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Recall that if X is a random variable then the moment generating function (MGF) of X is
mX (t)=E[eXt]
which you compute by multiplying ext by the pdf/pmf and integrating/summing.
For nice random variables knowing the pdf is equivalent to knowing the MGF, but unfortunately it
is not so easy to go from a MGF back to the pdf, except in special cases where we know the answer. In
this class we’ll exploit the special cases we know to compute the distribution of the sum of independent
random variables.
At the end of the last section, we gave a formula for the pdf of X +Y , when X and Y are independent
random variables. It is a nice formula, but working out the bounds of integration ends up usually being
a bit tricky. We will see in a moment that if we know the MGF of X and Y then computing the MGF
of X +Y is very easy. If we’re lucky enough to recognize the MGF of X +Y as the MGF of a pdf that
we know, then we can completely avoid computing the integral.
Here’s the main theorem of this section:
Theorem 0.1. Let X and Y be independent random variables with MGFs mX (t) and mY (t) then the
MGF of X +Y is
mX+Y (t)=mX (t)mY (t)
Proof. We start with the definition of the MGF
mX+Y (t)=E[e(X+Y )t]=E[eXteY t]
then we distribute the t and use that the exponential of a sum is the product of the exponentials. Then
we use that because X and Y are independent
E[eXteY t]=E[eXt]E[eY t].
This is basically what it means to be independent (for any functions g and h, E[g(X)h(y)] =
E[g(X)]E[h(y)]). But the last equality is just the product of the MGFs of X and Y . Which is
what we want to show.
Now let’s see how we can apply this theore.
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Example 0.2. Let X be a normal random variably with mean µX and variance σX
and Y be a normal
2
random variably with mean µY and variance σY . Furthermore, let X and Y be independent. Use the
moment generating functions to compute the pdf of X +Y .

Solution: We have seen the MGF of X is mX (t)=e
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The above formula tells us the MGF of X +Y is:
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which we simplify to:
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mostly just using that the product of exp is the exp of the sums.
Then we recognize that this is the MGF of a normal random variable with mean µX +µY and
2
variance σX
+σY2 . So this means the pdf of X +Y is
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Note that using the last section we could instead have computed
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which looks like a lot more work to simplify.
In the above example we started with r.v.’s that we already knew the MGF of and then we combined
them we recognized a MGF of a rv that we knew. In general, we can’t expect this to happen, but it’s
worth trying in the cases we see here.
Let’s look at another example where we can use the MGF to compute the distribution of a sum.
Example 0.3. Let X be a gamma random variable with parameters αX and β and let Y be a gamma
random variable with parameters αY and β. Assume X and Y are independent.
(a) Compute the MGF X and Y .
(b) Compute the MGF X +Y .
(c) What is the distribution of X +Y ?
Note in this example the gamma random variables have the same β parameter but their α parameters
can be different. The sum of gamma random variables with different β values doesn’t have a nice
description, and cannot be easily identified by its MGF.
Solution:
(a) We’ll just compute the MGF of a gamma random variable. Then substituting αX or αY answers
the question.
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The pdf of a gamma random variable is:
f(x)=

1
xα−1e−x/β
Γ(α)β α

for x>0 and 0 otherwise so its MGF is
m(t)=
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We combine the exponential terms to get:
m(t)=
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and then do the u-sub u=(1/β−t)x to get
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so then combining (t−1/β)−α and β α gives
m(t)=(1−βt)−α
where we have used the definition of the Γ(α) to notice the remaining terms were just
Γ(α)/Γ(α)=1
(b) From our main theorem we have
mX+Y (t)=mX (t)mY (t)=(1−βt)−αX (1−βt)−αY =(1−βt)−αX +αY
(c) Matching our solution in part (b) to the the computation in part (a), we see that the distribution
of X +Y is a gamma random variable with parameters αX +αY and β.
If you think back to the gamma r.v.’s and remember if α=1, then this is an exponential random
variable. The exponential random variable is used to model the waiting time for the first arrival
in a random process. Then the time from the first arrival to the second arrival is also modeled by an
independent exponential random. From the result we just computed, this show that the total waiting
time until the 2nd arrival is a gamma random variable with α=2. Repeating this idea inductively
shows that the total waiting time for the kth arrival is a gamma random variable with α=k.
We have already seen that representing a binomial random variable as a sum of n independent
Bernoulli random variables makes the computation of it’s expectation and variance much easier. Using
the generalization of the main theorem to the sums of n independent random variable also gives us an
easy way to compute the MGF of Binomial r.v.
Example 0.4. Compute the MGF of Y , a Binomial(n,p) random variable.
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Solution:
Let X1,X2,...,Xn be independent Bernoulli random variables with probability of success p. Then
Pn
i=1 Xi has the same distribution of Y .
The MGF of X1 is
mX1 (t)=E[etX1 ]=et∗0(1−p)+et∗1(p)=(1−p)+etp
Then the MGF of Y is


n

mY (t)=mX1 (t)mX2 (t)...mXn (t)= (1−p)+etp

where we have used that the all have the same MGF so multiplying them together is the same as
raising to the nth power.
One more computation I’ll leave for you to think about is the sum of independent Possion r.v. When
this r.v. was introduced, we used it to model the number of successes in a given time interval. We then
claimed that if the length of the time interval was doubled then the number of successes would still be
a Poisson r.v. with twice the mean. What this really meant was the number of successes in the first
half of the time interval is a Poisson r.v. and the number of successes in the second half of the time
interval is another independent Poisson r.v. and the sum of these two Poisson r.v.s gives a new Poisson
r.v. whose mean is the sum of the first two Poisson r.v.s. So you can check that in general the sum two
independent Poisson random variables with mean λ1 and λ2 is a Poisson random variable with mean
λ1 +λ2.
Finally, a very important distribution is in statistics is the χ2 random variable. The book does a
nice example showing the the χ2 rv’s can be related to Z12 +Z22 +...+Zn2, where Zi’s are independent
standard normal random variables.
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