is even then
¢2n($) = ¢n($2),

and if n > 3 is odd then
¢2n(w) = an(—flf)

4.4 Posets - Galois Connections

In this section we take a brief detour into poset and lattice territory.

4.4.1 Artinian Induction

Definition 4.8 A poset P is said to be Artinian if it does not have any
infinite descending chain. We also say that P satisfies the descending chain
condition, DCC for short.

Examples 4.4.1 1. The set (N, <) is an Artinian poset. In fact, any
well-ordered set is Artinian.

2. The set (N,]|) is an Artinian poset.
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3. An Artinian Ring is a ring in which the lattice Idl(R) is an Artinian
poset.

Theorem 4.17 [Artinian Induction] Let P be an Artinian poset, and let
S(z) be a first-order formula in the language of P. If we can show that

(Vo € P)((Vy <x)(S(y)) = S(x)),
then we can conclude that
(Vx € P)(S(x)).
Proof. Assume otherwise, and construct an infinite descending chain of ele-
ments that don’t satisfy S. [ |

Remarks 4.4.1 1. We will say that we are doing induction on P when-
ever we use this theorem.

2. Induction on the Artinian poset (N, <) is the so-called strong induction.

3. Induction on a well-ordered set is called transfinite induction.

4.4.2 Mobius Inversion Formula

Definition 4.9 A poset P is said to be locally finite, if for every x,y € P,
the interval [z, y] is finite.

Examples 4.4.2 1. The poset (N, <) is locally finite.

2. The poset (N, |) is locally finite.

The Mobius function is usually defined with values in the ring of integers
Z, but it can be defined on any ring R.

Definition 4.10 Let P be a locally finite poset, and R a ring (e.g. Z).
Define the partial function Mobiiis function

w:PxP—R
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for y < x in P as follows:

p(x,z) =1 and Z w(y,z) =0 when y < x. (4.6)

z€[y,z]

In other words,

ply,x) == > ply,2) (4.7)

y<z<wz

Remarks 4.4.2 1. Note that the variable of the summation is the sec-
ond variable of the M&bius function. However, the definition could have
been done by using the first variable, and we would have gotten the
same function. Some authors do define it that way, using the formula
in Exercise 4.4.1 .

2. If desired, the function could be a total function on P x P by setting
p(y,z) = 0 when y £ x, and this would be compatible with (4.6).

3. Sometimes we underline the summation variable, for the sake of clarity,
as in (4.7).



84 CHAPTER 4. GALOIS THEORY

Exercise 4.4.1  Let P be a locally finite poset. For y # x € P

Z p(z,z) =0

y<z<z
Hint: Fix y € P, and then use induction on the Artinian poset

{ue P|u>y}.

Solution. That the poset
{u€eP|u>y}.

is Artinian, is immediate from P being locally finite. By induction on z. The
bottom case is when y < x, and we have

Z [L(Z,I) = M(yvx)_l_ﬂ(x?I)

y<z<w

= u(y, =)+ puy,y)

= > uly.2)

y<z<z

= 0

Now, using (4.7) and the induction hypothesis on v < z, we have

Z wlz,z) = 1-— Z Z (z,u)

y<z<z y<z<z z<u<z

= 1- Z Z (2, u)

y<u<z y<z<u

L=—p(y,y)— Y > nlzu)

y<u<z y<z<u

= 1-1-0=0
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Theorem 4.18 [Mobius Inversion Formula] Let P be a poset with finite
downsets, R a ring, and M an R-module. Let f,g: P — M. If

g(x) = f(v),

y<z
then

fa) = uly,z)g(y). (4.8)

y<z

Proof. Since P has finite downsets, it is Artinian, and we proceed by induc-
tion on P. The statement is clear when x is minimal and the downset of x
is {x}. Otherwise, usign a change in the order of summation

fle) = glz) =) )

y<z
= 40) = Y (5 m)e(z)  (by induction)
y<z z<y
= g(x)— Z Z w(z,9)g(z) (summation order)
z<w z<y<w
= g(x) =) g(z) Y ulzy)
z<x z§g<x
= g(@)+ Y g(@)p(zx) (47)
z<z
= > p(z2)9(2) u
z<w
Remarks 4.4.3 1. The Formula (4.8) is called the M6bius Inversion

Formula.

2. Let x,y,u,v € P. Since the value p(y, ) depends only on the interval
[y, x], we have that if [y, z] ~ [v,u] (as posets) then u(y,z) = p(v,u).
In particular, in (Nt |), if bla then a = bd for some d € N and
[b,a] =~ [1,d]. Thus we have, u(b,a) = p(1,d). This value is denoted
p(d) = u(a/b). From (4.6) we get: for n > 1,

> u(d) =0.

din

04/02/20
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Proposition 4.19 In the poset (NT,|) we have:

2. u(n) = (=1)* if n is the product of k distinct primes,

3. p(n) = 0 otherwise, i.e. n is not square free.

Proof. 1. The first part is obvious.

2. If n is square free, and the product of k distinct primes,
n=Dp1---Pk

then for each proper subset I C {1,...,k} the number n; = le- is
iel
the product of |I| distinct primes and by induction u(n;) = (—1)

For each | < k there are (’;) subsets with [ elements, and

I

o= 3 o =3 (Vv

IC{1,...k} 1=

By the binomial theorem we have

=1 =Y (7))

and therefore, ju(n) = (—1)*.

3. When n is not square-free, with prime factorization
n=pi---pek, some a; >1,

Let m = p;---px. Let D be the set of divisors of n, Ds; the set of
square-free divisors of n, i.e the divisors of m, and D' = D — D;. In
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particular, n € D" and by induction, for each d € D’ if d < n, we have

p(d) = 0. Now,
0 = > u(d
deD
= D uld)+ Y u(d)
dED,; deD’
= > ould+ D pld)+p(n)
djm deD’ d#n
= 04+0+ u(n)
|
Corollary 4.20 Let f, g be functions with domain N*. If g(n) = Zf(d)
dn
then f(n) = 3" (n/d)g(d).
dn
Examples 4.4.3 1. Since n = Z o(d), then p(n) = Zu(n/d)d. For
d| dln
example,

0(24) = p(6) -4+ p(3) -8+ u(2) - 12+ pu(1) - 24 =4—-8—124+24 =8

We say that d, a divisor of n, is co-even/co-odd, if n/d is square-free
and the product of an even/odd number of distinct primes. So, we can

write
o(n) = Z d— Z d. (4.9)
d| d|

co-even co-odd
Among the divisors of 24, 4 and 24 are co-even, whereas 8 and 12 are
co-odd.

2. Since 2" — 1 = Hgbd(w), then

din

oulw) = [[(@" =1/ =2z (410)
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Note that we are treating the multiplicative abelian group of non-zero
rational functions, as a Z-module. For Example,
(2 =1)(a* —1) a2 +1

Poa() = @) —1) 2 +1 =a2® -2+ 1.

Exercise 4.4.2  Show that the sequence of coefficients of the cyclotomic
polynomial ¢, (z), for n > 2, is palindrome, i.e. if

p(n)
o, (z) = Zaixl,
i=0

then aym)—;i = a;.

Exercise 4.4.3  Prove or disprove: all cyclotomic polynomials have all
their coefficients in {0, £1}.
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4.4.3 Closure Maps — Galois Connections

Definition 4.11 Let P be a poset. A map ¢ : P — P is called a closure 04/14/20
map if it satisfies:

(i) = < c(z) (Extensive)
(ii) c(c(z)) = c(z) (Idempotent)

(i) = <y = c(z) < c(y) (Isotone)

An element y € P is said to be closed if y = c¢(z) for some z € P, or
equivalently if y = ¢(y).

We often write 1 < ¢ for (i), and ¢ = ¢ for (ii), in Definition 4.11.
Example 4.4.4 A closure operator on a set A is a closure map on P(A).

Lemma 4.21 Let P be a poset and c: P — P a closure map. For any x € P

c(x) =min{y € Plz <y and y is closed}

Proof. Clearly, the element c(x) belongs to the set on the right. Now, if
y € P is such that x < y and y is closed, then, by isotonicity, we get

c(r) < ely) =y =

Proposition 4.22 Let L be a complete lattice and ¢ : L — L a closure map.
The set M of closed elements of L under c is a complete lattice with the same
meet as L, and with join of X given by c(\/ X), the closure of the join of X
15 L.

Proof. To see that the meet of closed elements is closed, let (y;|i € I) be a
family of closed elements, and let y = A ;. Since y < y;, we get c(y) <
c(y;) = y; for all ¢ € I, and therefore ¢(y) < Ay; = y. The other inequality
holds by extension.

By Proposition 2.7, M is a complete lattice with the same meet as L. Now, if
X C M, then for any z € X, we have z < \/ X < ¢(\/ X) and ¢(\/ X) € M.
If y € M is such that x < y for all x € X, then \/ X < y and therefore
c(VX) <c(y) =y. Thus, ¢(\/ X) is the sup of X in M. [
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Example 4.4.5 Let G be a group and L = P(G). L is a complete lattice
with meet by intersection and join by union. Let

c: L — L
X — (X)

Then M = Sub(G), which as shown earlier, is a complete lattice with meet
by intersection and join, by the subgroup generated by the union.

Definition 4.12 A Galois connection

PLQ
B

consists of two posets P and @), and two maps a: P — @ and §: QQ — P,
satisfying:

1. aand [ are antitone, i.e. order-reversing, meaning that for any z, xs €
P and for any y,ys € Q,
1 <x9 = alr)) > axs)

1 <y = Bly1) = Bya);

2. foa > 1pand awo B > 1g, meaning that for any x € P and for any
y €@,
Blafz)) =z and  a(B(y)) = v.

[e%

Lemma 4.23 [“3=1"] If P Q is a Galois connection then

afa=«a, and Papf =p.

Proof. Apply a to 1 < PBa to get a > afa. Apply 1 < af to a to get
a < afa. [ |

Oftentimes we will denote the two maps « and [ of a Galois connection,
by the same symbol, say *. In that case, the statement of the Lemma is
% % x = x, or just “3 = 17, for short. Condition 2 in Definition 4.12 can be
written as 1 < .
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«

Theorem 4.24 Let P Q be a Galois connection.

1. Ba and af are closure maps on P and @), respectively.
2. x € P is closed iff v = B(y) for some y € Q.
3.y € Q is closed iff y = a(x) for some x € P.

4. The posets S and T of closed elements of P and () respectively are
anti-isomorphic via the restrictions of a and 3.

Note that for closed elements of P and ) “3 = 1”7 improves to “2 = 0”.

o

Corollary 4.25 If L M is a Galois connection between two complete

B
lattices, then the complete lattices of closed elements are dual isomorphic.

The following lemma gives us a tool to construct a wide variety of Galois
connections, as the examples below show.

Lemma 4.26 Let A, B be sets, and p C A x B a binary relation from A to
B.

(e}

P(A) P(B)

B
X +— {beBlzpbforalzxzeX}
{a€Alapy forallyeY} <+ Y

is a Galois connection, and the closed subsets of A and B form dual isomor-
phic complete lattices. In both of them meet is intersection.

Exercise 4.4.4 Prove Lemma 4.26.

Examples 4.4.6

1. Let A be a set and G a group (resp. monoid, semigroup) acting on A.
Let p C A x G be given by

apg < da’=a
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The closed subsets of G are subgroups (resp. submonoids, subsemi-
groups). The closed subsets of A are the subsets fixed by a subgroup
(resp. submonoid, subsemigroup) of G. If X C A, then X* is the fixer
of X. For Y C G, let H = (Y). Then Y* = H* consists is the set of

elements fixed by Y.

2. When A is an algebra and G acts by automorphisms (resp. endomor-
phisms) on A, the closed subsets of A are subalgebras of A.

3. When F'is a field and G a group of automorphisms of F', we get the
classical Galois connection from Galois theory. See Section 4.5 below.

4. When G is a group acting on itself by conjugation then
TPpY = TY=1YT

and the closed subsets of GG are precisely the centralizers in G. This
is an example of a symmetric Galois connection, i.e. one where the two
posets are the same, as well as the two maps «, 3.

Corollary 4.27 The centrilizers in a group G form a complete self-dual
lattice contained, as a poset, in the interval [Z(G), G].

Exercise 4.4.5 Is the lattice of centrilizers in G a sublattice of Sub(G)?

4.5 The Fundamental Theorem of Galois The-
ory

In this section we will look in detail at the Galois connection described in
Example 4.4.6.3, arising from the binary relation p C F x G, defined as
follows: let F' be a field and G a group of automorphisms of F. For a € F
and ¢ € G,

app < p(a) = a.

The closed subsets under this Galois connection are given by the following
definition.
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Definition 4.13 Let F be a field and G a group of automorphisms of F'
We denote by Fg, or by Fixp(G) the set

Fe :={a € Flp(a) = a for all ¢ € G}.

It is a subfield of F', called the fixed field of G.
For K asubfield of F', i.e. for F//K a field extension, recall from Definition 3.8
that we denote by Autg(F), or Aut(F/K) the set

Autg (F) = {p € Aut(F)|p(a) = a for all a € K}.

It is a subgroup of Aut(F'), called the automorphism group of the extension
F/K. When F/K is a Galois extension, we also denote it by Gal(F/K),
Galg (F), or Gal(F' : K).

In particular, when we consider the group of all automorphisms of F', we
get a Galois connection

Sub(F) “T Sub(Aut(F)) (4.11)

Remark 4.5.1 Note that F} = F, and for any G < Aut(F'), F contains
the prime subfield P of F', so the closed subfields of F' lie in the interval
[P, F'], between the prime subfield P and F, with F' being one of them. On
the group side, note that Aut(F/F) = 1 and Aut(F/P) = Aut(F), since
any automorphism of F' has to fix the multiplicative identity 1, and therefore
must fix P. The closed subgroups of Aut(F) lie in the interval from 1 to
Aut(F'), with both of them being there.

Proposition 4.28 [Artin] Let F' be a field, and G a finite group of auto-
morphisms of F'. Let E = Fg be the fized subfield of G. The extension F/E
is a finite Galois extension, and Gal(F/E) = G. Using the * notation for
the Galois connection, this last statement is G** = G.

Proof. Let a € F, and Ga = {ay,...,a,}, the orbit of a under the action
of G, with oy, ..., a, distinct, and o = «;. Let

fx)=(r—) - (z—a,) € Flz|.
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Note that any ¢ € G permutes the orbit of a. Thus it permutes the factors
of f(x), hence it fixes its coefficients, i.e. f(x) € Elz|, and f(x) is a multiple
of ming(«), so

degp(@) < deg(f(z)) =n <|G|.

Since ay, . .., «a, are distinct, it follows that « is separable over E. By Corol-
lary 3.60, it follows that [F' : E] < |G|. By the Primitive Element Theorem,
F/E is a simple extension, so we can choose o € F' such that F' = F(«),
and F is the splitting field of f(z) € E[z], hence F//E is normal, and Galois.
Using the * notation for the Galois connection we have,

G <G =(Fg)" = E"=Aut(F/E).
On the other hand, since F'/E is finite Galois, by Proposition 4.9,
|Aut(F/E)| = [F : E] = [E(«) : E] = degg(a) <n < |G
It follows that Gal(F/E) = G. |

Artin’s proposition tells us that every finite subgroup of Aut(F’) is closed
under the Galois connection. The following proposition says that every sub-
field K of F', for which F'/K is Galois, it closed under the Galois connection.

Proposition 4.29 Let F'/K be a Galois extension and G = Gal(F/K) = K*.
The fized field of G, Fo =K, i.e. K™ =K.

Proof. We already have K < K**. Let a € K**. Any K-homomorphism
¢ : K(a) = K, extends to a K-homomorphism @ : F — K. Since F/K
is normal, we have Im(p) = F, i.e. » € G. Since a € G*, it follows that
a = @(a) = p(a), Thus [K(a) : K]; = 1, and since « is separable over K,
we get [K(a): K] =1,1ie. K(a)= K, hence a € K. |

Propositions 4.28 and 4.29 are the main ingredients of the fundamental
theorem. It deals with finite Galois extensions. In Section 4.6 we will get the
general case.

Theorem 4.30 [Fundamental Theorem of Galois Theory| Let F be a
field, and consider the Galois connection

Sub(F') Sub(Aut(F))

Fy — H

[0}
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from (4.11). Let K < F such that F/K is a finite Galois extension, and let
G = Gal(F/K) = Autg(F).

1. The maps «, B, restricted to Subg (F') and Sub(G),

(67

B

Subg (F) Sub(Autg (F)). (4.12)

are bijections. The two lattices, Subk (F) and Sub(G) are anti-isomorphic,
with a, B, inverse of each other, providing the dual isomorphisms.

2. (a, p) preserves [ : ], meaning

o for K< E, < FEy<F,|Ey: E1]=[E}: E3], and
0f07’1§H1§H2§G7 [HQHl]:[HikH;]

3. («a, B) preserves normality, i.e. for E € Subk(F), E/K is normal iff
a(E)(= Autg(F)) is a normal subgroup of G. Moreover, in this case
we have

Gal(F/K)

Gal(E/K) ~ Gal(F/E)

Before we consider the proof of the Fundamental Theorem, let’s consider
a couple of examples.

Examples 4.5.1 1. In Example 4.2.1 we have seen that Q(v/2, v/3)/Q
is a Galois extension, with Galois group isomorphic to the Klein 4-

group,
‘/;L = 02 X 02 = {1,@7 ba C} = {++7+_7 _+7 __}

where the two signs indicate where V2 and /3 are mapped, as we
know that any automorphism must map V2 = V2 , and V3 =
++/3. This group has three non-trivial, proper subgroups, namely
A = (a), B = (b) and C' = (c). By the FTGT, each of these subgroups
fixes an intermediate subfield of this extension, i.e. a proper subfield
of F = Q(+/2,+/3) that properly contains Q, and these are all the
intermediate subfields, Fy = Q(v/2), Fz = Q(v/3), Fo = Q(V6).
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Q(vV2,V3) 1

/TN
/

w

Q(v2) Q(WV3) Q(V6) A B C

NN

Q Vi

2. In Example 4.1.2.4 we showed that Q(w, v/2)/Q is Galois, with Galois

group G = {1,p,p% 0,po,0p} isomorphic to S3. In fact, G acts as
the permutation group of the roots of 2 — 2. Since we know all the
subgroups of S3, the FTGT gives us all the intermediate fields of this
extension, it gives us the degree of the extensions, and it also tells us
which of these extensions are normal and Galois. Recall that

2

P W o= w ol oW o= w
V2= w2 72— 2

In terms of the roots we have

p: V2 = wV2 o V2 = V2
w2 o W22 wY2 o W22
W2 o V2 WA s wi/2

The non-trivial, proper subgroups of S3 are A = (o), B = (op), C =
{po), and R = (p). Hence the proper subfields of F' = Q(w, v/2), that

properly contain QQ are:
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1
_ 7
Q(v2) @(wwﬁw% ) @ (o o)
Q) / (0
@/ 53/

Proof of Theorem 4.30. 04/21/20

1. We want to show that every subgroup of G, and every E € Subg(F),
are closed under the Galois connection (4.12). By Proposition 4.9, the
group G is finite, and so are all its subgroups; thus Proposition 4.28
applies, and all subgroups of G are closed. By Proposition 4.8, for every
E € SubgF, the extension F'/FE is Galois, and by Proposition 4.29, F
is closed.

2. Let K < E < F. By Proposition 4.8, F'/FE is Galois. Using Proposi-
tion 4.9 for F//K and F/E, we get

[F: K] goy [AW(F/K)| K]

E R =mE T RaEm)

[K*: E"].

From here, one easily gets the general case. Note that this proof de-
pends on F/K and F/E being finite. Below, in Lemma 4.37.1, we
give a proof that does not depend on the finiteness of F//K, only the
finiteness of E/K.

3. That (a, 8) preserve normality, follows from Lemma 4.31 below. Sup-
pose now that £/K is normal. Every K-automorphisms ¢ of F', re-
stricts to a K-homomorphism £ — F — K, and by normality its
image is equal to F, so it restricts to a K-automorphism ¢|g, of E.
Clearly, the map

Gal(F/K)
¥

Gal(E/K)

%
= olg
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is a group homomorphism, with kernel equal to Aut(F/E) = Gal(F/E).
Conclude using the first isomorphism theorem for groups. [ |

The preservation of normality by («, ) does not require the Galois ex-
tension F'/K to be finite.

Lemma 4.31 Let F/K be a Galois extension, and G = Gal(F/K). For
Ey, Ey € Subg(F). The subfields Ey and Ey are conjugate over K iff the
subgroups E and Ej are conjugate in G.

Proof. Suppose E, F, are conjugate, i.e. there is an automorphism ¢ €
Autg(F) such that ¢(E,) = E,. For any ¢ € Ei = Autg,(F'), we have
o oo fixes Ey, so we have a map, conjugation by ¢,

AUtE2<F) — AutEl(F)
(I Sk

which is easy to see is an isomorphism. Thus Ej and E; are conjugate in G.
Conversely, assume that Ej and Ej are conjugate in G, i.e. there is ¢ €
G = Autg(F) such that (E5)¥ = EY. We want to show that p(E;) = FEs.
For a € Ey, and ¢ € Ej we have ¢¥ € E}, so, ¢ ' oo p(a) = a, ie.
Yo p(a) = ¢(a) and therefore, p(a) € E3* = E,, by Proposition 4.29.
Thus, ¢ maps E; into Es; similarly, ¢~! maps F, into E;, and therefore
¢|p, : By — Ey is an isomorphism, i.e. Fj and Fj are conjugate subfields of
F. [ |

We now use the Fundamental Theorem of Galois Theory, the Fundamen-
tal Theorem of Finite Cyclic Groups, and what we know about finite fields,
to count the number of irreducible polynomials of degree 10 over Fs.

Example 4.5.2 In Example 4.2.2.2 we have shown that F,. /I, is a Galois
extension with cyclic Galois group of order n, generated by the Frobenius
automorphism ®. The cyclic group C), has exactly one sub-

F1024 group of order d for each d divisor of n. The lattice Sub(C),)

/ is isomorphic to the lattice of divisors of n. Therefore, IF 4
Fsy F, is a subfield of Fj. iff d is a divisor of n. The lattice of sub-
fields of F,» is dual-isomorphic to the lattice of subgroups

\IE‘ / of C,,. For example for n = 1024 = 2'°, there is a field with

2
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1024 elements, namely, Fyi0, the splitting field of the poly-

nomial x'%* — z € Z,[x]. This field has only three proper
subfields, Fq1, Fy = Fy2, and F3y = Fes. This can be used to count the
number of irreducible polynomials of degree 10 over Fy. By uniqueness of
finite fields, Fpo4 is the only extension of Fy of degree 10. The roots of all
irreducible polynomials of degree 10 over Fy live in Figos. All elements of
1924 have degree divisor of 10. Those of degree 5 are elements of F3,, those
of degree 2, are elements of Fy, and those of degree 1 are elements of Fy. By
the inclusion-exclusion principle, that leaves 1024 — 32 —4+2 = 990 elements
of degree 10 over 5. Every irreducible polynomial over Fy is separable, so
every irreducible polynomial of degree 10, has 10 of those 990 elements as its
roots, and no two of those polynomials share a root. Therefore, there are 99
(monic) irreducible polynomials of degree 10 over Fs.

Exercise 4.5.1 Show that the directed union

U Py

neN

is the algebraic closure of [F),.

Exercise 4.5.2  What is the lattice of subgroups of U,,?7 What is the lattice
of subfields of the cyclotomic extension Q(&,)? Write down the bijection
between these two lattices.

We close this section with an improvement on Proposition 4.8.2, page 73
that will be needed in Chapter 5.

Proposition 4.32 If E/K is a Galois extension and F/K is any field ex-
tension, then EF/F is Galois. Its Galois group embeds in Gal(E/K), and
when E/K is finite,

Gal(EF/F) ~ Gal(E/EN F).
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Proof. From Proposition 4.8 we know that F'F/F is a Galois extension. Since
E/K is algebraic, each o € Aut(EF/F) maps E into K, and since F/K is
normal, we have o(E) = E. This tells us that the map

¢: Gal(EF/F) — Gal(E/K)
o — olg

is well-defined. Tt is clearly a homomorphism, and if o|g = 1 then o fixes E
and F', hence it fixes EF', and o0 = 1. This shows ¢ is injective, giving us
the desired embedding. Let G = Gal(EF/F). For every o € G, o|g fixes
ENF,soIm(p) < Gal(E/ENF). Let H = Im(p). Then H* > EN F.
Note that for any 0 € G = Gal(EF/F), since o|g € H, we have o fixes
H* = Ey. Therefore Ey < (EF)g = F, and Ey = ENF. We then get
H=H"*=(ENF)"=Gal(E/ENF). |

4.6 Infinite Galois Extensions

Even though we would like to extend Theorem 4.30 to arbitrary Galois ex-
tensions, the following example, due to McCarthy [5], shows that it requires
some adjustments.

Example 4.6.1 [McCarthy,1966] Let F' be the splitting field over Q of
the family of polynomials

{2* —r|r € Q}.
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Remarks 4.6.1 Note that

1. F'is generated, as an extension of Q by the set

R ={/p|p is a prime, or p = —1}.

ie. F=Q(R). Clearly, F/Q is a Galois extension, of infinite countable
degree.

2. Any o € Gal(F/Q) is completely determined by where it maps the
elements of R, and for each o € R, we must have o(a) = +a. This
implies that each 1 # o has order 2, and G = Gal(F/Q) is elementary
abelian 2-group, and can be viewed as a vector space over Fs.

3. For each subset S C R there is an automorphism og : F' — F', such
that og(a) = —a if @ € S, and og(a) = a if @ € R — S Hence G is
uncountable, and has uncountably many subgroups.

4. Let B be a basis for G as a vector space over Fy. Then B is uncountable,
and for each o € B, the set B — {0} generates a subgroup of index 2
in G. Therefore, G has uncountably many subgroups of finite index.

5. In this example we have
[F: Q] < [F: Qs = [Homg(F, A)| = |[Autg(F)| = |Gal(F/Q)],

showing that Propositios 3.56, 4.9, and 3.58 do not hold in general for
infinite extensions, not even when they are separable and Galois.

6. We have shown in Theorem 3.59, that any finite separable extension
is simple, i.e. generated by a single element. Since F'/Q is algebraic,
F' is countable, so it follows from Theorem 3.59 that there are only
countably many F € Subg(F) with F/Q a finite extension.

7. Since the Galois connection

Subg(F) === Sub(G)

«

maps finite extensions £/Q to subgroups of finite index in G, it follows
from parts 4 and 6 above that that the maps «, f cannot be bijections.
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Note however, that for any Galois extension F'/ K, Proposition 4.29 says
that fa = 1, and therefore « is injective and [ is surjective.

Exercise 4.6.1 Prove the statement in Remark 4.6.1.4.

Exercise 4.6.2  Show that the group GG in Example 4.6.1 is isomorphic to
P(R) with symmetric difference as the binary operation.



