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1 Independent random variables

Now that we have introduced the idea of working with several random variables at the same time, we
can generalize the notation of independence from events to random variables. Recall 2 events A and

B are independent if
P(ANB)=P(A)P(B)
In other words, the probability that both A and B happen is the same as the probability A happens
times the probability B happens. Using conditional probability, we have the equivalent formulation that
A and B are independent if
P(A|B)=P(A)

In other words, knowing that the event B happened doesn’t effect the probability of A happening.

Random variables X; and X, are independent if every event that depends on just X; is independent

from every event that depends on just X5. Fortunately, if suffices to just check events of the form
a; < X; <b;, meaning if X; and X, are independent then for any a;,b;,as,bo,

]P’({al < X1 < bl}ﬂ{ag < XQ < bg}) :P({Gl < Xl < bl})P({CLQ < X2 < bg})
Since P({ay < X1 <b1})=Fx, (b1)—Fx,(a;) (where FYx, is the CDF of X; ) it is often more convenient
to define independence in terms of CDFs:

DEFINITION 1.1. The random variables X, and X5 are independent if for every pair of real numbers
T1,T2

Fx, x,(01,02) = Fx, (21) Fx, (72),
where Fx, x,(x1,22) s the joint CDF of Xy and X, Fx,(x1) is the CDF of Xy, and Fx,(x2) is the
CDF of Xs.

The above definition is convenient, because the CDF makes perfect sense in both the discrete and
continuous case, although it is a bit less useful in the discrete case. Since we usually work with pdfs
or pmfs, it will be useful to reformulate the definition in terms them.

THEOREM 1.2. Let X and X5 be discrete random variables, they are independent if and only if for
every pair of real numbers xi,xo

Px1,X (21,72) =px, (T1)px, (T2),

where px, x,(T1,x2) is the joint pmf of X1 and Xs, px, (1) is the pmf of X1, and px,(x2) is the pmf of Xo.



THEOREM 1.3. Let X| and X5 be continuous random variables, they are independent if and only if
for every pair of real numbers x1,zo

fxy x(21,72) = fx, (21) fx, (22),

where fx, x,(x1,22) is the joint pdf of X; and Xo, fx,(x1) is the pdf of Xy, and fx,(x2) is the pdf of Xo.

Sometimes you will be given a joint distribution of random variables and asked to check if they
are independent or not. Other times you will given independent random variables and their marginal
distributions, and then asked to compute something about them. In the second case, the first step will
often be to compute the joint distribution of the random variables, which is found by simply multiplying
the marginal pdfs together.

Let’s look at some examples, we can start with the examples from the previous lectures.

EXAMPLE 1.4. Roll a fair 4-sided dice twice. Let Y; be the result of the first roll and Yy be the result
of the second. Are the random variables Y1 and Ys independent?

Solution: In the previous notes we computed

1
Dyi.va (Y1,42) = m for 1, =1,2,3,4; y,=1,2,3,4 and 0 otherwise ,

Py, (1) =1/4 for y1 =1,2,3,4 and 0 otherwise ,

and
Dy, (y2)=1/4 for yo=1,2,3.4 and 0 otherwise

Since 1/4%1/4=1/16 we have
Pyaye (Y1,2) =Py (Y1)Pys (42)

for all 4, and ys, so the random variables are independent.

More generally, if random variables are defined in terms of independent trials, then they will be
independent.

EXAMPLE 1.5. There are 20 balls in a box, labeled 1,2,...,20. You draw 2 balls out of the box without
replacement. Let X be the number of the first ball you draw and Xo be the number on the second ball.
Are X1 and X5 independent?

Solution: We should suspect they are not independent, since the r.v’s are generated from non-
independent trials. In order to verify this intuition, we just need to find a pair of values x; and -
such that px, x,(21,22) #px, (T1)px, (2).

Let’s try z; = 1,29 = 1, from our previous computations px, x,(1,1) =0, but px, (1) = 1/20,
px,(1)=1/20. Since 0#1/20? we see the random variables are not independent.

We could have also tried x; = 1,29 = 2, (or really any two number between 1 and 20 that
are not equal). Once again from our previous computations we see px, x,(1,2) =1/(20%19), but
px; (1) =1/20, px,(2) =1/20. Since 1/(20%19) # 1/20* we have again verified that the random
variables are not independent.
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EXAMPLE 1.6. Let X7 and X5 be continuous random variables with jpdf:

) 1/8, if —1<21<3 and 2<x,<4
le’XQ(xl’xz)_{ 0, otherwise.

Are X1 and X5 independent?

Solution: We’ve seen when —1<z; <3 we have:

It is then easy to check that fx, x,(z1,22) = fx, (z1)fx,(x2) for all x;,x5. Therefore the random
variables are independent.

In fact we have a theorem that generalizes the last example.

THEOREM 1.7. Let X and Y be random variables with joint pdf fxy(x,y) that is positive if and only
a<x<band c<y<d for some (possibly infinite) numbers. If there exist functions g(x) and h(y) such that

Ixy(zy)=g(x)h(y)

then X andY are independent.

Note that we don’t require g(z) and h(y) to be pdfs (but there will exist some constant that can
multiply them to make this so).
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EXAMPLE 1.8. Let the X and Y be random variables, taking values in a disk of radius 1 with joint pdf

24
fxy(wy)="2y" for x,y such that z°+y* <1, and O otherwise .
T

Are X and Y independent?

Solution: It is tempting to applying the above theorem and they are independent, but we need to
note the joint pdf is supported on a disk not a rectangle as in the theorem. So we need to compute
the marginal pdfs. We’ll compute fx(z) (fy(y) is basically the same), we pick an x point between
—1 and 1 and then integrate y over the corresponding line.

Y
(x,v/1—22)
22)

D,
N

(x,—V1—

Where we have the noted the line with x constant intersects the circle at y=2+v/1—22).

Visa? 94 24 L P\ 24221222 16 32
/fXY 7ydy / :Eydy—— - = 4 = (1 l’)
Vi—gZ T s 3 iz T 3 ™
for —1<x <1, and fx(x)=0 otherwise. Similarly

16,201_,2\3/2 i _
_ ) Ry =y)YE i —1<y<1
fY(y)_{ 0, otherwise.

Inside the circle clearly

24 16 16
71‘2y27é71'2(1—$2)3/27y2(1—y2)3/2,
™ ™ ™

even more obviously, outside the circle, but still with —1 <y <1 and —1 <z <1 the joint pdf is 0,
but the marginal pdfs are not and we have

16 16
07& ?{L‘Q(l _x2)3/2?y2(1 _y2>3/2‘

So X and Y are not independent. Intuitively, if X is near 1, then Y must be small, because
of the constraint that the random variables take values inside the circle.
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ExXAMPLE 1.9. Choose a point on the unit disk with pdf given by the previous example. Let R denote
the distance from the origin of this point and let © be the angle that the line from this point to the origin
makes with the positive x-axis. See the picture.

Y

XY

)

Are R and © independent?

Solution: Using Polar Coordinates we have
x=rcos(#) and y=rsin(f) and dxdy=rdrdf
So the joint pdf of R,0 is

fro(rf)= rScos?(f)sin?(9), if 0<r<1,0<0<2r7
ROY)= 0, otherwise.

Since the domain is of the form 0<r <1, 0< <27 (the bounds are just constant numbers) and
we can write fre(r,0)=g(r)h(0) with g(r)=r° and h(f)=cos?(0)sin?(#). We see that R and © are
independent.

ExXAMPLE 1.10. Let the X1 and X5 be random variables with joint pdf

Yaty), if0<x<1,0<y<2
= 3 ’ - — ’ o o
fxy (@) { 0, otherwise.

Are X and Y independent?

Solution: We begin by drawing the domain
Y

2
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then we compute the marginal distributions: for 0 <x<1:

2\ 2

Ix(z) —/02;)(x+y)dy— zl)) <xy—|— yQ)O_ ;(I-FD

and 0 otherwise. An exercise for you to check that:

L142y), if0<y<2
fd 6 ’ - Y
Fr (W) { 0 otherwise.

Y

Now we multiply the conditional probabilities to get:

o) Flo)= g (42> 4 1) # S (w-+y).

So the random variables are not independent.

2 Conditional distributions of independent random variables

If X and Y are independent continuous random variables then

fX|Y(-T‘y) = fo};E;y) = fX;?é/S(y) = fx(x)

where the first equality is just the definition, the second uses the independence assumption and the final

is just canceling.
Which very similar to our formula for conditional probabilities of independent events.
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