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372 CHAPTER 5 Integration 5-2

SECTION 5.1

The General
Antiderivative
of a Function

Antidifferentiation: The Indefinite Integral

How can a known rate of inflation be used to determine future prices? What is the
velocity of an object moving along a straight line with known accel eration? How can
knowing the rate at which a population is changing be used to predict future popula-
tion levels? In al these situations, the derivative (rate of change) of a quantity is
known and the quantity itself is required. Here is the terminology we will use in con-
nection with obtaining a function from its derivative.

Antidifferentiation ® A function F(X) is said to be an antiderivative of f(x) if
F'(¥) =f(X

for every x in the domain of f(x). The process of finding antiderivatives is called
antidifferentiation or indefinite integration.

NOTE Sometimes we write the equation

F'(¥) =¥
as
dF
5 = ®

Later in this section, you will learn techniques you can use to find antideriva-
tives. Once you have found what you believe to be an antiderivative of a function,
you can always check your answer by differentiating. You should get the original func-
tion back. Here is an example.

EXAMPLE 5.1.1

Verify that F(x) = %xs + 5x + 2 is an antiderivative of f(x) = x* + 5.
Solution
F(x) is an antiderivative of f(x) if and only if F'(x) = f(x). Differentiate F and you
will find that
1
F'(x) = 5(3x2) +5
=x2+5=f(X)
as required.

A function has more than one antiderivative. For example, one antiderivative of the
function f(x) = 3x% is F(x) = X3, since

F'(x) = 3¢ = f(x)
but so are x° + 12 and x> — 5 and x° + m, since

d a2 ds o d s a2
dx(x3+ 12) = 3x OIX(x3 5) = 3%* OIX(x + ) = 3%



Just-In-Time REVIEW

Recall that two lines are
parallel if and only if their
slopes are equal.

EXPLORE!

Store the function F(x) = x°
into Y1 of the equation editor
in a bold graphing style.
Generate a family of vertical
transformations Y2 = Y1 + L1,
where L1 is a list of constants,
{—4, -2, 2, 4}. Use the
graphing window [—4.7, 4.7]1
by [-6, 6]1. What do you
observe about the slopes of
all these curves at x = 1?
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In generd, if F is one antiderivative of f, then so is any function of the form
G(X) = F(x) + C, for constant C since

G'(¥) = [F() + CT'

=F'(X) + C'  sum rule for derivatives
=FX +0 derivative of a constant is O
= f(x) since F is an antiderivative of f

Conversely, it can be shown that if F and G are both antiderivatives of f, then
G(X) = F(x) + C, for some constant C (Exercise 64). To summarize:

Fundamental Property of Antiderivatives ® If F(x) is an antideriva-
tive of the continuous function f(x), then any other antiderivative of f(x) has the
form G(x) = F(x) + C for some constant C.

There is a simple geometric interpretation for the fundamental property of anti-
derivatives. If F and G are both antiderivatives of f, then
G'(¥)=FX="1x

This means that the slope F'(x) of the tangent line to y = F(x) at the point (x, F(X))
is the same as the dlope G'(X) of the tangent line to y = G(x) at (x, G(X)). Since the
slopes are equal, it follows that the tangent lines at (x, F(x)) and (x, G(X)) are paral-
lel, as shown in Figure 5.1a. Since this is true for al x, the entire curve y = G(x)
must be paralel to the curve y = F(x), so that

y=G(xX)=FXx +C

In general, the collection of graphs of all antiderivatives of a given function f is a

family of parallel curves that are vertical trandations of one another. This is illus-

trated in Figure 5.1b for the family of antiderivatives of f(x) = 3x%.
y =G y

| y=F(x)

y=x3+m

y:x3_5

A

(b) Graphs of some members of the family
of antiderivatives of f(x) = 3x2

(@ If F'(x) = G'(x), the tangent lines at
(x, F(x)) and (x, G(x)) are parallel

FIGURE 5.1 Graphs of antiderivatives of a function f form a family of parallel curves.
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The Indefinite
Integral

Just-In-Time REVIEW

Recall that differentials were
introduced in Section 2.5.

=
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Most graphing calculators
allow the construction of

an antiderivative through

its numerical integral,
fnint(expression, variable,
lower limit, upper limit), found
in the MATH menu. In the
equation editor of your
calculator write

Y1 = fnInt(2X, X, {0, 1, 2}, X)

and graph using an expanded
decimal window, [—4.7, 4.7]1
by [-5, 5]1. What do you
observe and what is the
general form for this family

of antiderivatives?

Integration 5-4

You have just seen that if F(X) is one antiderivative of the continuous function f(X),
then al such antiderivatives may be characterized by F(X) + C for constant C. The
family of all antiderivatives of f(x) is written

ff(x) dx=FX) + C

and is called the indefinite integral of f(x). The integral is “indefinite” because it
involves a constant C that can take on any value. In Section 5.3, we introduce a
definite integral that has a specific numerical value and is used to represent a vari-
ety of quantities, such as area, average value, present value of an income flow, and
cardiac output, to name a few. The connection between definite and indefinite inte-
grals is made in Section 5.3 through a result so important that it is referred to as the
fundamental theorem of calculus.

In the context of the indefinite integral [f(x) dx = F(x) + C, the integral symbol
is [, the function f(x) is called the integrand, C is the constant of integration, and
dx is a differential that specifies x as the variable of integration. These features are
displayed in this diagram for the indefinite integral of f(x) = 3x*

integrand j

f 3Axdx=x>+C
integral symbol—T Tivariable of integration

For any differentiable function F, we have

r constant of integration

fF’(x) dx=FX) + C
since by definition, F(x) is an antiderivative of F’(x). Equivaently,
dr
—dx = +
f I dx=F(X + C

This property of indefinite integrals is especialy useful in applied problems where a
rate of change F'(X) is given and we wish to find F(x). Severa such problems are
examined later in this section, in Examples 5.1.4 through 5.1.8.

It is useful to remember that if you have performed an indefinite integration
calculation that leads you to believe that [f(x) dx = G(x) + C, then you can check
your calculation by differentiating G(x):

If G'(x) = f(x), then the integration [f(x) dx = G(x) + C is correct, but if
G'(x) is anything other than f(x), you've made a mistake.

This relationship between differentiation and antidifferentiation enables us to estab-
lish these integration rules by “reversing” analogous differentiation rules.
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Graph y = F(x), where
F(x) = In IxI = In(abs(x))

in bold and f(x) :% in the

regular graphing style using a
decimal graphing window. At
any point x # 0, show that the
derivative of F(x) is equal to
the value of f(x) at that
particular point, confirming
that F(x) is the antiderivative
of f(x).
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Rules for Integrating Common Functions

The constant rule: Jk dx = kx + C for constant k

n+1

The power rule: [x" dx = X +C fordln= -1
n+1

1
The logarithmic rule: f;dx =In|x]+ C foralx=#0

. 1
The exponential rule: fekx dx = Eekx + C for constant k # 0

To verify the power rule, it is enough to show that the derivative of o isx™

+1

d Xn+l 1

— = + =x"

dx(n+1) n+1[(n DX =x
For the logarithmic rule, if x> 0, then |x| = x and

d

d 1
S Inbd = (i =~

If x<0, then —x> 0 and In |x| = In (—X), and it follows from the chain rule that

d d 1 1
) = Iin(=x)] = q(—l) =%

Thus, for al x # 0,

d 1
d—x(mlxl) =%

1
f—dx=|n|x|+C
X

You are asked to verify the constant rule and exponential rule in Exercise 66.

NOTE Notice that the logarithm rule “fills the gap” in the power rule; namely, the
case where n = —1. You may wish to blend the two rules into this combined form:

n+1
+C ifn# -1

fx”dx: n+1
Injx] + C ifn=-1
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EXAMPLE 5.1.2
Find these integrals:

1
a dex b. fx”dx C. fwdx d. fe%lx

Solution

a. Use the constant rule with k = 3: f3 dx=3x+C

. 1
b. Use the power rule with n = 17: fx”dx = Exls +C

. 1 1
¢. Use the power rule with n = —5: Sincen+ 1= >

Vx 12

d. Use the exponentia rule with k = —3:

d 1
X —fx”zdx=—x”2+c=2\/>_<+c

feSde = ise’@‘ +C

Example 5.1.2 illustrates how certain basic functions can be integrated, but what
about combinations of functions, such as the polynomia x> + 2x® + 7 or an expres-
sion like 5 + \/x? Here are agebraic rules that will enable you to handle such
expressions in a natural fashion.

Algebraic Rules for Indefinite Integration

The constant multiple rule: ka(x) dx = kff(x) dx for constant k
The sum rule: J[f(x) + g(x)] dx = ff(x) dx + fg(x) dx

The difference rule: f[f(x) —g(¥)] dx = ff(x) dx — fg(x) dx

dF
To prove the constant multiple rule, note that if x f(x), then

d dF
&[kF(x)] = k& = kf(x)
which means that

fkf(x) dx = kf f(x) dx

The sum and difference rules can be established in a similar fashion.



EXPLORE!

Refer to Example 5.1.4. Store
the function f(x) = 3x*> + 1 into
Y1. Graph using a bold
graphing style and the window
[0, 2.35]0.5 by [-2, 12]1.
Place into Y2 the family of
antiderivatives

Flx)=x3+x+ L1
where L1 is the list of integer
values —5 to 5. Which of
these antiderivatives passes
through the point (2, 6)?
Repeat this exercise for
f(x) =3x% — 2,

<

(2.6)

Thegraphof y = x* + x — 4.
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EXAMPLE 5.1.3
Find the following integrals:

a. f(2x5 + 8x® — 3x% + 5) dx

b. f (M) i
X
c. f (3e % + V1) dt

Solution

a. By using the power rule in conjunction with the sum and difference rules and the
multiple rule, you get

J(2x5+8x3—3x2+5)dx=2Jx5dx+Sstdx—3fx2dx+J5dx

x8 x* X3
=2 =) +85]-3%) +5x+
2(6) 8(4) 3(3) 5 + C

1
:§x6+2x4—x3+5x+C

b. Thereisno “quotient rule’ for integration, but at least in this case, you can till divide
the denominator into the numerator and then integrate using the method in part (a):

2o i

1
=§x3+2x—7ln|x|+c

C. f (Be % + Vi) dt = f (3e % + tY?) dt

1 1 3 2
=3 —e M|+t +C=——eP+2t%+C
(—5 ) 3/2 5 3

EXAMPLE 5.1.4

Find the function f(X) whose tangent has slope 3x® + 1 for each value of x and whose
graph passes through the point (2, 6).
Solution
The slope of the tangent at each point (X, f(x)) is the derivative f'(x). Thus,
/() =3¢+ 1
and so f(x) is the antiderivative

f(x):jf’(x)dx=f(3x2+1)dx=x3+x+C
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Applied Initial
Value Problems

To find C, use the fact that the graph of f passes through (2, 6). That is, substi-
tute x = 2 and f(2) = 6 into the equation for f(x) and solve for C to get

6=02°%*+2+C o C=-4

Thus, the desired function is f(x) = x° + x — 4. The graph of this function is shown
in the accompanying figure.

A differential equation is an equation that involves differentials or derivatives. Such
equations are of great importance in modeling and occur in a variety of applications.
An initial value problem is a problem that involves solving a differential equation
subject to a specified initial condition. For instance, in Example 5.1.4, we were
required to find y = f(x) so that

dy
dx

We solved this initial value praoblem by finding the antiderivative

=3x*+ 1 subject to the condition y = 6 when x = 2

y=f(3x2+1)dx=x3+x+c

and then using the initial condition to evaluate C. The same approach is used in
Examples 5.1.5 through 5.1.8 to solve a selection of applied initial value problems
from business, economics, biology, and physics. Similar initial value problems appear
in examples and exercises throughout this chapter.

EXAMPLE 5.1.5

A manufacturer has found that marginal cost is 3g — 60q + 400 dollars per unit when
g units have been produced. The total cost of producing the first 2 units is $900. What
is the total cost of producing the first 5 units?

Solution

Recadll that the marginal cost is the derivative of the total cost function C(q). Thus,
dC
— = 3¢9% — 60q + 400
dq q q

and so C(g) must be the antiderivative
C(q) =f?j—§dq =J(3q2 — 609 + 400) dg = g — 30g° + 400q + K

for some constant K. (The letter K was used for the constant to avoid confusion with
the cost function C.)
The value of K is determined by the fact that C(2) = 900. In particular,

900 = (2)°> — 30(2)> + 400(2) + K  or K =212
Hence, C(g) = g° — 30g® + 400q + 212
and the cost of producing the first 5 units is
C(5) = (5)® — 30(5)% + 400(5) + 212 = $1,587



EXPLORE! /&

88

UO

Graph the function P(t) from
Example 5.1.6, using the
window [0, 23.5]5 by
[175,000, 225,000]25,000.
Display the population 9 hours
from now. When will the
population hit 300,0007?
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EXAMPLE 5.1.6

The population P(t) of a bacterial colony t hours after observation begins is found to
be changing at the rate

dP
o = 200e%™ + 1508”2

If the population was 200,000 bacteria when observations began, what will the
population be 12 hours later?

Solution

drP
The population P(t) is found by antidifferentiating pry as follows:

P
P(t) = f Z—t dt = f (200e® + 150e 203 dt

~200e*"" 150 O exponential and
“ o1 T —om '€ sum rules

= 2,000e*! — 5,000e %% + C

Since the population is 200,000 when t = 0, we have
P(0) = 200,000 = 2,000€° — 5,000’ + C
= —3,000 + C
so C = 203,000 and
P(t) = 2,000e> — 5,000 %% + 203,000
Thus, after 12 hours, the population is

P(12) = 2,000 — 5000e %312 + 203,000
~ 206,152

EXAMPLE 5.1.7

A retailer receives a shipment of 10,000 kilograms of rice that will be used up over
a 5-month period at the constant rate of 2,000 kilograms per month. If storage costs
are 1 cent per kilogram per month, how much will the retailer pay in storage costs
over the next 5 months?

Solution

Let St) denote the total storage cost (in dollars) over t months. Since the rice is used
up at a constant rate of 2,000 kilograms per month, the number of kilograms of rice
in storage after t months is 10,000 — 2,000t. Therefore, since storage costs are 1 cent
per kilogram per month, the rate of change of the storage cost with respect to time is

dS _ (monthly cost)number of
dt ~ \perkilogram )\ kilograms
It follows that S(t) is an antiderivative of

0.01(10,000 — 2,000t) = 100 — 20t

) — 0.01(10,000 — 2,000t)
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Motion along a Line

=
&

Refer to Example 5.1.8. Graph
the position function s(t) in the
equation editor of your
calculator as Y1 = —11x® + 66x,
using the window [0, 9.4]1 by
[0, 200]10. Locate the stopping
time and the corresponding
position on the graph. Work
the problem again for a car
traveling 60 mph (88 ft/sec). In
this case, what is happening
at the 3-sec mark?

That is, St) = f 3—? dt = f (100 — 20t) it

= 100t — 10t2 + C

for some constant C. To determine C, use the fact that at the time the shipment arrives
(when t = Q) there is no cost, so that

0=10000) — 10002+ C o C=0
Hence, S(t) = 100t — 10t

and the total storage cost over the next 5 months will be
§(5) = 100(5) — 10(5)? = $250

Recall from Section 2.2 that if an object moving along a straight line is at the posi-

d d
tion s(t) at time t, then its velocity is given by v = d—f and its acceleration by a = d_\t/
Turning things around, if the acceleration of the object is given, then its velocity and
position can be found by integration. Here is an example.

EXAMPLE 5.1.8

A car istraveling along a straight, level road at 45 miles per hour (66 feet per second)
when the driver is forced to apply the brakes to avoid an accident. If the brakes sup-
ply a constant deceleration of 22 ft/sec? (feet per second, per second), how far does
the car travel before coming to a complete stop?

Solution

Let s(t) denote the distance traveled by the car in t seconds after the brakes are applied.
Since the car decelerates at 22 ft/sec?, it follows that a(t) = —22; that is,

dv
dt
Integrating, you find that the velocity at time t is given by

alt) = —22

v(t) =f%’dt= f—22dt= —22t+C,

To evaluate C,, note that v = 66 when t = 0 so that
66 = v(0) = —22(0) + C,

and C, = 66. Thus, the velocity at timet is v(t) = —22t + 66.
Next, to find the distance s(t), begin with the fact that

ds
== \(t) = —22t + 66
a0

and use integration to show that

1) = fg_fdt: f(—22t+ 66) dt = —11t2 + 66t + C,
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Since s(0) = 0 (do you see why?), it follows that C, = 0 and
s(t) = —11t% + 66t

Finally, to find the stopping distance, note that the car stops when v(t) = 0, and this
occurs when

V() = —22t + 66 = 0

Solving this equation, you find that the car stops after 3 seconds of deceleration, and
in that time it has traveled

s(3) = —11(3)? + 66(3) = 99 feet
EXERCISES = 5.1
In Exercises 1 through 30, find the indicated integral. s
Check your answers by differentiation. 13 |(BVYy—-2y ¥ dy
1 2 3
- 14 [[=-5+—=
t f 3 f(Zy y? W)dy
eX
=+
) fdx 15 f (2 x\/>_<> dx
1
3 —+
3 JXSdX 16. f( NG \/E)dx
1
11+
v o ol o
fl 18. f<2e”+§+ln2)du
5. X_de u
x>+ 2x+ 1
6 f 36 dx 19, f <—X2 )dx
X2+ 3x— 2
2 20. |——F——dx
7. f\/f dt VX
1
3 _ 2\ = _
8 fxo_s o 21. f(x 2 )(X 5) dx
22 oy + 1) d
Q. fuz/t_’du - [y y Y
2 _
10, J(X_lz_x_13>dx 23. J\/E(t 1) dt
2
11, f (3t2 — VBt + 2) dt 24. f X(2x A+ 1)7 dx
t 2
12. f(xl/3 — 3x %%+ 6) dx 25. f(e 1)t
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26. f e 0% (e % + 4) ot
1 5
2. [|[=——F=+ ey/2> d
J (By Vy y
28. f )—1((x + 1)%dx
29. ft‘ﬂz(t2 —t+2)dt

30. f Ine™) dx

In Exercises 31 through 34, solve the given initial
value problem for y = f(X).

31. 3—i=3x—2 wherey = 2 when x = —1
dy _ _ _
32. dx_e wherey = 3 when x =0
2 1
33. 3—i=;—x—2 wherey = —1 when x =1
+1
34. g—i=x\/)—( wherey = 5 when x = 4

In Exercises 35 through 42, the slope f'(x) at each point
(x, y) onacurvey = f(x) is given along with a particular
point (a, b) on the curve. Use this information to find
f(x).

3B f'X)=4x+1(1,2

36. f'(x) =3 - 2x(0,—-1)

37. f'(X) = —x(x + 1); (—1,5)

38. f'(x) = 3x*+ 6x — 2; (0, 6)

39, f'(x) =x3— % +2; (13

40. f'() =x"Y2+x(1,2)
41. f'(x) = e X+ x% (0, 4)

42. f'(x) = S — 4,(1,0)

43. MARGINAL COST A manufacturer estimates
that the marginal cost of producing q units of a
certain commodity is C'(q) = 3g® — 24q + 48
dollars per unit. If the cost of producing 10 units
is $5,000, what is the cost of producing 30 units?

45,

46.

47.

48.

49,

5-12

MARGINAL REVENUE The marginal revenue
derived from producing g units of a certain
commodity is R'(q) = 4q — 1.297 dollars per unit.
If the revenue derived from producing 20 units is
$30,000, how much revenue should be expected
from producing 40 units?

MARGINAL PROFIT A manufacturer estimates
marginal revenue to be R'(q) = 100q~ ¥ dollars
per unit when the level of production is g units.
The corresponding marginal cost has been found
to be 0.4q dollars per unit. Suppose the
manufacturer’s profit is $520 when the level of
production is 16 units. What is the manufacturer’'s
profit when the level of production is 25 units?

SALES The monthly sales at an import store are
currently $10,000 but are expected to be declining
at the rate of
S(t) = —10t¥® dollars per month
t months from now. The store is profitable as long
as the sales level is above $8,000 per month.
a. Find aformulafor the expected salesin t months.
b. What sales figure should be expected 2 years
from now?
¢. For how many months will the store remain
profitable?

ADVERTISING After initiating an advertising
campaign in an urban area, a satellite dish
provider estimates that the number of new
subscribers will grow at a rate given by

N'(t) = 154t%° + 37 subscribers per month
where t is the number of months after the

advertising begins. How many new subscribers
should be expected 8 months from now?

TREE GROWTH An environmentalist finds that

a certain type of tree grows in such a way that its

height h(t) after t years is changing at the rate of
h'(t) = 0.2t%° + Vt  fiyr

If the tree was 2 feet tall when it was planted,

how tall will it be in 27 years?

POPULATION GROWTH It is estimated that t
months from now the population of a certain town
will be increasing at the rate of 4 + 5t people
per month. If the current population is 10,000,
what will be the population 8 months from now?

NET CHANGE IN A BIOMASS A biomassis
growing at the rate of M'(t) = 0.5¢™* g/hr. By how
much does the mass change during the second hour?
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51. LEARNING Bob istaking a learning test in

which the time he takes to memorize items from a
given list is recorded. Let M(t) be the number of
items he can memorize in t minutes. His learning

rate is found to be
M'(t) = 0.4t — 0.005t>

a. How many items can Bob memorize during the

first 10 minutes?

b. How many additional items can he memorize
during the next 10 minutes (fromtimet = 10

tot = 20)?

52. ENDANGERED SPECIES A conservationist
finds that the population P(t) of a certain

endangered species is growing at a rate given by
P'(t) = 0.51e %% where t is the number of years

after records began to be kept.
a. If the populationis Py = 500 now (at time
t = 0), what will it bein 10 years?

/ b. Read an article on endangered species and write
a paragraph on the use of mathematical models

in studying populations of such species.*
53. DEFROSTING A roast is removed from the

freezer of a refrigerator and left on the counter to
defrost. The temperature of the roast was —4°C
when it was removed from the freezer and t hours

later, was increasing at the rate of
T'(t) = 7€ %% °Clhr

a. Find aformulafor the temperature of the roast

after t hours.
b. What isthe temperature after 2 hours?

c. Assumetheroast is defrosted when its tempera-
ture reaches 10°C. How long doesiit take for the

roast to defrost?

54, MARGINAL REVENUE Suppose it has been
determined that the marginal revenue associated

with the production of x units of a particular

commodity is R'(X) = 240 — 4x dollars per unit.

What is the revenue function R(xX)? You may
assume R(0) = 0. What price will be paid for

each unit when the level of production isx =5

units?

55. MARGINAL PROFIT The margina profit of a
certain commodity is P'(q) = 100 — 2q when q
units are produced. When 10 units are produced,

the profit is $700.

*You may wish to begin your research with the journa Ecology.

57.

58.

59.

60.

a. Find the profit function P(q).
b. What production level q resultsin maximum
profit? What is the maximum profit?

PRODUCTION At a certain factory, when K
thousand dollars is invested in the plant, the
production Q is changing at a rate given by
Q'(K) = 200K %3
units per thousand dollars invested. When $8,000
is invested, the level of production is 5,500 units.
a. Find aformulafor the level of production Q to
be expected when K thousand dollarsis invested.
b. How many unitswill be produced when $27,000
isinvested?
¢. What capital investment K isrequired to pro-
duce 7,000 units?

MARGINAL PROPENSITY TO CONSUME
Suppose the consumption function for a particular
country is c(x), where x is national disposable
income. Then the marginal propensity to
consume is ¢'(X). Suppose x and ¢ are both
measured in billions of dollars and

c’(x) = 0.9 + 0.3Vx
If consumption is 10 hillion dollars when x = 0,
find c(X).

MARGINAL ANALYSIS A manufacturer
estimates marginal revenue to be 200q 2 dollars
per unit when the level of production is g units.
The corresponding marginal cost has been found to
be 0.4q dollars per unit. If the manufacturer’s
profit is $2,000 when the level of production is

25 units, what is the profit when the level of
production is 36 units?

SPY STORY Our spy, intent on avenging the
death of Siggy Leiter (Exercise 67 in Section 4.2),
is driving a sports car toward the lair of the fiend
who killed his friend. To remain as inconspicuous
as possible, he is traveling at the legal speed of
60 mph (88 feet per second) when suddenly, he
sees a camdl in the road, 199 feet in front of him.
It takes him 00.7 seconds to react to the crisis. Then
he hits the brakes, and the car decelerates at the
constant rate of 28 ft/sec? (28 feet per second, per
second). Does he stop before hitting the camel?

CANCER THERAPY A new medical procedure
is applied to a cancerous tumor with volume

30 cm®, and t days later the volume is found to be
changing at the rate

V'(t) = 0.15 — 0.09¢”%®"  cm¥day
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a. Find aformulafor the volume of the tumor after
t days.

b. What isthe volume after 60 days?After 120 days?

¢. For the procedure to be successful, it should
take no longer than 90 days for the tumor to
begin to shrink. Based on this criterion, does
the procedure succeed?

LEARNING Let f(X) represent the total number

of items a subject has memorized x minutes after

being presented with a long list of items to learn.

Psychologists refer to the graph of y = f(xX) as a

learning curve and to f'(x) as the learning rate.

The time of peak efficiency is the time when the

learning rate is maximized. Suppose the learning

rate is

f'(x) = 0.1(10 + 12x — 0.6x°) for 0=x=25

a. When does peak efficiency occur? What isthe
learning rate at peak efficiency?

b. What isf(x)?You may assume that f(0) = O.

c. What isthe largest number of items memorized
by the subject?

CORRECTION FACILITY MANAGEMENT
Statistics compiled by the local department of
corrections indicate that x years from now the
number of inmates in county prisons will be
increasing at the rate of 280e”* per year.
Currently, 2,000 inmates are housed in county
prisons. How many inmates should the county
expect 10 years from now?
FLOW OF BLOOD One of Poiseuille’s laws for
the flow of blood in an artery says that if v(r) is
the velocity of flow r cm from the central axis of
the artery, then the velocity decreases at a rate
proportional to r. That is,

V'(r) = —ar
where a is a positive constant.* Find an
expression for v(r). Assume v(R) = 0, where R is
the radius of the artery.

.E Artery

EXERCISE 63

—
—
—

*E. Batschelet, Introduction to Mathematics for Life Scientists, 2nd ed.,
New York: Springer-Verlag, 1979, pp. 101-103.
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66.
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If H'(X) = O for all real numbers x, what must
be true about the graph of H(x)? Explain how
your observation can be used to show that if
G'(x) = F'(x) for all x, then G(x) = F(x) + C
for constant C.

DISTANCE AND VELOCITY An object is
moving so that its velocity after t minutes is
v(t) = 3 + 2t + 6t> meters per minute. How far
does the object travel during the second minute?

a. Provethe constant rule: f kdx = kx + C.

1
b. Provethe exponential rule: fe“xdx = Eekx + C.

What is fb" dx for base b (b >0, b # 1)? [Hint:

Recall that b* = & '"P]

It is estimated that x months from now, the popula-
tion of a certain town will be changing at the rate
of P'(x) = 2 + 1.5V/x people per month. The
current population is 5,000.

a. Find afunction P(x) that satisfies these condi-
tions. Use the graphing utility of your calculator
to graph this function.

b. Use TRACE and ZOOM to determine the level
of population 9 months from now. When will
the population be 7,590?

C. Suppose the current population were 2,000
(instead of 5,000). Sketch the graph of P(x)
with this assumption. Then sketch the graph of
P(x) assuming current populations of 4,000
and 6,000. What is the difference between
the graphs?

A car traveling at 67 ft/sec decelerates at the con-
stant rate of 23 ft/sec® when the brakes are
applied.

a. Findthe velocity v(t) of the car t seconds after
the brakes are applied. Then find its distance s(t)
from the point where the brakes are applied.

b. Usethe graphing utility of your calculator to
sketch the graphs of v(t) and s(t) on the same
screen (use [0, 5]1 by [0, 200]10).

€. UseTRACE and ZOOM to determine when
the car comes to a compl ete stop and how far it
travelsin that time. How fast is the car traveling
when it hastraveled 45 feet?
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Recall that the differential of
y =f(x) is dy = f'(x) dx.
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Integration by Substitution

The magjority of functions that occur in practical situations can be differentiated by
applying rules and formulas such as those you learned in Chapter 2. Integration, how-
ever, is at least as much an art as a science, and many integrals that appear decep-
tively simple may actually require a special technique or clever insight.

For example, we easily find that

1
Tdx = =x8 +
J x"dx 8x C

by applying the power rule, but suppose we wish to compute

f (3x + 5)"dx
We could proceed by expanding the integrand (3x + 5)” and then integrating term by
term, but the algebra involved in this approach is daunting. Instead, we make the
change of variable

u=3x+5 S0 that du=3dx or dx=%du

Then, by substituting these quantities into the given integral, we get

f(Bx + 5)7dx =fu7<% du)

118 1 8 ower rule
=—|= +C==w+c P
3(8“) 24"

1 sinceu=3x+5
=—(Bx+5°+C
24( )

We can check this computation by differentiating using the chain rule (Section 2.4):

d
d—)([2—14(3x + 5)8} = 2—14[8(3X +5)(3)] = (3 + 5)’

1
which verifies that ﬂ(3x + 5) is indeed an antiderivative of (3x + 5)°.

The change of variable procedure we have just demonstrated is called integration
by substitution, and it amounts to reversing the chain rule for differentiation. To see
why, consider an integral that can be written as

j f(x) dx =fg(u(x))u’(x) dx

Suppose G is an antiderivative of g, so that G’ = g. Then, according to the chain rule

d ’ ’
L CUON] = G'(uk)) u'(¥)

=g(u(x) u'(X) sinceG =g
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Therefore, by integrating both sides of this equation with respect to x, we find that

f f(x) dx = J g(u(x))u’(x) dx

d
= f (&[G(U(X))]) dx

= G(u(x)) + C since [G' =G

In other words, once we have an antiderivative for g(u), we also have one for f(x).

A useful device for remembering the substitution procedure is to think of
U = u(X) as a change of variable whose differential du = u’(x) dx can be manipulated
algebraically. Then

j f(x) dx =fg(u(x)) u’(x) dx

=Jg(u) du substitute du for u’(x) dx

=G(u) +C where G is an antiderivative of g
=G(u(x)) + C substitute u(x) for u

Here is a step-by-step procedure for integrating by substitution.

Using Substitution to Integrate jf(x) dx

Step 1. Choose a substitution u = u(x) that “simplifies’ the integrand f(x).

Step 2. Expressthe entire integral in terms of u and du = u’(x) dx. This means
that all terms involving x and dx must be transformed to terms involv-
ing u and du.

Step 3. When step 2 is complete, the given integral should have the form

f f(x) dx = f g(u) du

If possible, evaluate this transformed integral by finding an
antiderivative G(u) for g(u).

Step 4. Replace u by u(x) in G(u) to obtain an antiderivative G(u(x)) for f(x),
so that

f f(x) dx = G(u(x)) + C

An old saying goes, “The first step in making rabbit stew is to catch a rabbit.”
Likewise, the first step in integrating by substitution is to find a suitable change of
variable u = u(x) that simplifies the integrand of the given integral [f(x) dx without
adding undesired complexity when dx is replaced by du = u’(x) dx. Here are a few
guidelines for choosing u(x):



5-17

SECTION 5.2 INTEGRATION BY SUBSTITUTION 387
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If possible, try to choose u so that u’(x) is part of the integrand f(x).

2. Consider choosing u as the part of the integrand that makes f(x) difficult to inte-
grate directly, such as the quantity inside a radical, the denominator of a fraction,
or the exponent of an exponential function.

3. Don't “oversubstitute.” For instance, in our introductory example [(3x + 5)” dx,
acommon mistakeisto useu = (3x + 5)’. This certainly simplifies the integrand,
but then du = 7(3x + 5)5(3) dx, and you are left with a transformed integral that
is more complicated than the original.

4. Persevere. If you try a substitution that does not result in a transformed integral

you can evaluate, try a different substitution.

Examples 5.2.1 through 5.2.6 illustrate how substitutions are chosen and used in var-
ious kinds of integrals.

EXAMPLE 5.2.1
Findf\/2x+ 7 dx.

Solution
We choose u = 2x + 7 and obtain

du =2 dx so that dx=%du

Then the integral becomes

f\/Zx—HdXZJ\/G(%du)

1

szul/zdu since Vu = u/?
102 1

= 5% +C= §u3/2 + C  power rule
1

= §(2x +7%2+C substitute 2x + 7 for u

EXAMPLE 5.2.2
Find f 8x(4x® — 3)° dx.

Solution

First, note that the integrand 8x(4x* — 3)° is a product in which one of the factors,
8x, is the derivative of an expression, 4x* — 3, that appears in the other factor. This
suggests that you make the substitution

u=4¢-3 with  du=4(2x dx) = 8x dx
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to obtain

f 8x(4x* — 3)° dx = J (4x% — 3)%(8x dx)

=Ju5dx

= gue +C power rule

1
= E(4x2 — 3%+ C substitute 4 — 3 for u

EXAMPLE 5.2.3
Find f x3e<' 2 dx.

Solution
If the integrand of an integral contains an exponential function, it is often useful to
substitute for the exponent. In this case, we choose

u=x*+2 sotha du=4acdx
and

J‘X3€X4+2 dx :fex‘hr 2(X3 dX)

1
=fe“<z du) since du = 4x dx

1
= Ze” +C exponential rule
1 X+ 2 . 4
= Ze + C  substitute x* + 2 for u

EXAMPLE 5.2.4

X
Fi .
deX_ldx

Solution

Following our guidelines, we substitute for the denominator of the integrand, so that
u=x-—1and du=dx. Sinceu=x— 1, we also have x=u + 1. Thus,

f X dx=fu+ldu
X—1 u
1
=J[1+ﬂdu divide

=u+infu+C constant and logarithmic rules
=x—1+In|x—1+C substitutex — 1 for u
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EXAMPLE 5.2.5

33X+ 6
Find | ——=————==dx
" f\/2x2+8x+3dX

Solution
This time, our guidelines suggest substituting for the quantity inside the radical in the
denominator; that is,

u=2¢+8x+3  du= (4x + 8) dx

At first glance, it may seem that this substitution fails, since du = (4x + 8) dx
appears quite different from the term (3x + 6) dx in the integral. However, note
that

(Bx+6)dx=3(x+ 2)dx = %(4)[(x + 2) dx]
= %[(4x + 8)dx] = %du

Substituting, we find that

3+ 6 i = 1 [
V2x2+ 8x + 3 V2x2 + 8x + 3

I I DR R

_f\/ﬁ(4du> 4[“ du
3(u/? 3

= - —— = - +

4(1/2) C ZW C

3\/27 substitute

(3x + 6) dx]

EXAMPLE 5.2.6

2
Find J @ dx.

Solution
Because

the integrand
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is a product in which one factor X is the derivative of an expression In x that appears

1
in the other factor. This suggests substituting u = In x with du = X dx so that

f (n%® - J (In x)2<l dx)
X X
=fu2du:%u3+c

1
= g(ln X+ C substitute In x for u

Sometimes an integral “looks” like it should be evaluated using a substitution but
closer examination reveals a more direct approach. Consider Example 5.2.7.

EXAMPLE 5.2.7
Find f e 2dx.

Solution
You can certainly handle this integral using the substitution

u=5x+2 du =5 dx

but it is not really necessary since €72 = e™¢?, and €° is a constant. Thus,

fe5x+2dx :JeSXeZ dx

= ezfesx dx factor constant €* outside integral

eSx

= ez[?] + C  exponentia rule
1 5x+2 : 25X 5x+2
= ge + C dinceee™=¢
In Example 5.2.7, we used algebra to put the integrand into a form where sub-

stitution was not necessary. In Examples 5.2.8 and 5.2.9, we use algebra as a first
step, before making a substitution.

EXAMPLE 5.2.8

243+
Findfmdx.
Xx+1
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Solution

There is no easy way to approach this integral as it stands (remember, there is no
“quotient rule” for integration). However, suppose we simply divide the denominator
into the numerator:

X+ 2

X+ 1 x*+3x+5
—x(x+ 1)
2Xx+5

—2(x+ 1)
3

that is,

x>+ 3x+5 3
S T x+2+—
X+ 1 X+ 1

. ) . 3
We can integrate x + 2 directly using the power rule. For the term 1 we use the

substitution u = x + 1; du = dx:

2+ 3x +
X—X5dx= [x+2+i}dx
Xx+1 X+ 1
3 u=x-+1
=fxdx+f2dx+fadu du = dx
12
=§x +2x+ 3In|ul+C

1
=§X2+2X+3In|x+1|+C substitute x + 1 for u

EXAMPLE 5.2.9

, 1
Find fl n e_de.

Solution

You may try to substitute w= 1+ e *. However, this is a dead end because
dw = —e *dx but there is no e * term in the numerator of the integrand. Instead,
note that

1
1+e* 1 e+1

B
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When Substitution
Fails

Just-In-Time REVIEW

Notice that if u = x* + 2, then
x*=u-2 s0

x=Wu-2"*=Vu-2

An Application
Involving Substitution

Now, if you substitute u = € + 1 with du = € dx into the given integral, you get

1 e 1
dx = dx = d
f1+e‘XX je"+1 X fex+1(e X
1
=f—du
u
=Infu+C
=Injg* + 1]+ C substitute & + 1 for u

The method of substitution does not always succeed. In Example 5.2.10, we consider
an integral very similar to the one in Example 5.2.3 but just enough different so no
substitution will work.

EXAMPLE 5.2.10
Evauate fx“e"‘l+ 2 dx.

Solution

The natural substitution is u = x* + 2, as in Example 5.2.3. As before, you find
du= & dx, so X dx = %1 du, but this integrand involves x*, not x°. The “extra’ factor
of x satisfies x = Wu — 2, so when the substitution is made, you have

fx“e?‘”zdx:fxex”z(dex) =f\/"u— 2e“(%1du)

which is hardly an improvement on the origina integral! Try a few other possible
substitutions (say, u = X% or u = x°) to convince yourself that nothing works.

EXAMPLE 5.2.11

The price p (dollars) of each unit of a particular commaodity is estimated to be chang-
ing at the rate

dp _ —135x
dx V9 + x2

where x (hundred) units is the consumer demand (the number of units purchased at
that price). Suppose 400 units (X = 4) are demanded when the price is $30 per unit.

a. Find the demand function p(x).
b. Atwhat price will 300 units be demanded? At what price will no units be demanded?
c. How many units are demanded at a price of $20 per unit?
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Solution
a. The price per unit p(x) is found by integrating p’(x) with respect to x. To per-
form this integration, use the substitution

1
u=9+x> du = 2x dx, xdx=§du

to get

oo [ 213 [-135(1)
PO= Ve e = oz |

—135(
= —— d
2 fu u

_ 1/2
_ —135(u”” L C
2 \1/2

=-135V9+ x>+ C substitute 9 + x2for u

Since p = 30 when x = 4, you find that

30=-135V9+ 4%+ C

C =30+ 135V 25 = 705

p(x) = —135V/9 + X% + 705
b. When 300 units are demanded, x = 3 and the corresponding price is
p(3) = —135\/9 + 32 + 705 = $132.24 per unit
No units are demanded when x = 0 and the corresponding price is
p(0) = —135\/9 + 0 + 705 = $300 per unit

c. To determine the number of units demanded at a unit price of $20 per unit, you
need to solve the equation

—135V9 + x% + 705 = 20
135V 9 + x° = 685

685
VO + x% = 13
9 + x?> = 25.75 square both sides
x* =~ 16.75
x = 4.09

That is, roughly 409 units will be demanded when the price is $20 per unit.
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EXERCISES 5.2

In Exercises 1 and 2, fill in the table by specifying the s 5
substitution you would choose to find each of the four 8 |[(x— 1)+ 3(x—1)" + 5] dx
given integrals.
1 9. f xe dx
Integral Substitution u
10. f 2xeX ~Ldx
a. f (3x + 4)*?dx
f 4 11. ft(tz + 1)°dt
b. dx
3—x
- 12. f 3tV + 8t
C. f te" " dt
2,3 3/4
d ft(2+t2)3dt 13. jx 3+ 1)¥*dx
5.,1—x°
2 14. f x’er " dx
Integral Substitution u 15. f 52y4 dy
3 y>+1
: f CEE 16 f Yy
, ' 3+ 5)?
b. f x%e” < dx v )
o 17. f(x + D(x* + 2x + 5)*2dx
c f T dt
e +1
d f tH3 4 18. f(Bx2 — 1) dx
" JViZ+6t+5
19 f X*+ 12+ 6
. 5 4
In Exercises 3 through 36, find the indicated integral X7+ 5+ 10x + 12
and check your answer by differentiation. 10x3 — 5x
20. |—F/—=—————=dx
5 X*—x?+6
3. | (2x + 6)°dx ;
u —
a2
4 f 53 g (u? - 2u+ 6)*
6u— 3
2 [
5. f Vax — 1dx
In5
. 23. f SN
°. f 3x+5 o

~

24. j dx
fel_xdx xInx
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1
25. fx(ln X2 dx

o6, In x?
28, i/;( dx
29. f :zt—g:z dx

30. fex(l + e®) dx

X
31. f2X+1dx

32. —dt
t+1

33. JX\/ZX-I- 1dx

X

* fﬁd

1
35. fm dx

[Hint: Let u=Vx+ 1]
1(1 \23

f—2<— — 1) dx
X"\ X

[Hint: Letu = } —1.}
X

3

o

In Exercises 37 through 42, solve the given initial
value problem for y = f(x).

d
37. dy (3—2x?  wherey = Owhenx = 0
38. dy =V4x+5 wherey = 3whenx = 1
dy_ _ _
39. X X+ 1 wherey = 1whenx =0
d
40. é =e?> % wherey = Owhenx = 2
dy  x+2 _ _
41. X 1 ax+5 wherey = 3whenx = —1
42. d_y:M wherey = 2whenx = 1
dx X
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In Exercises 43 through 46, the slope f'(x) at each
point (x, y) on a curve y = f(x) is given, along with a
particular point (a, b) on the curve. Use this
information to find f(x).

43. f'(x) = (1 - 20%¥2 (0, 0)
44. f'(x) = xXVx® + 5; (2, 10)

45. f'(x) = xe* " (-2, 1)

46. f'(x) 1T 3 (0,5)
In Exercises 47 through 50, the velocity v(t) = X'(t) at
time t of an object moving along the x axis is given,
along with the initial position x(0) of the object. In
each case, find:

(a) The position x(t) at time t.

(b) The position of the object at timet = 4.

(c) The time when the object is at x = 3.

47. x'(t) = —2(3t + 1)V?; x(0) = 4

48. X'(t) = ;xX(0) =5

-1
1+ 05t

49. x'(t) = —_2t1+ = x(0) = 0

50. x'(t) = x(0) =4

@+ 77

51. MARGINAL COST At acertain factory, the
margina cost is 3(q — 4)? dollars per unit when
the level of production is g units.

a. Expressthetotal production cost in terms of the
overhead (the cost of producing 0 units) and the
number of units produced.

b. What isthe cost of producing 14 unitsif the
overhead is $4367?

52. DEPRECIATION The resale value of a certain
industrial machine decreases at a rate that depends
on its age. When the machine is t years old, the
rate at which its value is changing is —960e™"®
dollars per year.

a. Expressthe value of the machinein terms of its
age and initial value.

b. If the machine was originally worth $5,200,
how much will it be worth when it is 10 years
old?

53. TREE GROWTH A tree has been transplanted
and after x years is growing at the rate of

Tk 12 meters per year. After 2 years, it has

reached a height of 5 meters. How tall was it
when it was transplanted?
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RETAIL PRICES In a certain section of the
country, it is estimated that t weeks from now, the
price of chicken will be increasing at the rate of
p'(t) = 3Vt + 1 cents per kilogram per week. If
chicken currently costs $2.30 per kilogram, what
will it cost 8 weeks from now?

REVENUE The marginal revenue from the sale
of x units of a particular commodity is estimated
to be

R'(x) = 50 + 3.5x¢ %% dollars per unit

where R(X) is revenue in dollars.

a. Find R(x), assuming that R(0) = 0.

b. What revenue should be expected from the sale
of 1,000 units?

WATER POLLUTION An ail spill in the ocean
is roughly circular in shape, with radius R(t) feet
t minutes after the spill begins. The radius is
increasing at the rate

R'(t) = ft/min

_a

007t + 5

a. Find an expression for the radius R(t), assuming
that R=0whent = 0.

b. WhatistheareaA = wR? of the spill after 1 hour?

DRUG CONCENTRATION The concentration
C(t) in milligrams per cubic centimeter (mg/cm?®)
of adrug in a patient’s bloodstream is 0.5 mg/cm®
immediately after an injection and t minutes later
is decreasing at the rate
_ 0.0180'01t
A new injection is given when the concentration
drops below 0.05 mg/cm?®.
a. Find an expression for C(t).
b. What isthe concentration after 1 hour? After
3 hours?
¢. Usethe graphing utility of your calculator with
TRACE and ZOOM to determine how much
time passes before the next injection is given.

LAND VALUE It is estimated that x years from
now, the value V(x) of an acre of farmland will be
increasing at the rate of

C'(t) = mg/cm® per minute

0.4x3
VvV 0.2x* + 8,000

dollars per year. The land is currently worth $500
per acre.

V'(X) =

59.

60.

61.
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a. Find V(x).

How much will the land be worth in 10 years?

c. Usethe graphing utility of your calculator with
TRACE and ZOOM to determine how long it
will take for the land to be worth $1,000 per
acre.

AIR POLLUTION In a certain suburb of Los
Angeles, the level of ozone L(t) at 7:00 A.M. is
0.25 parts per million (ppm). A 12-hour weather
forecast predicts that the ozone level t hours later
will be changing at the rate of

0.24 — 0.03t
V36 + 16t — t?

parts per million per hour (ppm/hr).

a. Expressthe ozonelevel L(t) asafunction of t.
When does the peak ozone level occur? What is
the peak level ?

b. Usethe graphing utility of your calculator to
sketch the graph of L(t) and use TRACE and
ZOOM to answer the questionsin part (a).
Then determine at what other time the ozone
level will bethe same asitisat 11:00 A.M.

SUPPLY The owner of a fast-food chain
determines that if x thousand units of a new meal
item are supplied, then the marginal price at that
level of supply is given by

=

L'(t) =

X

p'(x) = m dollars per meal

where p(x) is the price (in dollars) per unit at

which al x meal units will be sold. Currently,

5,000 units are being supplied at a price of $2.20

per unit.

a. Find the supply (price) function p(x).

b. If 10,000 meal units are supplied to restaurants
in the chain, what unit price should be charged
so that all the units will be sold?

DEMAND The manager of a shoe store
determines that the price p (dollars) for each pair of
a popular brand of sports sneakers is changing at
the rate of

—300x
x* + 9)%?
when x (hundred) pairs are demanded by
consumers. When the price is $75 per pair, 400
pairs (x = 4) are demanded by consumers.

p'(x) =
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a. Find the demand (price) function p(x).

b. Atwhat price will 500 pairs of sneakers be
demanded? At what price will no sneakers be
demanded?

¢. How many pairswill be demanded at a price of
$90 per pair?

SUPPLY The price p (dollars per unit) of a
particular commodity is increasing at thc rate

20x
(7 —%?
when x hundred units of the commodity are
supplied to the market. The manufacturer supplies
200 units (x = 2) when the price is $2 per unit.
a. Find the supply firnction p(x).
b. What price corresponds to a supply of

500 units?

MARGINAL PROFIT A company determines
that the marginal revenue from the production of
xunitsisR'(X) = 7 — 3x — 4x* hundred dollars
per unit, and the corresponding marginal cost is
C'(X) = 5 + 2x hundred dollars per unit. By how
much does the profit change when the level of
production israised from 5 to 9 units?

p'(x) =

65.

66.

67.

68.

397

MARGINAL PROFIT Repeat Exercise 63 for

marginal revenue R'(X) = T_XX and for the

marginal cost C'(X) = 2 + X + X°.

Find f x3(x?/® + 1)*?dx. [Hint: Substitute
u=x?*+1andusex®=u-1]

Find f x3(4 — x?)~Y2dx. [Hint: Substitute

u =4 — x% and use the fact that x* = 4 — u]

eZX
Findf - dx. [Hint: Letu=1+ €]
1+e

Find fex(l + €9)%dx. [Hint: Is it better to set

u=1+¢€oru=¢e?O0risit better to not
even use the method of substitution?]

SECTION 5.3 The Definite Integral and the

Fundamental Theorem of Calculus

Suppose a real estate agent wants to evaluate an unimproved parcel of land that is
100 feet wide and is bounded by streets on three sides and by a stream on the fourth
side. The agent determines that if a coordinate system is set up as shown in Figure 5.2,
the stream can be described by the curve y = x* + 1, where x and y are measured in
hundreds of feet. If the area of the parcel is A sguare feet and the agent estimates its
land is worth $12 per square foot, then the total value of the parcel is 12A dollars. If
the parcel were rectangular in shape or triangular or even trapezoidal, its area A could
be found by substituting into a well-known formula, but the upper boundary of the
parcel is curved, so how can the agent find the area and hence the total value of
the parcel?

Our goal in this section is to show how area under a curve, such as the area A
in our real estate example, can be expressed as a limit of a sum of terms called a
definite integral. We will then introduce a result called the fundamental theorem of
calculus that allows us to compute definite integrals and thus find area and other quan-
tities by using the indefinite integration (antidifferentiation) methods of Sections 5.1
and 5.2. In Example 5.3.3, we will illustrate this procedure by expressing the area A
in our real estate example as a definite integral and evaluating it using the funda-
mental theorem of calculus.
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Area as the Limit
of a Sum

FIGURE 5.3 The region
under the curve y = f(x) over
theinterval a=x=<h.

y (100 ft)

y=x3+1

S
s’\‘& /

X (100 ft)

FIGURE 5.2 Determining land vaue by finding the area under a curve.

Consider the area of the region under the curve y = f(x) over an interval a< x < b,
where f(X) = 0 and f is continuous, as illustrated in Figure 5.3. To find this area, we
will follow a useful general policy:

When faced with something you don't know how to handle, try to relate it
to something you do know how to handle.

In this particular case, we may not know the area under the given curve, but we do
know how to find the area of a rectangle. Thus, we proceed by subdividing the region
into a number of rectangular regions and then approximate the area A under the curve
y = f(X) by adding the areas of the approximating rectangles.

To be more specific, begin the approximation by di\2/iding theinterval a=x=b

. . b—
into n equal subintervals, each of length Ax = Ta, and let x; denote the left

endpoint of the jth subinterval, forj = 1, 2, ..., n. Then draw n rectangles such that
the jth rectangle has the jth subinterval as its base and f(x;) as its height. The approx-
imation scheme is illustrated in Figure 5.4.

y=1(

jthrectangle |
|

(%, 1(x)) '

(%)<

7

a=XxX X X3 o X X1 o X b

FIGURE 5.4 An approximation of area under a curve by rectangles.
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The area of the jth rectangle is f(x) Ax and approximates the area under the curve
above the subinterval x; = X = Xj1. The sum of the areas of al n rectangles is

S, = f(X) AX + f(x) AX + - - - + f(X,)AX
= [f(x) + f(x) + -+ + f(x,)] AX

which approximates the total area A under the curve.

~] y =f(x) y =f(x)

» X

6 subintervals 24 subintervals

FIGURE 5.5 The approximation improves as the number of subintervals increases.

As the number of subintervals n increases, the approximating sum S, gets closer
and closer to what we intuitively think of as the area under the curve, as illustrated
in Figure 5.5. Therefore, it is reasonable to define the actual area A under the curve
as the limit of the sums. To summarize:

Area Under a Curve m Let f(x) be continuous and satisfy f(x) = 0 on the
interval a =< x = b. Then the region under the curve y = f(x) over the interval
a= x=bhas area

A= lim [f(x) + f(xp) + - + f(x,)] Ax
n— -+
where x; is the left endpoint of the jth subinterval if the interval a = x = bis divided

b —
into n equal parts, each of length Ax = - a.

NOTE At this point, you may ask, “Why use the left endpoint of the subintervals
rather than, say, the right endpoint or even the midpoint?’ The answer is that there
is no reason we can't use those other points to compute the height of our approxi-
mating rectangles. In fact, the interval a < x = b can be subdivided arbitrarily and
arbitrary points chosen in each subinterval, and the result will ill be the same. How-
ever, proving this eguivalence is difficult, well beyond the scope of this text.

Here is an example in which area is computed as the limit of a sum and then
checked using a geometric formula.

EXAMPLE 5.3.1

Let R be the region under the graph of f(x) = 2x + 1 over the interval 1 =x = 3, as
shown in Figure 5.6a. Compute the area of R as the limit of a sum.
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Just-In-Time REVIEW

A trapezoid is a four-sided
polygon with at least two
parallel sides. Its area is

A=%(s1 +s5)h

where s; and s, are the
lengths of the two parallel
sides and h is the distance
between them.

Solution

The region R is shown in Figure 5.6 with six approximating rectangles, each of width
3—-1 1 . . .

AX = % 3 The left endpoints in the partition of 1=x=3 are x;, = 1,

1 4 . 5 7 8
Xo= 1+ §=§ and similarly, x3=§, X4 = 2,x5=§,and x6=§. The corre-

gponding vaues of f(x) = 2x + 1 are given in the following table:

% v s |8 2 |8 ]S
p=2+1 | 3 [ 2 [ 2 [ s [ ¥ | %
Thus, the area A of the region R is approximated by the sum

11 13 17  19\/1 28
S={3+=+—+5+—+—|[5]=5~0933
( 3 3 3 3)(3) 3
y y=2x+1 y y=2x+1
/ A /
=7
=3 /
200 B APETI B 7 145,78 "
1332333
(&) Theregion Runder theliney =2x + 1 (b) Theregion R subdivided by six
over 1< x < 3 (atrapezoid) approximating rectangles

FIGURE 5.6 Approximating the area under a line with rectangles.

If you continue to subdivide the region R using more and more rectangles, the cor-
responding approximating sums S, approach the actual area A of the region. The sum
we have already computed for n = 6 is listed in the following table, along with those
for n = 10, 20, 50, 100, and 500. (If you have access to a computer or a programmable
calculator, see if you can write a program for generating any such sum for given n.)

Number of rectanglesn | 6 | 10 | 20 | 50 | 100 | 500
Approximating sum S, 9333 | 9600 | 9800 | 9.920 | 9960 | 9.992

The numbers on the bottom line of this table seem to be approaching 10 as n
gets larger and larger. Thus, it is reasonable to conjecture that the region R has area

A= lim §,=10

n— + oo

Notice in Figure 5.6a that the region R is a trapezoid of width d = 3 — 1 = 2 with
parallel sides of lengths

$=23)+1=7 and s5=2(1)+1=3
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The Definite Integral

EXPLORE! /3
S88
Place into Y1 the function
fix) = —x2 + 4x — 3 and view
its graph using the window
[0, 4.711 by [-0.5, 1.5]0.5.
Visually estimate the area
under the curve from x = 2 to
Xx = 8, using triangles or
rectangles. Now use the
numerical integration feature
of your graphing calculator
(CALC key, option 7). How far
off were you and why?

SECTION 5.3 THE DEFINITE INTEGRAL AND THE FUNDAMENTAL THEOREM OF CALCULUS
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Such a trapezoid has area

A= %(sl +s)d = %(7 +3)(2) = 10

the same result we just obtained using the limit of a sum procedure.

Area is just one of many quantities that can be expressed as the limit of a sum. To
handle al such cases, including those for which f(x) = 0 is not required and left
endpoints are not used, we require the terminology and notation introduced in the
following definition.

The Definite Integral = Let f(x) be a function that is continuous on the
interval a < x =< b. Subdivide the interval a = x = b into n equal parts, each of

width Ax = b;na’ and choose a number x, from the kth subinterval for k = 1,
2, ..., n. Form the sum

[f(xq) + f(x2) + - - - + f(X)] AX
called a Riemann sum.

Then the definite integral of f on the interval a < x < b, denoted by [& f(x) dx,
is the limit of the Riemann sum as n—+oo; that is,

b
ff(x) dx = lim [f(xq) + f(xp) + - -+ + f(x,)]Ax
a n— +o
The function f(x) is called the integrand, and the numbers a and b are called the
lower and upper limits of integration, respectively. The process of finding a def-
inite integral is called definite integration.

Surprisingly, the fact that f(x) is continuous on a =< x =< b turns out to be enough
to guarantee that the limit used to define the definite integral [ f(x) dx exists and is
the same regardless of how the subinterval representatives x, are chosen.

The symbol [5f(x) dx used for the definite integral is essentially the same as the
symbol [f(x) dx for the indefinite integral, even though the definite integral is a spe-
cific number while the indefinite integral is a family of functions, the antiderivatives
of f. You will soon see that these two apparently very different concepts are intimately
related. Here is a compact form for the definition of area using the integral notation.

Area as a Definite Integral = If f(x) is continuous and f(x) = 0 on the
interval a = x = b, then the region R under the curve y = f(x) over the interval
a = x = b has area A given by the definite integral A = [2f(X) dx.

/7§_/y=f(><)
R

a b

X
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The Fundamental If computing the limit of a sum were the only way of evaluating a definite integral,
Theorem of Calculus the integration process probably would be little more than a mathematical novelty.
Fortunately, there is an easier way of performing this computation, thanks to this

remarkable result connecting the definite integral to antidifferentiation.

The Fundamental Theorem of Calculus ®m |f the function f(x) is con-
tinuous on the interval a =< x = b, then

b
f f(x) dx = F(b) — F(a)

where F(x) is any antiderivative of f(x) ona=x=<h.

A special case of the fundamental theorem of calculus is verified at the end of
this section. When applying the fundamental theorem, we use the notation
b
= F(b) - F(@)

a

FX)

Thus,
b

b
f f(x) dx = F(x)| = F(b) — F(a)

a

a

NOTE You may wonder how the fundamental theorem of calculus can prom-
ise that if F(X) is any antiderivative of f(x), then

b
f f(x) dx = F(b) — F(a)

a

To see why this is true, suppose G(x) is another such antiderivative. Then
G(X) = F(x) + C for some constant C, so F(x) = G(x) — C and

b
J f(x) dx = F(b) — F(a)

= [G(b) — C] — [G(a) — C]
= G(b) — G(a)

since the C's cancel. Thus, the valuation is the same regardless of which anti-
derivative is used.

In Example 5.3.2, we demonstrate the computational value of the fundamental
theorem of calculus by using it to compute the same area we estimated as the limit
of a sum in Example 5.3.1.

EXAMPLE 5.3.2

Use the fundamental theorem of calculus to find the area of the region under the line
y=2x+ 1 over theinterval 1 =x = 3.
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EXPLORE! @
QQ
oG8
Refer to Example 5.3.3. Use
the numerical integration
feature of your calculator to
confirm numerically that

]
f(x3+ 1) dx = 1.25
0

Solution
Since f(X) = 2x + 1 satisfiesf(X) = 0 on the interval 1 = x = 3, the areais given by
3

the definite integral A= | (2x + 1) dx. Since an antiderivative of f(X) = 2x + 1 is
1

F(X) = X* + X, the fundamental theorem of calculus tells us that

3 3
A=j(2x+ Ddx = x* + x
1 1

=3+ 3]~ [(1* + (] = 10
as estimated in Example 5.3.1.

EXAMPLE 5.3.3

Find the area of the parcel of land described in the introduction to this section; that
is, the area under the curvey = x*> + 1 over the interval 0 < x =< 1, where x and y are
in hundreds of feet. If the land in the parcel is appraised at $12 per square foot, what
is the total value of the parcel?

Solution
The area of the parcel is given by the definite integral

1
A=f(x3+1)dx
[0}

1
Since an antiderivative of f(x) = x° + 1 is F(x) = ZX4 + X, the fundamental theorem
of calculus tells us that

1 1 1
A=J(x3+1)dx=zx4+x

0 0

1 1 5

= |:Z(1)4 + l} — |:Z(O)4 + O] = Z

Because x and y are measured in hundreds of feet, the total areais

g X 100 x 100 = 12,500 ft?
and since the land in the parcel is worth $12 per square foot, the total value of the

parcel is
V = ($12/ft%)(12,500 ft?) = $150,000

EXAMPLE 5.3.4

1
Evauate the definite integral f (e + V/x) dx.
0
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Just-In-Time REVIEW

When the fundamental
theorem of calculus

is used to evaluate a definite
integral, remember to compute
both F(b) and F(a), even when
a=0.

Integration Rules

Solution
S x . . 2 ap L .
An antiderivative of f(X) = e *+ VxisF(X) = —e * + §x3’ , S0 the definite integral is

1 2 1
f (e "+ Vx)dx = (—ex + §x3’2)
(o]

(0}

—e 1+ %(1)3’2} - [—eo + %(0)}

~ 1.299

wlon —

oIl

Our definition of the definite integral was motivated by computing area, which
is a nonnegative quantity. However, since the definition does not require f(x) = 0, it
is quite possible for a definite integral to be negative, asillustrated in Example 5.3.5.

EXAMPLE 5.3.5

41
Evaluate f (— — xz) dx.
1 \x

Solution 1 1
An antiderivative of f(x) = o x2isF(X) = In|x| — §x3, so we have

4
J (E - x2> dx (In x| — lx3>
1 \X 3 1

['”4 - %(4)3] - [In 1- %(1)3}
=In4 - 21~ —19.6137

4

This list of rules can be used to simplify the computation of definite integrals.

Rules for Definite Integrals

Let f and g be any functions continuous on a = x < b. Then,
b b
kf(x) dx = k f f(x) dx for constant k

a

1. Constant multiple rule: J

a

N

b b b
. Sum rule: f [f(X) + g(X)] dx = f f(x) dx + f g(x) dx

a a

W

b b b
. Difference rule: f [f(X) — g(X)] dx = j f(x) dx —f g(x) dx

a a

»

: faf(x) dx=0

a b
.jf(x) dx=—f f(x) dx
b a

b c b
. Subdivision rule: ff(x) dx=ff(x) dx+ff(x) dx

a a

(9]

o
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Rules 4 and 5 are redlly specia cases of the definition of the definite integral. The
first three rules can be proved by using the fundamental theorem of calculus aong with
an analogous rule for indefinite integrals. For instance, to verify the constant multiple
rule, suppose F(X) is an antiderivative of f(x). Then, according to the constant multiple
rule for indefinite integrals, kF(x) is an antiderivative of kf(x) and the fundamental the-
orem of calculus tells us that

b

b
J kf(x) dx = kF(X)

= kF(b) — kF(a) = k[F(b) — F(a)]

b
= kf f(x) dx

You are asked to verify the sum rule using similar reasoning in Exercise 70.

In the case where f(x) = 0 on the interval a < x < b, the subdivision rule is
a geometric reflection of the fact that the area under the curve y = f(x) over the
interval a=x = b is the sum of the areas under y = f(x) over the subintervals
a=x=candc=x=b, asillustrated in Figure 5.7. However, it is important to
remember that the subdivision rule is true even if f(x) does not satisfy f(x) =0
onasx=h.

a

y y y
y= f(x) y= f(x
= f(x)
/ | N
|
|
T : T > X T T > X
| a c b | a c
areaunder y = f(x) _ areaover + areaover
overas=x=bh B asx=c c=x=b

FIGURE 5.7 The subdivision rule for definite integrals [case where f(x) = Q].

EXAMPLE 5.3.6

Let f(x) and g(x) be functions that are continuous on the interval —2 < x =< 5 and that

satisfy
5 5 5
f f(x)dx =3 j gx)dx = —4 jf(x) dx=7
-2 -2 3

Use this information to evaluate each of these definite integrals:

a. fs [2f(x) — 3g(x)] dx b. fs f(x) dx
P -2



406 CHAPTER 5 Integration 5-36

Substituting in a
Definite Integral

Just-In-Time REVIEW

Only one member of the
family of antiderivatives of f(x)
is needed for evaluating

b
f f(x) dx by the fundamental
a

theorem of calculus. Therefore,
the “+C” may be left out of
intermediate integrations.

Solution

a. By combining the difference rule and constant multiple rule and substituting the
given information, we find that

5 5 5

f [2f(X) — 3g(X)] dx = f 2f(x) dx — J 3g(x) dx difference rule

- i o constant

= ZJ f(X) dx — 3f g(X) dx multiple rule
2 2

=2(3)—3(—4) =18 substitute given
i iVig information
b. According to the subdivision rule

5 3 5
j f(X) dx=j f(x) dx + j f(x) dx
2 2

3

3
Solving this equation for the required integral j f(xX) dx and substituting the given
information, we obtain —2

3 5 5
f f(x) dx=f f(x) dx—f f(x) dx
-2 -2 3

=3-7=-4

When using a substitution u = g(X) to evaluate a definite integral 2 f(x) dx, you can
proceed in either of these two ways:

1. Use the substitution to find an antiderivative F(x) for f(x) and then evaluate the
definite integral using the fundamental theorem of calculus.

2. Use the substitution to express the integrand and dx in terms of u and du and
to replace the original limits of integration, a and b, with transformed limits
¢ = ¢g(a) and d = g(b). The origina integral can then be evaluated by applying the
fundamental theorem of calculus to the transformed definite integral.

These procedures are illustrated in Examples 5.3.7 and 5.3.8.

EXAMPLE 5.3.7

1
Evaluate f 8x(x? + 1) dx.
0

Solution

The integrand is a product in which one factor 8x is a constant multiple of the deriv-
ative of an expression x* + 1 that appears in the other factor. This suggests that you
let u= x*+ 1. Then du = 2x dx, and so

fm%+ﬁm=fm%mw4
The limits of integration, 0 and 1, refer to the variable x and not to u. You can, there-

fore, proceed in one of two ways. Either you can rewrite the antiderivative in terms
of x, or you can find the values of u that correspond to x = 0 and x = 1.
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If you choose the first alternative, you find that

f 8x(x? + 1)%dx = u* = (x* + 1)*

1
=16—-1=15
0
If you choose the second alternative, use the fact that u = x* + 1 to conclude that
u=1when x=0and u= 2 when x = 1. Hence,

1
and so f 8x(x + 1)%dx = (@ + 1)*
0

2
=16—-1=15
1

1 2
f 8x(x? + 1)%dx = f 403 du = u*
[¢] 1

EXPLORE!
858

Refer to Example 5.3.8. Use a EXAMPLE 5.3.8
graphing utility with the

window [0, 3]1 by [-4, 1]1 to 2 Inx
[0, 3]1 by [=4, 1] Evaluate ~ dx.

1/4

graph f(x) = In ;7( Explain in

terms of area why the integral Solution

off(x)over%sxgzis Letu=|nx,sodu=%dx.Then
negative.

[0 [t o

1, 1 s
= = —_|
u (Inx)

2
2 2
1 1/, 1
=>(In2)? - —(In—)
e 2 2\ 4

fz In—de— (Inx)z]

= —E(m 2%~ —0.721

Thus,

Alternatively, use the substitution u = In x to transform the limits of integration:

1 1
h == th =In=
when X 2 en u n4
when x=2,thenu=1In2

Substituting, we find

In x nz 1
J—d —f udu==>u?
1/4 In 1/4 2 In1/4

2
= E(m 2)? — 5(|n%) ~ —-0.721

In2

2 2

Net Change In certain applications, we are given the rate of change Q'(x) of a quantity Q(x) and
required to compute the net change Q(b) — Q(a) in Q(X) as x varies from x = a to
X = b. We did this in Section 5.1 by solving initial value problems (recall Examples
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5.1.5 through 5.1.8). However, since Q(x) is an antiderivative of Q’(x), the funda-
mental theorem of calculus allows us to compute net change by the following defi-
nite integration formula.

Net Change = If Q'(X) iscontinuous on the interval a < x < b, then the net
change in Q(x) as x varies from x = ato x = b is given by

b
Q(b) — Q(a) = f Q’(x) dx

Here are two examples involving net change.

EXAMPLE 5.3.9

At a certain factory, the marginal cost is 3(q — 4)? dollars per unit when the level of
production is q units. By how much will the total manufacturing cost increase if the
level of production is raised from 6 units to 10 units?

Solution

Let C(g) denote the total cost of producing q units. Then the margina cost is the
dcC

derivatived—q = 3(q — 4)? and the increase in cost if production is raised from 6 units

to 10 units is given by the definite integral
10dc

C(10) — C(6) =| —d

(10) - C(6) L aq

10 10
= f 3(q - 4*dg = (q - 4°

6 6
=(10-4°*—- (6 — 4°
= $208

EXAMPLE 5.3.10
A protein with mass m (grams) disintegrates into amino acids at a rate given by
gm_ 30
dt  (t+ 3)?
What is the net change in mass of the protein during the first 2 hours?

g/hr

Solution
The net change is given by the definite integral

2d 2 _
m(2) — m(0) = OEmdt - fo 0 +3§)2
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If we substitute u =t + 3, du = dt, and change the limits of integration accordingly
(t = 0 becomes u = 3 and t = 2 becomes u = 5), we find

2 —-130 5
m(2) — m(0) = L(t+3)2 dt=L—30u_2du

u t\|® [1 1}
—30(_1 =30 E 3

3
=4

Thus, the mass of the protein has a net decrease of 4 g over the first 2 hours.

Area Justification We close this section with a justification of the fundamental theorem of calculus for

of the Fundamental the case where f(x) = 0. In this case, the definite integral [5f(x) dx represents the

Theorem of Calculus

area under the curve y = f(X) over the interval [a, b]. For fixed x between a and b,
let A(X) denote the area under y = f(X) over the interval [a, X]. Then the difference
quotient of A(X) is

A(x + h) — A(X)
h
and the expression A(x + h) — A(X) in the numerator is just the area under the curve

y = f(X) between x and x + h. If h is small, this area is approximately the same as
the area of the rectangle with height f(x) and width h as indicated in Figure 5.8.

That is,
A(x + h) — A(X) = f(x)h
or, equivaently,
A(x + h) —
(1) =AW _
h
y
¥z
(%, (x)) y= %)
S £(X)
A(Xx + h) — A(X)
a Y I

FIGURE 5.8 The area A(x + h) — A(X).

As h approaches 0, the error in the approximation approaches 0, and it follows
that
+ —
lim AX + h) — A(X)

h—0 h = 1)
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But by the definition of the derivative,

h) —
J]L”]) Ax + r)] A _ A
o that

A =1

In other words, A(X) is an antiderivative of f(x).
Suppose F(X) is any other antiderivative of f(x). Then, according to the funda-
mental property of antiderivatives (Section 5.1), we have

AX) =F(Xx) + C

for some constant C and al x in theinterval a = x = b. Since A(X) represents the area
under y = f(x) between a and X, it is certainly true that A(a), the area between a and
a, is 0, so that

A@=0=F@ +C
and C = —F(a). The area under y = f(X) between x = a and x = b is A(b), which
satisfies
A(b) = F(b) + C = F(b) — F(a)
Finally, since the area under y = f(x) above a=x = b is adso given by the definite
integral [2 f(x) dx, it follows that

fbf(x) dx = A(b) = F(b) — F(a)

a

as claimed in the fundamental theorem of calculus.

EXERCISES = 5.3

In Exercises 1 through 30, evaluate the given definite o /3 2/3
integral using the fundamental theorem of calculus. 7. 71(2U —u7%)du
2
9
1 f_lS dx 8. f x~3/2 dx
4
1 1
2. f a dx 9. Je"(4 — € dx
2 0
5 1
1 1
3. 3x + 2) dx . <~
L ( ) 10 J_ 1<e" e_x> dx
4 1
4, f(5—2t)dt 11. f(x4+3x3+1)dx
1 6]
1 (0]
5. f 3t*dt 12. f (—3x° — 3x® + 2x + 5) dx
—1 -1

4 5
6. fz%du 13. f(2+2t+3t2) dt
2

1
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9 1
14 | (Vi 2 ) 23. f 0@ + VX + 2@ + 1dx
1 Vi 0
3 1 1 1 6t
. +=+5 24. | >——dt
15 L(l < X2>dx Lt2+1d
In2 . . e+1 X
. —e 25.
16 L (e —e Hdt 5 L —1 dx
“li+1 2
17. f = dt 26. f (t+ 1)t — 2)°dt
-3 t 1
6 & 2
|
18 f x(x — 1) dx 27, | X7 4
1 1 X
2 & 1
19. f (2x — 4)* dx 28. f X
1 e XInXx
0 1/Zel/x
20. f (2x + 6)* dx 29. f > dx
-3 1/3 X
1 ‘(Vx - 1)¥?
21. ——dt Wx= 1
L Vet + 1 30. L T dx

2 X2
22. —
L R
In Exercises 31 through 38, f(x) and g(x) are functions that are continuous on the interval —3 = x = 2 and satisfy

2 2 1 1
f fx)dx =5 f gx)dx = —2 J f(x)dx =0 J gx¥)dx =4
3 3 3 3

In each case, use this information along with rules for In Exercises 39 through 46, find the area of the region
definite integrals to evaluate the indicated integral. R that lies under the given curve y = f(x) over the

2 indicated interval a< x =< b.
sl f_g[_Zf(X) * 5g(x)] dx 39. Undery=x*over —1=x=2

40. Under y = VX (x + 1), over 0 < x < 4

1
32. 41(x) — 3g(x)] dx
JS[ () ~ 300 41. Undery = (3x + 4)Y2 over 0= x = 4

4
3
33. f X) dx 42. Under y = ————,0over —8=x=0
, 9% NCEF
-3 43. Undery = e* over0=x=1In3
34, f(x) dx e
2 44, Undery=xe *,over0=x=3
2
3
35. Lf(X)dX 45. Under y = o=, over —2=x=1
2
3
36. LQ(X) dx 46. Underyz;, over 1 = x < €?

47. LAND VALUES It is estimated that t years from
now the value of a certain parcel of land will be

1 increasing at the rate of V'(t) dollars per year. Find
38, f [2f(x) + 3g(x)] dx an expression for the amount by which the value
-3 of the land will increase during the next 5 years.

2
37. j [3f(x) + 2g(x)] dx
1
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48.

49,

50.

51.

52.

53.

54.
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ADMISSION TO EVENTS The promoters of a
county fair estimate that t hours after the gates
open at 9:00 A.m., visitors will be entering the fair
at the rate of N'(t) people per hour. Find an
expression for the number of people who will
enter the fair between 11:00 A.m. and 1:00 PMm.

STORAGE COST A retailer receives a
shipment of 12,000 pounds of soybeans that will
be used at a constant rate of 300 pounds per
week. If the cost of storing the soybeans is

0.2 cent per pound per week, how much will
the retailer have to pay in storage costs over
the next 40 weeks?

OIL PRODUCTION A certain ail well that
yields 400 barrels of crude oil a month will run
dry in 2 years. The price of crude ail is currently
$95 per barrel and is expected to rise at a constant
rate of 30 cents per barrel per month. If the ail is
sold as soon as it is extracted from the ground,
what will be the total future revenue from the
well?

AIR POLLUTION An environmental study of a
certain community suggests that t years from
now the level L(t) of carbon monoxide in the air
will be changing at the rate of L'(t) = 0.1t + 0.1
parts per million (ppm) per year. By how much
will the pollution level change during the next

3 years?

WATER POLLUTION It is estimated that t
years from now the population of a certain
lakeside community will be changing at the rate
of 0.6t2 + 0.2t + 0.5 thousand people per year.
Environmentalists have found that the level of
pollution in the lake increases at the rate of
approximately 5 units per 1,000 people. By how
much will the pollution in the lake increase
during the next 2 years?

NET GROWTH OF POPULATION A study
indicates that t months from now the population
of a certain town will be growing at the rate of
P'(t) = 5 + 3t %® people per month. By how
much will the population of the town increase
over the next 8 months?

MARGINAL COST The margina cost of
producing a certain commodity is C'(q) = 6 + 1

55.

56.

57.

58.

59.

60.
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dollars per unit when g units are being
produced.
a. What isthetota cost of producing the first
10 units?
b. What isthe cost of producing the next 10 units?

FARMING It is estimated that t days from now
a farmer’s crop will be increasing at the rate of
0.3t> + 0.6t + 1 bushels per day. By how much
will the value of the crop increase during the
next 5 days if the market price remains fixed at
$3 per bushel?

SALES REVENUE It is estimated that the
demand for a manufacturer’s product is increasing
exponentially at the rate of 2% per year. If the
current demand is 5,000 units per year and if the
price remains fixed at $400 per unit, how much
revenue will the manufacturer receive from the
sale of the product over the next 2 years?

PRODUCTION Bejax Corporation has set up a
production line to manufacture a new type of
cellular telephone. The rate of production of the
telephones is

dP t .
i 1,500(2 — 2t—+5) units/month

How many telephones are produced during the
third month?

PRODUCTION The output of a factory is
changing at the rate

Q'(t) = 2t — 3t + 10t + 3 units/hour
where t is the number of hours after the morning
shift begins at 8 A.m. How many units are
produced between 10 A.m. and noon?

INVESTMENT An investment portfolio changes
vaue a the rate

V/(t) _ 126*0.05t (eO.St _ 3)
where V is in thousands of dollars and t is the
number of years after 2004. By how much does
the value of the protfolio change between the
years:
a. 2004 and 2008
b. 2008 and 2010

ADVERTISING An advertising agency begins a
campaign to promote a new product and determines
that t days later, the number of people N(t) who
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61.

62.

63.

65.
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have heard about the product is changing at a rate 66.

given by

+3
How many people learn about the product during
the first week? During the second week?

CONCENTRATION OF DRUG The
concentration of a drug in a patient’s bloodstream
t hours after an injection is decreasing at the rate
% mg/cm? per hour

By how much does the concentration change over
the first 4 hours after the injection?

ENDANGERED SPECIES A study conducted
by an environmental group in the year 2000
determined that t years later, the population of a

N'(t) = 5t% — 2 people per day

C'(t) =

certain endangered bird species will be decreasing 68.

a the rate of P’(t) = —0.75t v/10 — 0.2t
individuals per year. By how much is the
population expected to change during the decade
2000-2010?

DEPRECIATION The resale value of a certain 69.

industrial machine decreases over a 10-year
period at a rate that changes with time. When the
machine is x years old, the rate at which its value

is changing is 220(x — 10) dollars per year. By 70

how much does the machine depreciate during
the second year?
WATER CONSUMPTION The city manager of

Paloma Linda estimates that water is being
consumed by his community at the rate of C'(t) =

10 + 0.3¢”%* billion gallons per year, where C(t) 7.

is the water consumption t years after the year
2000. How much water will be consumed by the
community during the decade 2000-2010?

CHANGE IN BIOMASS A protein with mass
m (grams) disintegrates into amino acids at a rate
given by
am_ —2
d  t+1
How much more protein is there after 2 hours
than after 5 hours?

g/hr

67.
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CHANGE IN BIOMASS Answer the question
in Exercise 65 if the rate of disintegration is
given by

dm

dt
RATE OF LEARNING In alearning
experiment, subjects are given a series of facts to
memorize, and it is determined that t minutes after
the experiment begins, the average subject is
learning at the rate

= —(0.1t + &™)

L'(t) = facts per minute

4
Vi+1
where L(t) is the total number of facts memorized
by time t. About how many facts does the typical
subject learn during the second 5 minutes (between
t=5andt=10)?

DISTANCE AND VELOCITY A driver,
traveling at a constant speed of 45 mph, decides
to speed up in such a way that her velocity t
hours later is v(t) = 45 + 12t mph. How far does
she travel in the first 2 hours?

PROJECTILE MOTION A bal is thrown
upward from the top of a building, and t seconds
later has velocity v(t) = —32t + 80 ft/sec. What is
the difference in the ball’s position after 3 seconds?

Verify the sum rule for definite integrals; that
is, if f(X) and g(x) are continuous on the interval
a=x=Dh, then

b b b
f [f(X) + g(X¥)] dx = f f(x) dx + f g(x) dx

a

You have seen that the definite integral can be
used to compute the area under a curve, but the
“area as an integral” formula works both ways.

1
a. Compute f V1 — x? dx. [Hint: Note that the
]

integral is part of the area under the circle

X+ y?=1]
2

b. Computej V/2x — x? dx. [Hint: Describe the
1

graph of y = V2x — x? and look for a geomet-
ric solution asin part (a).]



414 CHAPTER 5 Integration 5-44

. . B 1 rectangles that approximate the area under the
72. Given the function of f(x) = 2V/x + T curvey — f(x) over 0 = x = 2,
approximate the value of the integral [3 f(x) dx by b. Estimate the value of the given integral by com-

completing these steps:

puting the sum of the areas of the four approxi-

a. Find the numbers Xy, X», Xs, X4, and xs that sub- mating rectanglesin part (a).

dividetheinterval 0 =

X = 2 into four equal c. Repeat steps (a) and (b) with eight subintervals

subintervals. Use these numbers to form four instead of four.

SECTION 5.4

Applying the
Definite Integral

Applying Definite Integration: Area Between
Curves and Average Value

We have seen that area can be expressed as a special kind of limit of a sum called a
definite integral and then computed by applying the fundamental theorem of calcu-
lus. This procedure, called definite integration, was introduced through area because
area is easy to visualize, but there are many applications other than area in which the
integration process plays an important role.

In this section, we extend the ideas introduced in Section 5.3 to find the area
between two curves and the average value of a function. As part of our study of area
between curves, we will examine an important socioeconomic device called a Lorentz
curve, which is used to measure relative wealth within a society.

Intuitively, definite integration can be thought of as a process that “accumulates’ an
infinite number of small pieces of a quantity to obtain the total quantity. Here is a
step-by-step description of how to use this process in applications.

A Procedure for Using Definite Integration in Applications
To use definite integration to “accumulate” a quantity Q over an interval a = x = b,
proceed as follows:
Step 1. Divide the interval a=x=Db into n equa subintervals, each of length
b — . .
AXx = Ta' Choose a number x; from the jth subinterval, for
=12 ...,n

Step 2. Approximate small parts of the quantity Q by products of the
form f(x;) Ax, where f(x) is an appropriate function that is continuous
onas=x=h.

Step 3. Add the individual approximating products to estimate the total quan-
tity Q by the Riemann sum

[f(x) + f(xo) + - - - + f(X))] AX
Step 4. Make the approximation in step 3 exact by taking the limit of the Rie-
mann sum as n — +« to express Q as a definite integral; that is,

b
Q= Ilim [f(X)) + f(Xo) + - - - + f(X)]AX = f f(X) dx
n— +oo a
Then use the fundamental theorem of calculus to compute 2 f(x) dx and
thus to obtain the required quantity Q.
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Just-In-Time REVIEW

The summation notation is
reviewed in Appendix A4
including examples. Note that
there is nothing special about
using “” for the index in the
notation. The most commonly

used indices are i, j, and k.
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NOTATION: We can use summation notation to represent the Riemann sums
that occur when quantities are modeled using definite integration. Specifically, to
describe the sum

ayt+a+---+a,

it suffices to specify the general term g; in the sum and to indicate that n terms

of this form are to be added, starting with the term where j = 1 and ending with

j = n. For this purpose, it is customary to use the uppercase Greek letter sigma (X)
n

and to write the sum as . &, that is,
i=1

aj:a1+a2+"'+an

-

J
In particular, the Riemann sum
[f(x) +f0x) + - - - + f(x)] Ax

can be written in the compact form
n
> f(x;) Ax
j=1

Thus, the limit statement

lim [0a) +106) + - - + fx)] Ax = fbf(x) dx

a

used to define the definite integral can be expressed as

n b
lim Ef(xj)Ax=Jf(x)dx
n~>+00j:1 a

Area Between Incertain practical applications, you may find it useful to represent a quantity of inter-
Two Curves €stinterms of area between two curves. First, suppose that f and g are continuous,
nonnegative [that is, f(xX) = 0 and g(x) = Q], and satisfy f(x) = g(x) on the interval

a=X= b, as shown in Figure 5.9a.

\ y=f(x)

>7- /] y=9(¥

@

=)
\ y \
>>- / ~~— y=g()

AR = Tk

(b) ©

FIGURE 5.9 Areaof R= areaof R, — area of R,.



416 CHAPTER 5 Integration 5-46

Then, to find the area of the region R between the curvesy = f(x) and y = g(x)
over theinterval a < x =< b, we simply subtract the area under the lower curvey = g(x)
(Figure 5.9¢) from the area under the upper curve y = f(x) (Figure 5.9b), so that

Area of R = [area under y = f(X)] — [area under y = g(X)]
b b b
= f f(x) dx — f g(x) dx = f [f(X) — g(x)] dx

This formula still applies whenever f(x) = g(x) on the interval a < x = b, even
when the curves y = f(X) and y = g(x) are not always both above the x axis. We will
show that thisistrue by using the procedure for applying definite integration described
on page 414.

Step 1. Subdivide the interval a < x = b into n equa subintervals, each of width

b —
Ax = Ta. Forj=1,2,...,n,letx be the left endpoint of the jth subinterval.

Step 2. Construct approximating rectangles of width Ax and height f(x;) — g(x;).
This is possible since f(x) = g(x) on a = x =< b, which guarantees that the height
is nonnegative; that is f(x) —g(x)=0. For j=1, 2,...,n, the area
[T(x) — 9(x)] Ax of the jth rectangle you have just constructed is approximately
the same as the area between the two curves over the jth subinterval, as shown in

Figure 5.10a.
y=1f(¥ K ~y=1f(x
—
SRR — 909l 7/'
1 1 X
a % X 11 b a N b
:c
—F
y =90~~~
width
AX
(a) The areaof the jth rectangle (b) The total area between the curvesis estimated
approximates the area between by the sum of the areas of the approximating
the curves on the jth subinterval. rectangles.

FIGURE 5.10 Computing area between curves by definite integration.

Step 3. Add the individual approximating areas [ f(x) — g(x;)] Ax to estimate the
total area A between the two curves over the interval a = x = b by the Riemann
sum

A= [f(x1) — g(x)]Ax + [f(x2) — g(x2)]Ax + - - - + [f(Xn) — g(xn)] AX
= _El[f(xj) — g(x;)] Ax
=

(See Figure 5.10b.)
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Step 4. Make the approximation exact by taking the limit of the Riemann sum in
step 3 as n — +o to express the total area A between the curves as a definite inte-
gral; that is,
n b
A= lim E[f(xj) — g(x))] Ax = f [f(x) — g(x)] dx
n— +o =1 a

To summarize:

The Area Between Two Curves m If f(x) and g(x) are continuous with
f(X) = g(x) on the interval a =< x < b, then the area A between the curvesy = f(X)
and y = g(x) over the interval is given by

b
A= f [f() — g(x)] dx

EXAMPLE 5.4.1

Find the area of the region R enclosed by the curvesy = x® and y = x2.

Solution
To find the points where the curves intersect, solve the equations simultaneously as
. follows:

Just-In-Time REVIEW B 32

Note that x* = x° for 0 = x = 1. x}—x2=0 subtract x? from both sides

For example, X*(x—1) =0 factor out x

(1>2><1)3 x=0,1 w=0ifandonlyifu=00rv=0
3 3

The corresponding points (0, 0) and (1, 1) are the only points of intersection.

The region R enclosed by the two curves is bounded above by y = x* and below
by y = X3, over the interval 0 < x = 1 (Figure 5.11). The area of this region is given
by the integral
1

1 1 1
A= ¥ =—xD)dx==x°-=x*
[

0
1

[t oo &

>

FIGURE 5.11 The region enclosed by the curvesy = x? and y = x°.
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CHAPTER 5

EXPLORE! @

559
Refer to Example 5.4.2. Set
Y1 =4X and Y2 =X+ 3X%in
the equation editor of your
graphing calculator. Graph
using the window [—6, 2]1 by
[—25, 10]5. Determine the
points of intersection of the
two curves. Another view of
the area between the two
curves is to set Y3 =Y2 — Y1,
deselect (turn off) Y1 and Y2,
and graph using [—4.5, 1.5]0.5
by [-5, 15]5. Numerical
integration can be applied to
this difference function.

Integration
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In certain applications, you may need to find the area A between the two curves
y = f(x) and y = g(x) over an interval a =< x = b, where f(x) = g(x) for a= x =< ¢ but
0(X) = f(x) for c = x = b. In this case, we have

c b
A=f[f(><)—g(X)]dX + f[g(X)—f(X)]dX

Y Y
gx)=f(x)onc=x=b

J

f(x) =g(x)ona=x=c

Consider Example 5.4.2.

EXAMPLE 5.4.2
Find the area of the region enclosed by the line y = 4x and the curve y = x° + 3x%.

Solution

To find where the line and curve intersect, solve the equations simultaneously as
follows:

X2 + 3% = 4x
X+ 3¢ — 4x=0
X0C+3x—4)=0
XX—D(x+4) =0
x=0,1, —4

subtract 4x from both sides

factor out x

factor X2 + 3x — 4
uw=0ifandonly ifu=0orv=0

The corresponding points of intersection are (0, 0), (1, 4), and (—4, —16). The curve
and the line are sketched in Figure 5.12.

Over theinterval —4 < x < 0, the curve is above the line, so x° + 3x% = 4x, and
the region enclosed by the curve and line has area

0 0
1
A = f [+ 3%x%) — 4] dx = ZX4 + X3 — 2x2
—a

-[30+ 0 - 207 ) - |20t + o —42<—4>2} _

Over the interval 0 = x = 1, the line is above the curve and the enclosed region has
area

1 1 1
A, = f [4x — (3 + 3x9)] dx = 2x% — ZX4 -x3
0

0

= [2(1)2 - :11(1)4 _ (1)3} - [2(0)2 _ %1(0)4 _ (0)3] _ CZB

Therefore, the total area enclosed by the line and the curve is given by the sum

3
A=A+ Ay =32+ =3275
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Net Excess Profit
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A y =4x

FIGURE 5.12 The region enclosed by the line y = 4x and the curve y = x* + 3x2

The area between curves can sometimes be used as a way of measuring the amount
of a quantity that has been accumulated during a particular procedure. For instance,
suppose that t years from now, two investment plans will be generating profit P4(t)
and Py(t), respectively, and that their respective rates of profitability, Pi(t) and P(t),
are expected to satisfy P,(t) = P;(t) for the next N years; that is, over the time inter-
val 0 =t = N. Then E(t) = P,(t) — P4(t) represents the excess profit of plan 2 over
plan 1 at time t, and the net excess profit NE = E(N) — E(0) over the time interval
0=t = Nisgiven by the definite integral
N

NE = E(N) — E(0) = J E'(t) dt
0

N
_ Py since E'(t) = [Pa(t) — P1()]’

This integral can be interpreted geometrically as the area between the rate of prof-
itability curvesy = Pj(t) and y = Py(t) as shown in Figure 5.13. Example 5.4.3 illus-
trates the computation of net excess profit.

y (dollars per year)

| >t (years)

FIGURE 5.13 Net excess profit as the area between rate of profitability curves.
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EXAMPLE 5.4.3

Suppose that t years from now, one investment will be generating profit at the rate of
P;(t) = 50 + t* hundred dollars per year, while a second investment will be generat-
ing profit at the rate of P5(t) = 200 + 5t hundred dollars per year.

a. For how many years does the rate of profitability of the second investment exceed
that of the first?

b. Compute the net excess profit for the time period determined in part (). Inter-
pret the net excess profit as an area.

Solution
a. The rate of profitability of the second investment exceeds that of the first until

Pi(t) = P5(t)
50 + t? = 200 + 5t

t2—5t— 150 =0 subtract 200 + 5t from both sides
t—15@+10)=0 factor

t=15 —-10 sinceuw=0ifandonlyifu=00rv=0
t =15 years regect the negative time t = —10

b. The excess profit of plan 2 over plan 1 is E(t) = P,(t) — P4(t), and the net excess
profit NE over the time period 0 =<t =< 15 determined in part (a) is given by the
definite integral

15
NE = E(15) — E(0) = f E'(t) dt fundamental theorem of calculus
0
15
= f [P5(t) — Pi(t)] dt since E(t) = Py(t) — Py(t)
0
15
= f [(200 + 5t) — (50 + t?)] dt
0
15
= J [150 + 5t — t7] dt combine terms
0
1, 1 ]
= =+ — — | =
[150t 5<2t ) <3t )

= [150(15) + t—;(15)2 - %(15)3} - [150(0) + t—;(0)2 - %(0)3}
= 1,687.50 hundred dollars

15

0

Thus, the net excess profit is $168,750.

The graphs of the rate of profitability functions P/(t) and P5(t) are shown in
Figure 5.14. The net excess profit

15
NE = J [P5(t) — PA(t)] ct
o]

can be interpreted as the area of the (shaded) region between the rate of profitability
curves over theinterval 0 <t < 15.
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y (hundred dollars)
A

V= P5(t) = 200 + 5t

200

$168,750

y=Pi(t) =50+

50

1 >t (years)

FIGURE 5.14 Net excess profit for one investment plan over another.

Lorentz Curves Areaaso plays an important role in the study of Lorentz curves, a device used by
both economists and sociol ogists to measure the percentage of a society’s wealth that
is possessed by a given percentage of its people. To be more specific, the Lorentz
curve for a particular society’s economy is the graph of the function L(x), which
denotes the fraction of total annual national income earned by the lowest-paid 100x%
of the wage-earnersin the society, for 0 = x = 1. For instance, if the lowest-paid 30%
of al wage-earners receive 23% of the society’s total income, then L(0.3) = 0.23.

Note that L(X) is an increasing function on the interval 0 = x = 1 and has these

properties:

1. 0=L(X)=1 because L(x) is a percentage

2. L(0)=0
3 LY=1
4. LX) =X

because no wages are earned when no wage-earners are employed
because 100% of wages are earned by 100% of the wage-earners
because the lowest-paid 100x% of wage-earners cannot receive
more than 100x% of total income

A typical Lorentz curve is shown in Figure 5.15a.

y
14 Complete equality
liney = x
w @
S £
58
85
i
y =LK
; X
0 Fraction of 1
wage-earners

(a) A Lorentz curvey = L(x) lies below
the complete equality liney = x

y y
1+ 1+ /
y=X y =X
Ri
R
y= LK)
T X X
0 1 0 1
s . . _areaof Ry
(b) The Gini index istheratio Gl = areact R,

FIGURE 5.15 A Lorentz curve y = L(x) and its Gini index.
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Theliney = x represents the ideal case corresponding to complete equality in the
distribution of income (wage-earners with the lowest 100x% of income receive 100x%
of the society’s wealth). The closer a particular Lorentz curve is to this line, the more
equitable the distribution of wealth in the corresponding society. We represent the total
deviation of the actual distribution of wealth in the society from complete equality by
the area of the region R, between the Lorentz curve y = L(x) and the liney = x. The
ratio of this area to the area of the region R, under the complete equality liney = x
over 0 = x = 1isused as a measure of the inequality in the distribution of wealth in
the society. This ratio, called the Gini index, denoted Gl (also called the index of
income inequality), may be computed by the formula

__areaof R;  areabetweeny = L(x)andy = x

Gl = =
aeaof R, areaundery =xover0=x=<1

f 1[x — L(X)] dx f l[x — L(X)] dx
_ Jo _ Jo

1
f X dx V2
0

=2 f 1[x — L(X)] dx
0o

(see Figure 5.15b). To summarize:

Gini Index m If y = L(x) isthe equation of a Lorentz curve, then the inequal-
ity in the corresponding distribution of wesalth is measured by the Gini index,
which is given by the formula

1

Gini index = 2f [X — L(X)] dx
0

The Gini index aways lies between 0 and 1. An index of O corresponds to total
equity in the distribution of income, while an index of 1 corresponds to total inequity
(al income belongs to 0% of the population). The smaller the index, the more equitable
the distribution of income, and the larger the index, the more the wealth is concentrated
in only a few hands. Example 5.4.4 illustrates how Lorentz curves and the Gini index
can be used to compare the relative equity of income distribution for two professions.

EXAMPLE 5.4.4

A governmental agency determines that the Lorentz curves for the distribution of
income for dentists and contractors in a certain state are given by the functions

L) =x"" and  Lyx) = 0.8¢+ 0.2x

respectively. For which profession is the distribution of income more fairly distributed?

Solution
The respective Gini indices are

1 2 2.7
G1=2f (x—x"")dx = 2<X——X—>
0
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and

1
G,=2 f [x — (0.8x* + 0.2X)] dx
6]

A of?) o)

Since the Gini index for dentists is smaller, it follows that in this state, the incomes
of dentists are more evenly distributed than those of contractors.

1

= 0.2667
0

Using the Gini index, we can see how the distribution of income in the United
States compares to that in other countries. Table 5.1 lists the Gini index for selected
industrial and developing nations. Note that with an index of 0.46, the distribution of
income in the United States is about the same as that of Thailand, is less equitable
than the United Kingdom, Germany, or Denmark, but much more equitable than Brazil
or Panama. (Is there anything you know about the socio-political nature of these coun-
tries that would explain the difference in income equity?)

TABLE 5.1 Gini Indices for Selected Countries

Country Gini Index
United States 0.460
Brazil 0.601
Canada 0.315
Denmark 0.247
Germany 0.281
Japan 0.350
South Africa 0.584
Panama 0.568
Thailand 0.462
United Kingdom 0.326
SO:JngEZ David C. Colander, Economics, 4th ed., Boston: McGraw-Hill, 2001,
p. 435.

As a second illustration of how definite integration can be used in applications, we will
compute the aver age value of a function, which is of interest in a variety of situations.
First, let us take a moment to clarify our thinking about what we mean by “average
value.” A teacher who wants to compute the average score on an examination ssimply
adds all the individual scores and then divides by the number of students taking the
exam, but how should one go about finding, say, the average pollution level in a city
during the daytime hours? The difficulty is that since time is continuous, there are “too
many” pollution levels to add up in the usual way, so how should we proceed?
Consider the general case in which we wish to find the average value of the func-
tion f(x) over an interval a =< x =< b on which f is continuous. We begin by subdividing

. . b— .
theinterval a= x = b into n equal parts, each of length Ax = Ta. If  is a number
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EXPLORE! /8
588
Suppose you wish to cal-
culate the average value of
fx) =x® — 6x2 + 10x — 1
over the interval [1, 4]. Store
fix) in Y1 and obtain its graph
using the window [0, 4.7]1 by
[-2, 8]1. Shade the region
under the curve over the
interval [1, 4] and compute its
area A. Set Y2 equal to the
constant function A _ é.
b—a 3
This is the average value.
Plot Y2 and Y1 on the same
screen. At what number(s)
between 1 and 4 does f(x)
equal the average value?

Integration
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taken from the jth subinterval for j =1, 2, . . ., n, then the average of the corre-

sponding functional values f(x,), f(x), . . ., f(xy) is
f(xy) + f(xp) + -+ + f(xp)
V, = -
_ E —a [f(xl) + i) + -+ f(xn)} multiply and divide by (b — a)
—a n

1 b —
- ‘a[f(Xl) +f(x) + -0 + f(Xn)]<Ta> factor out the expression

b—a

=La[f(x1) + f(Xp) + -+ + f(X,)] AX since Ax =

b —
1 n
b—ajzl (XJ) x

which we recognize as a Riemann sum.

If we refine the partition of the interval a = x = b by taking more and more
subdivision points, then V,, becomes more and more like what we may intuitively
think of as the average value V of f(x) over the entire interval a =< x=b. Thus, it is
reasonable to define the average value V as the limit of the Riemann sum V,, as
n — +oo; that is, as the definite integral

V= limV,=

n—s+oo

1 ;f(x,-) AX

lim
n—>+eb — a;j
b

= m . f(X) dx

To summarize:

The Average Value of a Function ® Let f(x) be a function that is
continuous on the interval a <= x = b. Then the average value V of f(x) over
a = x = b is given by the definite integral

b

1
= E 3 f(X) dx

EXAMPLE 5.4.5

A manufacturer determines that t months after introducing a new product, the com-
pany’s sales will be S(t) thousand dollars, where

g0 = 750t
V4?2 + 25

What are the average monthly sales of the company over the first 6 months after the
introduction of the new product?

Solution
The average monthly sales V over the time period 0 <t < 6 is given by the integral

1 (¢ 750t
V= dt
6 — OJ:J V42 + 25
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Just-In-Time REVIEW

Fahrenheit temperature F is
related to Celsius temperature
C by the formula

9
F=-C+32
5C 3
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To evaluate this integral, make the substitution

u=4t>+ 25  limits of integration:
du = 4(2t dt) if t =0, then u= 4(0)*> + 25 =25

1
tdt=§du if t =6, then u = 4(6)*> + 25 = 169

You obtain

1(¢ 750
V==| ————
6 L V42 + 25 (ta)

1 169 7 1 7 169

6 25 \/G 8 _@ 25
_ 750 (ut?\ [ 750(2) 12 _ (omyi/
- 6(8)(1/2) -l (G O
= 250

Thus, for the 6-month period immediately after the introduction of the new product,
the company’s sales average $250,000 per month.

EXAMPLE 5.4.6

A researcher models the temperature T (in °C) during the time period from 6 A.m. to
6 PM. in a certain northern city by the function

1
T(t)=3—§(t—4)2 for0=t=12

where t is the number of hours after 6 A.m.

a. What is the average temperature in the city during the workday, from 8 A.m. to
5pPM.?

b. At what time (or times) during the workday is the temperature in the city the
same as the average temperature found in part (a)?
Solution

a. Since 8 A.M. and 5 PM. are, respectively, t = 2 and t = 11 hours after 6 A.m., we
want to compute the average of the temperature T(t) for 2 =t = 11, which is
given by the definite integral

1 ll|: 1 2:|
Ta"e_ll—ZL 3- 50— 9 |a

1 11 S|
_9[3t 33 4)}

_ E%[3(11) - 3(11 - 4)3} - é [3(2) - 3(2 - 4)3}

2

4
=~ ~-133
3

Thus, the average temperature during the workday is approximately —1.33°C (or 29.6°F).
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Just-In-Time REVIEW

Since there are 60 minutes in
an hour, 0.61 hour is the same
as 0.61(60) =~ 37 minutes.
Thus, 7.61 hours after 6 A.m.
is 37 minutes past 1 PM. or
1.37 PM.

Two Interpretations
of Average Value

4
b. We want to find a time t = t; with 2 < t, = 11 such that T(ty) = ~3 Solving
this eguation, we find that

1 4
3-S(ta— 4= — =
gl =47 = -3
1 4 13 btract 3 from both sid
__t_42= - _3=_= subtrac rom both sides
34 3 3
2 13 Itiply both sides by —3
(ta— 4= (-3 _E =13 multiply both sides by
t.—4= +1V13 take sguare roots on both sides
a *
t,=4+V13
~039 or 761

Since t = 0.39 is outside the time interval 2 =t, = 11 (8 A.M. to 5 PM.), it fol-
lows that the temperature in the city is the same as the average temperature only
when t = 7.61, that is, at approximately 1:37 P.m.

The average value of a function has several useful interpretations. First, note that if
f(X) is continuous on the interval a = x = b and F(X) is any antiderivative of f(x) over
the same interval, then the average value V of f(X) over the interval satisfies

b

1
= m . f(X) dx

1
“b_a [F(b) — F(a)] fundamental theorem of calculus
_ F(b) — F@@

b—a

We recognize this difference quotient as the average rate of change of F(x) over
a = X = b (see Section 2.1). Thus, we have this interpretation:

Rate Interpretation of Average Value ® The average value of a func-
tion f(x) over an interval a = x < b where f(X) is continuous is the same as the
average rate of change of any antiderivative F(x) of f(x) over the same interval.

For instance, since the total cost C(x) of producing x units of a commodity is an
antiderivative of marginal cost C'(x), it follows that the average rate of change of
cost over a range of production a = x < b equals the average value of the marginal
cost over the same range.

The average value of afunction f(x) on an interval a < x = b where f(x) = 0 can
aso be interpreted geometrically by rewriting the integral formula for average value

b

1
= m A f(X) dx
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in the form

b
(b—aV-= f f(x) dx
a
In the case where f(x) = 0 on the interval a = x < b, the integral on the right can be
interpreted as the area under the curve y = f(x) over a =< x < b, and the product on
the left as the area of a rectangle of height V and width b — a equal to the length of
the interval. In other words:

Geometric Interpretation of Average Value ® The average value V
of f(x) over an interval a = x =< b where f(X) is continuous and satisfies f(x) = 0
is equal to the height of a rectangle whose base is the interval and whose area is
the same as the area under the curve y = f(x) over a=x=bh.

This geometric interpretation is illustrated in Figure 5.16.

The rectangle with base

a = x = b and height V has

the same area as the region
> X under the curvey = f(x).

FIGURE 5.16 Geometric interpretation of average value V.

EXERCISES = 5.4
In Exercises 1 through 4, find the area of the shaded
region.

1 2.

y=X0@ — 4)
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3.
y
\ o
_ 2
y7x+1
0
4.
y
‘ y=x2+1

In Exercises 5 through 18, sketch the given region R
and then find its area.

5. Risthe region bounded by the linesy = x, y = —X,
and x = 1.

6. Ris the region bounded by the curves y = x?,
y = —x%, and the line x = 1.

7. Risthe region bounded by the x axis and the
curvey = —x% + 4x — 3.

8. Risthe region bounded by the curves y = €
y = e % and the line x=In 2.

9. Ris the region bounded by the curve y = x> — 2x
and the x axis. [Hint: Note that the region is
below the x axis)]

1
10. Risthe region bounded by the curve y = 2 and

thelinesy=xandy=g.

11. Ris the region bounded by the curvesy = x* — 2x
andy = —x* + 4.

12. Ris the region between the curve y = x3 and the
liney = 9x, for x = 0.

13. Ris the region between the curves y = x* — 3%*
and y = x* + Bx.

5-58

14. Ris the triangle bounded by the liney = 4 — 3x
and the coordinate axes.

15. Ris the triangle with vertices (—4, 0), (2, 0), and
(2, 6).

16. Ris the rectangle with vertices (1, 0), (—2, 0),
(=2,5), and (1, 5).

17. Ris the trapezoid bounded by the linesy = x + 6
and x = 2 and the coordinate axes.

18. Ris the trapezoid bounded by the linesy = x + 2,
y =8 — X X = 2, and the y axis.

In Exercises 19 through 24, find the average value
of the given function f(x) over the specified interval
a=x=h.

19. f(x)=1—x* over —3=x=3

20. f()=x*—3x+5 over —1=x=2
21 fX)=e X4—-¢€*) over -1=x=1
2. f)=e*+e* over0=x=In2

X e*X
23. () e over 0=x=1In3

X+ 1

2 =+ e

over —1=x=1

In Exercises 25 through 28, find the average value V of
the given function over the specified interval. In each
case, sketch the graph of the function along with the
rectangle whose base is the given interval and whose
height is the average value V.

25. f()=2x—x* over 0=x=2
26. f(X)=x over0=x=4

1
27. h(u)=a over 2=u=<4

28. g)=€e? over —1=t=2

LORENTZ CURVES In Exercises 29 through 34,
find the Gini index for the given Lorentz curve.

29. L(¥) =x3

30. L(x) =x°

31. L(x) = 0.55x* + 0.45x
32, L(X) = 0.7 + 0.3x
33 L(x) = §x3'7 + éx
e—-1
e—1

34. L(x) =
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35. AVERAGE SUPPLY A manufacturer supplies
S(p) = 0.5p% + 3p + 7 hundred units of a certain
commodity to the market when the price is p
dollars per unit. Find the average supply as the
price varies from p = $2 to p = $5.

36. EFFICIENCY After t months on the job, a
postal clerk can sort Q(t) = 700 — 400e %%
letters per hour. What is the average rate at
which the clerk sorts mail during the first 3
months on the job?

37. INVENTORY An inventory of 60,000 kilograms
of a certain commaodity is used at a constant rate
and is exhausted after 1 year. What is the average
inventory for the year?

38. FOOD PRICES Records indicate that t months
after the beginning of the year, the price of
ground beef in local supermarkets was

P(t) = 0.09t> — 0.2t + 4

dollars per pound. What was the average price of
ground beef during the first 3 months of the year?

39. BACTERIAL GROWTH The number of bacteria
present in a certain culture after t minutes of an
experiment was Q(t) = 2,000e™%". What was the
average number of bacteria present during the first
5 minutes of the experiment?

40. TEMPERATURE Records indicate that t hours
past midnight, the temperature at the local airport
was f(t) = —0.3t? + 4t + 10 degrees Celsius.
What was the average temperature at the airport
between 9:00 A.M. and noon?

41. INVESTMENT Marya invests $10,000 for 5

years in a bank that pays 5% annual interest.

a. What isthe average value of her account over
thistime period if interest is compounded
continuously?

. How would you find the average value of the
account if interest is compounded quarterly?
Write a paragraph to explain how you would
proceed.

42. INVESTMENT Suppose that t years from now,
one investment plan will be generating profit at
the rate of Pj(t) = 100 + t* hundred dollars per
year, while a second investment will be generating
profit at the rate of P5(t) = 220 + 2t hundred
dollars per year.

a. For how many years does the rate of profitabil-
ity of the second investment exceed that of the
first?

SECTION 5.4 APPLYING DEFINITE INTEGRATION
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b. Compute the net excess profit assuming that you
invest in the second plan for the time period de-
termined in part (a).

c. Sketch the rate of profitability curvesy = Pi(t)
and y = P(t) and shade the region whose area
represents the net excess profit computed in
part (b).

INVESTMENT Answer the questions in
Exercise 42 for two investments with respective
rates of profitability Pj(t) = 130 + t*> hundred
dollars per year and P5(t) = 306 + 5t hundred
dollars per year.

INVESTMENT Answer the questions in Exercise
42 for two investments with respective rates for
profitability Pj(t) = 60e>'* thousand dollars per
year and P4(t) = 160e°%" thousand dollars per year.

INVESTMENT Answer the questions in Exercise
42 for two investments with respective rates of
profitability Pj(t) = 90e°* thousand dollars per
year and Pj(t) = 140e™°" thousand dollars per year.

EFFICIENCY After t hours on the job, one factory
worker is producing Qj(t) = 60 — 2(t — 1)? units
per hour, while a second worker is producing
Q5(t) = 50 — 5t units per hour.

a. If both arrive on the job at 8:00 A.Mm., how many
more units will the first worker have produced
by noon than the second worker?

b. Interpret the answer in part (a) asthe area
between two curves.

AVERAGE POPULATION The population of a
certain community t years after the year 2000 is
given by

0.2t

What was the average population of the
community during the decade from 2000 to 20107?

P(t) = million people

. AVERAGE COST The cost of producing X units

of a new product is C(x) = 3x\/x + 10 hundred
dollars. What is the average cost of producing the
first 81 units?

AVERAGE DRUG CONCENTRATION A
patient is injected with a drug, and t hours later,
the concentration of the drug remaining in the
patient’s bloodstream is given by

C(t) = mg/cm?®

3t
m
What is the average concentration of drug during
the first 8 hours after the injection?
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AVERAGE PRODUCTION A company
determines that if L worker-hours of labor are
employed, then Q units of a particular commaodity
will be produced, where

Q(L) = 500L%®

a. What isthe average production as labor varies
from 1,000 to 2,000 worker-hours?

b. What labor level between 1,000 and 2,000
worker-hours results in the average production
found in part (a)?

TEMPERATURE A researcher models the
temperature T (in °C) during the time period from
6 A.M. to 6 PM. in a certain northern city by the
function

1
-|_(t):3—§(t—5)2 foro=t=12

wheret isthe number of hours after 6 A.m.

a. What isthe average temperature in the city dur-
ing the workday, from 8 A.m.t0 5 PM.?

b. Atwhat time (or times) during the workday is
the temperature in the city the same as the aver-
age temperature found in part (8)?

ADVERTISING An advertising firm is hired to
promote a new television show for 3 weeks before
its debut and 2 weeks afterward. After t weeks of
the advertising campaign, it is found that P(t)
percent of the viewing public is aware of the
show, where

50t e
0.7t% + 16

a. What isthe average percentage of the viewing
public that is aware of the show during the 5
weeks of the advertising campaign?

b. Atwhat time during the first 5 weeks of the
campaign is the percentage of viewers the same
as the average percentage found in part (a)?

TRAFFIC MANAGEMENT For several weeks,
the highway department has been recording the
speed of freeway traffic flowing past a certain
downtown exit. The data suggest that between the
hours of 1:00 and 6:00 M. on a normal weekday,
the speed of traffic at the exit is approximately
S(t) = t* — 10.5t> + 30t + 20 miles per hour,
where t is the number of hours past noon.
a. Compute the average speed of the traffic
between the hours of 1:00 and 6:00 P.m.
b. Atwhat time between 1:00 and 6:00 M. isthe
traffic speed at the exit the same as the average
speed found in part (8)?

P(t) =

54.

55.

56.

57.
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AVERAGE AEROBIC RATING The aerobic

rating of a person x years old is given by

110(Inx — 2)
X

What is a person’s average aerobic rating from
age 15 to age 25?7 From age 60 to age 70?

THERMAL EFFECT OF FOOD Normally,
the metabolism of an organism functions at an
essentially constant rate, called the basal
metabolic rate of the organism. However, the
metabolic rate may increase or decrease depending
on the activity of the organism. In particular, after
ingesting nutrients, the organism often experiences
a surge in its metabolic rate, which then gradually
returns to the basal level.

Michelle has just finished her Thanksgiving
dinner, and her metabolic rate has surged from its
basal level Mg. She then “works off” the meal
over the next 12 hours. Suppose that t hours after
the meal, her metabolic rate is given by

M(t) = Mg + 50te %1  0=t=12
kilojoules per hour (kJhr).
a. What is Michelle's average metabolic rate over
the 12-hour period?
b. Sketch the graph of M(t). What is the peak
metabolic rate and when doesiit occur?
[Note: Both the graph and the peak rate will
involve Mg.]

DISTRIBUTION OF INCOME In acertain
state, it is found that the distribution of income
for lawyers is given by the Lorentz curve

y = L1(X), where

AX) = for x = 10

Li(X) = gxz + %x
while that of surgeons is given by y = Lx(X),
where

Ly(X) = gx“ + gx
Compute the Gini index for each Lorentz curve.
Which profession has the more equitable income
distribution?
DISTRIBUTION OF INCOME Suppose a
study indicates that the distribution of income for
professional baseball players is given by the
Lorentz curve y = L4(X), where

2 1
L.(x) = :—3X3 + §X
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while those of professional football players and
basketball players arey = Ly(X) and y = L5(X),
respectively, where

5 1
Lo(X) = =X + =X
2A¥) = 5X + 5

and
3 2
==x*+=
L3(X) 5x4 =X

Find the Gini index for each professional sport
and determine which has the most equitable
income distribution. Which has the least
equitable distribution?

COMPARATIVE GROWTH The population of
a third-world country grows exponentialy at the
unsustainable rate of

P(t) = 10e®%? thousand people per year
where t is the number of years after 2000. A study
indicates that if certain socioeconomic changes are
instituted in this country, then the population will
instead grow at the restricted rate

P4(t) = 10 + 0.02t + 0.002t>

thousand people per year. How much smaller will
the population of this country be in the year 2010
if the changes are made than if they are not?

COMPARATIVE GROWTH A second study of
the country in Exercise 58 indicates that natural
restrictive forces are at work that make the actual
rate of growth

20e0.02t
Ps(t) = 0.02t
1+e

instead of the exponential rate Py(t) = 10e®%%, |f
this rate is correct, how much smaller will the
population be in the year 2010 than if the
exponential rate were correct?

REAL ESTATE The territory occupied by a
certain community is bounded on one side by a
river and on all other sides by mountains, forming
the shaded region shown in the accompanying
figure. If a coordinate system is set up as
indicated, the mountainous boundary is given
roughly by the curve y = 4 — X, where x and y
are measured in miles. What is the total area
occupied by the community?

River| =X

EXERCISE 60

61. REAL ESTATE EVALUATION A sguare cabin
with a plot of land adjacent to a lake is shown in
the accompanying figure. If a coordinate system is
set up as indicated, with distances given in yards,
the lakefront boundary of the property is part of
the curve y = 10e”%*, Assuming that the cabin
costs $2,000 per square yard and the land in
the plot outside the cabin (the shaded region in
the figure) costs $800 per sguare yard, what is the
total cost of this vacation property?

y (yd)
/ = 10e0.04
Lake Y
8
Cabin
> X (yd)
8
EXERCISE 61

62. VOLUME OF BLOOD DURING SYSTOLE
A model* of the cardiovascular system relates
the stroke volume V(t) of blood in the aorta at
time t during systole (the contraction phase) to
the pressure P(t) in the aorta at the same time
by the equation

3tz 23
V() = [C1 + Czp(t)](? - F)

*J. G. Defares, J. J. Osborn, and H. H. Hura, Acta Physiol. Pharm.
Neerl., Vol. 12, 1963, pp. 189-265.
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where C, and C, are positive constants and T is 64. Use the graphing utility of your calculator to draw

the period of the systolic phase (a fixed time).
Assume that aortic pressure P(t) rises at a constant

1
the graphs of the curvesy = x’¢ * and y = X on

rate from P, whent = 0 to P; whent = T. the same screen. Use ZOOM and TRACE or

a. Show that

P@t) = (Pl ;

Po

some other feature of your calculator to find
where the curves intersect. Then compute the area

>t + Po of the region bounded by the curves using the
numeric integration feature.

b. Findthe average volume of blood in the aorta dur-

ing the systolic phase (0 =<t =< T). [Note: Your

65. Repeat Exercise 64 for the curves

answer will beintermsof C,, C,, Po, Py, and T.] X2 y?

——-2=1 and y=x>—89x*>+ 26.7x — 27

REACTION TO MEDICATION In certain 5 2

biologica models, the human body’s reaction to a 66
particular kind of medication is measured by a

function of the form

. Show that the average value V of a continuous
function f(x) over the interval a =< x =< b may be
computed as the slope of the line joining the

F(M) = 1 (kM2 — M3) 0=M=k points (a, F(a)) and (p, F(b)) on thg curve
3 y = F(X), where F(x) is any antiderivative of f(x)
where Kk is a positive constant and M is the overa=x=h.
amount of medication absorbed in the blood. 67. Consider an object moving along a straight line.
The sensitivity of the body to the medication is / Explain why the object’s average velocity over

measured by the derivative S= F'(M).

any time interval equals the average value of its
velocity over that interval.

a. Show that the body is most sensitive to the med-

ication when M = I§(

b. What isthe average reaction to the medication

k
foro=M=="?
3

SECTION 5.5

Useful Life
of a Machine

Additional Applications to Business and Economics

In this section, we examine several important applications of definite integration to
business and economics, such as future and present value of an income flow, con-
sumers’ willingness to spend, and consumers and producers surplus. We begin by
showing how integration can be used to measure the value of an asset.

Suppose that t years after being put into use, a machine has generated total revenue
R(t) and that the total cost of operating and servicing the machine up to this time is
C(t). Then the total profit generated by the machine up to timet is P(t) = R(t) — C(t).
Profit declines when costs accumulate at a higher rate than revenue; that is, when
C'(t) > R'(t). Thus, a manager may consider disposing of the machine at the time T
when C'(T) = R'(T), and for this reason, the time period 0=t=T is caled the
useful life of the machine. The net profit over the useful life of the machine provides
the manager with a measure of its value.

EXAMPLE 5.5.1

Suppose that when it is t years old, a particular industrial machine is generating
revenue at the rate R'(t) = 5,000 — 20t* dollars per year and that operating and
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= servicing costs related to the machine are accumulating at the rate C'(t) = 2,000 + 10t
&5 dollars per year.

Refer to Example 5.5.1. a. What is the useful life of this maching?

Suppose a new cost rate b. Compute the net profit generated by the machine over its period of useful life.

function Clew(t) = 2,000 + 6t
is in place. Compare its useful

life and net profit with those of Solution
the original cost rate function. a. To find the machin€'s useful life T, solve
5000, 800011000, c'() =R
S 2,000 + 10t = 5,000 — 20t°
30t% = 3,000
t2 = 100
t=10

Thus, the machine has a useful life of T = 10 years.
b. Since profit P(t) is given by P(t) = R(t) — C(t), we have P'(t) = R'(t) — C'(t),
and the net profit generated by the machine over its useful life0=t=101is

NP = P(10) — P(0) = f 10P'(t) dt

]
10

= j [R'(t) — C'(t)] dt
0
10

= j [(5,000 — 20t%) — (2,000 + 10t%)] dt
0]

10
= f [3,000 — 30t?] dt
(]

10
= $20,000
0

= 3,000t — 10t°

The rate of revenue and rate of cost curves are sketched in Figure 5.17. The net earn-
ings of the machine over its useful life are represented by the area of the (shaded)
region between the two rate curves.

y (dollars per year)

y= C/(t) = 2,000 + 10¢2

5,000

$20,000
y = R(t) = 5,000 — 20t2
2,000

! » t (years)
10

FIGURE 5.17 Net profit over the useful life of a machine.
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Future Value and
Present Value of an
Income Flow

In our next application, we consider a stream of income transferred continuously into
an account in which it earns interest over a specified time period (the term). Then
the future value of the income stream is the total amount (money transferred into
the account plus interest) that is accumulated in this way during the specified term.
The calculation of the amount of an income stream is illustrated in Example 5.5.2.
The strategy is to approximate the continuous income stream by a sequence of dis-
crete deposits called an annuity. The amount of the approximating annuity is a cer-
tain sum whose limit (a definite integral) is the future value of the income stream.

EXAMPLE 5.5.2

Money is transferred continuously into an account at the constant rate of $1,200 per
year. The account earns interest at the annual rate of 8% compounded continuously.
How much will be in the account at the end of 2 years?

Solution
Recall from Section 4.1 that P dollars invested at 8% compounded continuously will
be worth Pe®%®" dollars t years later.

To approximate the future value of the income stream, divide the 2-year time
interval 0 =t = 2 into n equal subintervals of length At years and let t; denote the
beginning of the jth subinterval. Then, during the jth subinterval (of length At years),

Money deposited = (dollars per year)(number of years) = 1,200 At

If all of this money were deposited at the beginning of the subinterval (at time t;), it
would remain in the account for 2 —t; years and therefore would grow to
(1,200At)e%%8~% dollars. Thus,

Future value of money deposited

during jth subinterval ~ 1,2006%%8C YA

The situation is illustrated in Figure 5.18.

2-t;years
1,200At > 1,2006” 8-t

o
>
—

N

—_
iy

o+

o
+
i

FIGURE 5.18 The (approximate) future value of the money deposited during the jth
subinterval.

The future value of the entire income stream is the sum of the future values of
the money deposited during each of the n subintervals. Hence,

n
Future value of income stream ~ | 1,200e%%%@ %At
i=1
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(Note that this is only an approximation because it is based on the assumption that
al 1,200 At,, dollars are deposited at time t; rather than continuously throughout the
jth subinterval.)

As n increases without bound, the length of each subinterval approaches zero
and the approximation approaches the true future value of the income stream.
Hence,

n
Futre value of _ - i, 311 s00e00%2- )¢
Income stream n—-+oe T

2 2
f 1,200€%%2 gt = 1,200 J e 008t Gt
0 0
2
= —15,000e%1%e~%¢ — 1)
0

_ 1200 416, 008t
= "008° € )

— 15,000 + 15,000e%6 ~ $2,602.66

By generalizing the reasoning illustrated in Example 5.5.2, we are led to thisinte-
gration formula for the future value of an income stream with rate of flow given by
f(t) for aterm of T years:

.
FV = f f(t) e T 9 dt
0

.
= f f)eTe "t
[0]

.
=eT f f(t) e "' dt factor constant € outside integral
0

The first and last forms of the formula for future value are both listed next for future
reference.

Future Value of an Income Stream = Suppose money is being trans-
ferred continuously into an account over atime period 0 =t =T at a rate given
by the function f(t) and that the account earns interest at an annual rate r com-
pounded continuously. Then the future value FV of the income stream over the
term T is given by the definite integral

T T
FV =f f(t) e’ TVt = efo f(tye "dt
0 0

In Example 5.5.2, we had f(t) = 1,200, r = 0.08, and T = 2, so that
2
FV — e0.0S(Z)f 1,2008*0.08t dt
0
The present value of an income stream generated at a continuous rate f(t)

over a specified term of T years is the amount of money A that must be deposited
now at the prevailing interest rate to generate the same income as the income
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stream over the same T-year period. Since A dollars invested at an annual inter-
est rate r compounded continuously will be worth Ae"" dollarsin T years, we must
have

.
AT =¢T f f(tye "dt
0

.
A= f f(tye "'dt  divide both sides by €
0]

To summarize:

Present Value of an Income Stream ® Thepresent value PV of anincome
stream that is deposited continuoudy at the rate f(t) into an account that earns inter-
est at an annua rate r compounded continuoudly for aterm of T years is given by

.
PV =ff(t) e "dt
0

Example 5.5.3 illustrates how present value can be used in making certain financial
decisions.

EXAMPLE 5.5.3

Jane is trying to decide between two investments. The first costs $1,000 and is
expected to generate a continuous income stream at the rate of f;(t) = 3,000e>%* dol-
lars per year. The second investment costs $4,000 and is estimated to generate income
at the constant rate of f,(t) = 4,000 dollars per year. If the prevailing annual interest
rate remains fixed at 5% compounded continuously over the next 5 years, which
investment is better over this time period?

Solution

The net value of each investment over the 5-year time period is the present value
of the investment less its initial cost. For each investment, we have r = 0.05 and
T=5.

For the first investment:

5
PV — cost = f (3,000 e~ 2%t ¢t — 1,000
0]

5
= 3,000 f g0st=005t g 1 000
0

5
= 3,000 f e %02 gt — 1,000
0

e70.02t
= 3,000
(— o.oz)

5
— 1,000
0
= —150,000[e ®%2® — &% — 1,000
= 13,274.39
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Consumer Willingness
to Spend

For the second investment:

5
PV — cost = f (4,000)e %% dt — 4,000
0

e70.05t 5
= 4,000( ) — 4,000

0

—0.05

—80,000[e%%%® — &% — 4,000
= 13,695.94

Thus, the net income generated by the first investment is $13,274.39, while the second
generates net income of $13,695.94. The second investment is slightly better.

Recall that the consumer demand function p = D(q) gives the price p that must be
charged for each unit of the commodity if q units are to be sold (demanded). If A(Q)
is the total amount that consumers are willing to pay for g units, then the demand
function can also be thought of as the rate of change of A(q) with respect to g; that
is, A’(g) = D(q). Integrating and assuming that A(0) = O (consumers are willing to
pay nothing for O units), we find that A(qg), the amount that consumers are willing
to pay for gy units of the commodity, is given by

Yo d Yo
A = Al ~ AO) = [ d—’; da= [ D@ da

In this context, economists call A(g) the total willingnessto spend and D(q) = A’(q),
the marginal willingness to spend. In geometric terms, the total willingness to spend
for gp units is the area under the demand curve p = D(q) between q = 0 and g = qq,
as shown in Figure 5.19.

p (dollars per unit)
A

p=D(a)
Total
amount
consumers
are willing
to spend

» q (units)

0 %

FIGURE 5.19 The amount consumers are willing to spend is the area under the demand
curve.
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O
859
] ﬂ

In Example 5.5.4, change D(q)
t0 Dpew(q) = 4(23 — g?). Will
the amount of money
consumers are willing to
spend to obtain 3 units of the
commodity increase or
decrease? Graph Do (q)

in bold to compare with the
graph of D(qg), using the
viewing window [0, 5]1 by

[0, 150]10.

Consumers’ and
Producers’ Surplus

EXAMPLE 5.5.4

Suppose that the consumers demand function for a certain commodity is
D(g) = 4(25 — ¢°) dollars per unit.

a. Find the total amount of money consumers are willing to spend to get 3 units of
the commodity.
b. Sketch the demand curve and interpret the answer to part (a) as an area.

Solution

a. Since the demand function is D(q) = 4(25 — o), is the total amount that con-
sumers are willing to spend to get 3 units of the commodity is given by the
definite integral

3 3
AQ) = f D(q) dg = 4 L (25 — ¢°) dq

0

1
= 4(25q - §q3)

b. The consumers’ demand curve is sketched in Figure 5.20. In geometric terms, the
total amount, $264, that consumers are willing to spend to get 3 units of the com-
maodity is the area under the demand curve fromq=0to q= 3.

3
= $264
0

p (dollars per unit)
A

100
\ b= 4(25 B qz)

$264

» (] (units)

FIGURE 5.20 Consumers willingness to spend for 3 units when demand is given by
D(q) = 4(25 - &).

In a competitive economy, the total amount that consumers actually spend on a com-
modity is usualy less than the total amount they would have been willing to spend.
Suppose the market price of a particular commodity has been fixed at p, and con-
sumers will buy gp units at that price. Market conditions determine that py = D(qp),
where D(q) is the demand function for the commodity. Then the difference between
the consumers’ willingness to pay for go units and the amount they actually pay, poQo,
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represents a perceived advantage to the consumer that economists call consumers
surplus. That is,

[Consumers’} _ [ total amount consumers ] 3 [actual consumer}
surplus would be willing to spend expenditure

To get a better feel for the concept of consumers’ surplus, consider a family that
iswilling to spend up to $150 to own one television set but is willing to pay no more
than $75 for a second set, say, to settle conflicts over viewing preferences. Suppose
the market price for television sets turns out to be $100 per set. Then the family spends
2 X $100 = $200 for its two sets, rather than the $150 + $75 = $225 that it was
willing to pay. The perceived savings of $225 — $200 = $25 is the consumers’ sur-
plus of the family.

p p p
\
p=D(d) p=D(d)
Po Po
a 0 &1 . 0 ) E
(a) Total willingness to spend (b) Actual expenditure (c) Consumers' surplus

FIGURE 5.21 Geometric interpretation of consumers’ surplus.

Consumers’ surplus has a smple geometric interpretation, which isillustrated in Fig-
ure 5.21. The symbols py and ¢, denote the market price and corresponding demand,
respectively. Figure 5.21a shows the region under the demand curve from q = 0 to
g = qo. Its area, as we have seen, represents the total amount that consumers are will-
ing to spend to get qg units of the commodity. The rectangle in Figure 5.21b has an area
of podo and hence represents the actual consumer expenditure for gg units at py dollars
per unit. The difference between these two areas (Figure 5.21¢) represents the consumers
surplus. That is, consumers surplus CS is the area of the region between the demand
curve p = D(q) and the horizontal line p = py and hence is equal to the definite integral

[o!

Yo % o
Cs= f [D(9) — po] dq = J D(q) dg — f Podq
0 (o] 0

%

%o
= L D(0) dg — poq

0

Yo
= L D(0) dg — poto
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5-70
Consumers’ Surplus ®m If gy units of a commaodity are sold at a price of
p (dollars per unit) Po per unit and if p = D(q) is the consumers’ demand function for the com-
4 modity, then
Consumers surplus CorEies total amount consumers actual consumer
surplus = | arewilling to_ spend - expmdltgre
o] for gg units for gp units
Yo
; q Cs= f D(a)da — podo
% (units) 0
Producers surplusis the other side of the coin from consumers’ surplus. Recall
that the supply function p = §q) gives the price per unit that producers are willing
to accept in order to supply g units to the marketplace. However, any producer who
is willing to accept less than p, = o) dollars for gy units gains from the fact that
the price is po. Then producers surplus is the difference between what producers
would be willing to accept for supplying go units and the price they actually receive.
Reasoning as we did with consumers' surplus, we obtain the following formula for
producers’ surplus.
Producers’ Surplus = If g, units of a commodity are sold at a price of
p (dollars per unit) po dollars per unit and p = §q) is the producers’ supply function for the com-
A modity, then
p=Sa) : actual consumer total amount producers
| Producers ) .
Po = expenditure = receive when g
Producers surplus f ; : .
surplus or g units units are supplied
Yo
N PS:quO_J S(a) da
Yo (units) 0

EXAMPLE 5.5.5

A tire manufacturer estimates that q (thousand) radial tires will be purchased
(demanded) by wholesalers when the price is

p=D(g) = —0.1¢° + 90
dollars per tire, and the same number of tires will be supplied when the price is
p=Sq) = 0.2¢° + q + 50
dollars per tire.

a. Find the equilibrium price (where supply equals demand) and the quantity sup-
plied and demanded at that price.

b. Determine the consumers and producers surplus at the equilibrium price.
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Solution
a. The supply and demand curves are shown in Figure 5.22. Supply equals demand
when
—0.19° + 90 = 0.29° + g + 50
03°+q—40=0
g=10 (reject g=~ —13.33)
and p = —0.1(10)® + 90 = 80 dollars per tire. Thus, equilibrium occurs at a price of
$80 per tire, and then 10,000 tires are supplied and demanded.

p (dollars per unit)
N Supply
p=0.2g2+ g+ 50

Demand
p=-0.192+ 90

| : » q (units)
10 30

FIGURE 5.22 Consumers surplus and producers surplus for the demand and supply
functions in Example 5.5.5.

b. Using po = 80 and gy = 10, we find that the consumers' surplus is

10

0
cS = J ' (—0.1¢% + 90) dg — (80)(10)
[0}
— (80)(10)

[ og)

~ 866.67 — 800 = 66.67

or $66,670 (since gp = 10 isredly 10,000). The consumers’ surplus is the area of the
shaded region labeled CS in Figure 5.22.
The producers’ surplus is

PS = (80)(10) — J 10(o.2q2 + g+ 50) dq
0

= (80)(10) — [OZ(qg) + (%) + SOq}

~ 800 — 616.67 = 183.33

10

(0]

or $183,330. The producers surplus is the area of the shaded region labeled PS in
Figure 5.22.
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EXERCISES = 5.5

CONSUMERS' WILLINGNESS TO SPEND For
the consumers’ demand functions D(q) in Exercises 1
through 6:

(a) Find the total amount of money consumers are
willing to spend to get gy units of the
commodity.

(b) Sketch the demand curve and interpret the
consumers’ willingness to spend in part (a) as
an area.

1. D(q) = 2(64 — g°) dollars per unit; go = 6 units

300 o .
2. D(g) = m dollars per unit; go = 5 units
4
3. D(g) = 0 5q0?r > dollars per unit; o = 12 units
4. D(q) = 4(13303 dollars per unit; go = 10 units

5. D(q) = 40e %% dollars per unit; go = 10 units
6. D(q) = 50e % dollars per unit; go = 15 units

CONSUMERS’ SURPLUS In Exercises 7 through
10, p = D(q) is the price (dollars per unit) at which q
units of a particular commodity will be demanded by
the market (that is, all g units will be sold at this
price), and qq is a specified level of production. In
each case, find the price po = D(qgg) at which g units
will be demanded and compute the corresponding con-
sumers’ surplus CS. Sketch the demand curve y = D(q)
and shade the region whose area represents the
consumers’ surplus.

7. D(q) = 2(64 — ¢); go = 3 units
8. D(q) = 150 — 29 — 347 go = 6 units
9. D(q) = 40e *%% o = 5 units

10. D(q) = 75 ***; qo = 3 units

PRODUCERS’ SURPLUS In Exercises 11 through
14, p = Y(q) is the price (dollars per unit) at which g
units of a particular commodity will be supplied to the
market by producers, and qq is a specified level of
production. In each case, find the price py = Sqg) at
which gy units will be supplied and compute the
corresponding producers’ surplus PS. Sketch the supply
curve y = §) and shade the region whose area
represents the producers’ surplus.
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11. S() = 0.3¢° + 30; go = 4 units
12. ) = 0.5q + 15; g = 5 units
13. ) = 10 + 15€>%; g, = 3 units
14. 9q) = 17 + 11”9 g, = 7 units

CONSUMERS’ AND PRODUCERS’ SURPLUS AT
EQUILIBRIUM In Exercises 15 through 19,
the demand and supply functions, D(g) and §q), for a
particular commodity are given. Specifically, g
thousand units of the commodity will be demanded
(sold) at a price of p = D(q) dollars per unit, while g
thousand units will be supplied by producers when the
price is p = §(q) dollars per unit. In each case:
(a) Find the equilibrium price pe (Where supply
equals demand).
(b) Find the consumers' surplus and the
producers surplus at equilibrium.

15. D(g) = 131 — %qz; () = 50 + %qz

16, D(G) = 65 — 7 Sa) = 5 + 20 + 5

17. D(g) = —0.3g% + 70; §q) = 0.1¢° + q + 20
18. D(q) = V245 — 2q; (@) =5+ g

19. D(q) = % -3 S0 = %(q +1)

20. PROFIT OVER THE USEFUL LIFE OF A
MACHINE Suppose that when it ist years old,
a particular industrial machine generates revenue
at the rate R'(t) = 6,025 — 8t dollars per year
and that operating and servicing costs accumulate
at the rate C'(t) = 4,681 + 13t> dollars per year.
a. How many years pass before the profitability

of the machine begins to decline?

b. Compute the net profit generated by the
machine over its useful lifetime,

c. Sketch the revenue rate curve y = R'(t) and
the cost rate curve y = C'(t) and shade the
region whose area represents the net profit
computed in part (b).
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21.

22.

23.

24,

25.

26.
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PROFIT OVER THE USEFUL LIFE OF A
MACHINE Answer the questions in

Exercise 20 for a machine that generates revenue
at the rate R'(t) = 7,250 — 18t dollars per year
and for which costs accumulate at the rate

C'(t) = 3,620 + 12t2 dollars per year.

FUND-RAISING It is estimated that t weeks

from now, contributions in response to a fund-

raising campaign will be coming in at the rate of

R'(t) = 5,000e”®? dollars per week, while

campaign expenses are expected to accumulate at

the constant rate of $676 per week.

a. For how many weeks does the rate of revenue
exceed the rate of cost?

b. What net earnings will be generated by the
campaign during the period of time determined
in part (8)?

c. Interpret the net earnings in part (b) as an area
between two curves.

FUND-RAISING Answer the questions in
Exercise 22 for a charity campaign in which
contributions are made at the rate of

R'(t) = 6,537 ° dollars per week and expenses
accumulate at the constant rate of $593 per week.

THE AMOUNT OF AN INCOME STREAM
Money is transferred continuously into an account
at the constant rate of $2,400 per year. The
account earns interest at the annua rate of 6%
compounded continuously. How much will be in
the account at the end of 5 years?

THE AMOUNT OF AN INCOME STREAM
Money is transferred continuously into an account
at the constant rate of $1,000 per year. The
account earns interest at the annual rate of 10%
compounded continuously. How much will be in
the account at the end of 10 years?

CONSTRUCTION DECISION Magda wants
to expand and renovate her import store and is
presented with two plans for making the
improvements. The first plan will cost her $40,000
and the second will cost only $25,000. However,
she expects the improvements resulting from the
first plan to provide income at the continuous rate
of $10,000 per year, while the income flow from
the second plan provides $8,000 per year. Which
plan will result in more net income over the next
3 years if the prevailing rate of interest is 5% per
year compounded continuously?

27.

28.

29.

30.

31.

32.
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RETIREMENT ANNUITY At age 25, Tom
starts making annual deposits of $2,500 into an
IRA account that pays interest at an annua rate of
5% compounded continuously. Assuming that his
payments are made as a continuous income flow,
how much money will be in his account if he
retires at age 60? At age 657

RETIREMENT ANNUITY When she is 30,
Sue starts making annual deposits of $2,000 into
a bond fund that pays 8% annual interest
compounded continuously. Assuming that her
deposits are made as a continuous income flow,
how much money will be in her account if she
retires at age 55?

THE PRESENT VALUE OF AN INVESTMENT
An investment will generate income continuously
a the constant rate of $1,200 per year for 5 years.
If the prevailing annual interest rate remains fixed
at 5% compounded continuously, what is the
present value of the investment?

THE PRESENT VALUE OF A FRANCHISE
The management of a national chain of fast-food
outlets is selling a 10-year franchise in Cleveland,
Ohio. Past experience in similar localities suggests
that t years from now the franchise will be
generating profit at the rate of f(t) = 10,000 dollars
per year. If the prevailing annual interest rate
remains fixed at 4% compounded continuously,
what is the present value of the franchise?

INVESTMENT ANALYSIS Adam istrying to
choose between two investment opportunities. The
first will cost $50,000 and is expected to produce
income at the continuous rate of $15,000 per year.
The second will cost $30,000 and is expected to
produce income at the rate of $9,000 per year. If
the prevailing rate of interest stays constant at 6%
per year compounded continuously, which
investment is better over the next 5 years?

INVESTMENT ANALYSIS Kevin spends
$4,000 for an investment that generates a
continuous income stream at the rate of f,(t) =
3,000 dollars per year. His friend, Molly, makes a
separate investment that also generates income
continuously, but at a rate of f,(t) = 2,000e%%*
dollars per year. The couple discovers that their
investments have exactly the same net value over
a 4-year period. If the prevailing annual interest
rate stays fixed at 5% compounded continuously,
how much did Molly pay for her investment?
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33.

35.

36.

37.
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CONSUMERS’ SURPLUS A manufacturer of
machinery parts determines that q units of a
particular piece will be sold when the price is
p = 110 — g dollars per unit. The total cost of
producing those g units is C(q) dollars, where
C(q) = ¢ — 25¢° + 29 + 3,000
a. How much profit is derived from the sale of the
g units a p dollars per unit? [Hint: Firgt find the
revenue R = pq; then profit = revenue — cost.]
b. For what value of q is profit maximized?
¢. Find the consumers’ surplus for the level of
production qp that corresponds to maximum
profit.

CONSUMERS’ SURPLUS Repeat Exercise 33
for C(q) = 2q° — 59¢° + 4q + 7,600. and
p =124 — 2q.

DEPLETION OF ENERGY RESOURCES Oil
is being pumped from an oil field t years after its
opening at the rate of P'(t) = 1.3¢%%* billion
barrels per year. The field has a reserve of 20
billion barrels, and the price of oil holds steady at
$112 per barrel.

a. Find P(t), the amount of oil pumped from the
field at time t. How much ail is pumped from
the field during the first 3 years of operation?
The next 3 years?

b. For how many years T does the field operate
before it runs dry?

c. If the prevailing annual interest rate stays fixed
at 5% compounded continuously, what is the
present value of the continuous income stream
V = 112P’(t) over the period of operation of
thefild0=t=T?

d. If the owner of the oil field decides to sell on
the first day of operation, do you think the
present value determined in part (c) would be
a fair asking price? Explain your reasoning.

DEPLETION OF ENERGY RESOURCES
Answer the questions in Exercise 35 for another
oil field with a pumping rate of P’(t) = 1.5e>%*
and with a reserve of 16 billion barrels. You may
assume that the price of oil is still $112 per barrel
and that the prevailing annual interest rate is 5%.

DEPLETION OF ENERGY RESOURCES
Answer the questions in Exercise 35 for an oil
field with a pumping rate of P’'(t) = 1.2e”%* and
with a reserve of 12 hillion barrels. Assume that
the prevailing interest rate is 5% as before, but

38.

39.

40.

41.

42.
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that the price of oil after t years is given by
A(t) = 112”0,

LOTTERY PAYOUT A $2 million state lottery
winner is given $250,000 check now and a
continous income flow at the rate of $200,000
per year for 10 years. If the prevailing rate of
interest is 5% per year compounded continously,
is this a good deal for the winner or not?
Explain.

LOTTERY PAYOUT The winner of a state
lottery is offered a choice of either receiving

$10 million now as a lump sum or of receiving A
dollars a year for the next 6 years as a continuous
income stream. If the prevailing annual interest
rate is 5% compounded continuously and the two
payouts are worth the same, what is A?

SPORTS CONTRACTS A star baseball free
agent is the object of a bidding war between two
rival teams. The first team offers a 3 million
dollar signing bonus and a 5-year contract
guaranteeing him 8 million dollars this year and
an increase of 3% per year for the remainder of
the contract. The second team offers $9 million
per year for 5 years with no incentives. If the
prevailing annual interest rate stays fixed at 4%
compounded continuously, which offer is worth
more? [Hint: Assume that with both offers, the
salary is paid as a continuous income stream.]

PRESENT VALUE OF AN INVESTMENT An
investment produces a continuous income stream
at the rate of A(t) thousand dollars per year at
time t, where
A(t) — 106170.05t
The prevailing rate of interest is 5% per year
compounded continuously.
a. What is the future value of the investment
over aterm of 5 years (0 =t = 5)?
b. What is the present value of the investment
over the time period 1 =t = 37

PROFIT FROM AN INVENTION A marketing
survey indicates that t months after a new type of
computerized air purifier is introduced to the
market, sales will be generating profit at the rate
of P'(t) thousand dollars per month, where

500[1.4 — In(0.5t + 1)]

P(t) =
® t+ 2
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a. When is the rate of profitability positive and
when is it negative? When is the rate increas-
ing and when is it decreasing?

b. At what timet = t,, is monthly profit max-
imized? Find the net change in profit over the
time period 0 =t = t,,,.

c. It costs the manufacturer $100,000 to develop
the purifier product, so P(0) = —100. Use
this information along with integration to
find P(t).

d. Sketch the graph of P(t) for t = 0. A “fad” isa
product that gains rapid success in the market,
then just as quickly fades from popularity.
Based on the graph P(t), would you call the
purifiers a “fad”? Explain.

TOTAL REVENUE Consider the following
problem: A certain oil well that yields 300 barrels
of crude oil a month will run dry in 3 years. It is
estimated that t months from now the price of
crude oil will be P(t) = 118 + 0.3/t dollars per
barrel. If the ail is sold as soon as it is extracted
from the ground, what will be the total future
revenue from the well?

a. Solve the problem using definite integration.
[Hint: Divide the 3-year (36-month) time
interval 0 =<t = 36 into n equal subintervals of
length At and let t; denote the beginning of
the jth subinterval. Find an expression that
estimates the revenue R(t;) obtained during the
jth subinterval. Then express the total revenue
as the limit of a sum.]

445

b. Read an article on the petroleum industry and
write a paragraph on mathematical methods of
modeling oil production.*

44. INVENTORY STORAGE COSTS A

manufacturer receives N units of a certain raw
material that are initially placed in storage and
then withdrawn and used at a constant rate until
the supply is exhausted 1 year later. Suppose
storage costs remain fixed at p dollars per unit per
year. Use definite integration to find an expression
for the total storage cost the manufacturer will
pay during the year. [Hint: Let Q(t) dencte the
number of units in storage after t years and find
an expression for Q(t). Then subdivide the interval
O0=t=1into nequa subintervals and express
the total storage cost as the limit of a sum.]

. FUTURE VALUE OF AN INVESTMENT A

constant incomc stream of M dollars per year
isinvested at an annua rate r compounded
continuoudly for a term of T years. Show that
the future value of such an investment is

M
Fv=7(e”—1)

PRESENT VALUE OF AN INVESTMENT A
constant income stream of M dollars per year
isinvested at an annua rate r compounded
continuously for a term of T years. Show that
the present value of such an investment is

M
PV ="(1- e

*A good place to start is the article by J. A. Weyland and D. W.
Ballew, “A Relevant Calculus Problem: Estimation of U.S. Oil
Reserves,” The Mathematics Teacher, Vol. 69, 1976, pp. 125-126.

SECTION 5.6 Additional Applications to the Life

and Social Sciences

We have already seen how definite integration can be used to compute quantities of
interest in the socia and life sciences, such as net change, average value, and the Gini
index of a Lorentz curve. In this section, we examine several additional such appli-
cations, including survival and renewal within a group, blood flow through an artery,
and cardiac output. We shall also discuss how volume can be computed using inte-
gration and used for purposes such as measuring the size of a lake or a tumor.

In Example 5.6.1, a survival function gives the fraction of individuals in a group or

population that can be expected to remain in the group for any specified period of
time. A renewal function giving the rate at which new members arrive is al'so known,



446 CHAPTER 5 Integration 5-76

and the goal is to predict the size of the group at some future time. Problems of this
type arise in many fields, including sociology, ecology, demography, and even finance,
where the “population” is the number of dollars in an investment account and “sur-
vival and renewal” refer to features of an investment strategy.

EXAMPLE 5.6.1

A new county mental health clinic has just opened. Statistics from similar facilities
suggest that the fraction of patients who will still be receiving treatment at the clinic
t months after their initial visit is given by the function f(t) = e ¥?°. The clinic ini-
tially accepts 300 people for treatment and plans to accept new patients at the con-
stant rate of g(t) = 10 patients per month. Approximately how many people will be
receiving treatment at the clinic 15 months from now?

Solution

Since f(15) is the fraction of patients whose treatment continues at least 15 months,
it follows that of the current 300 patients, only 300f(15) will still be receiving treat-
ment 15 months from now.

To approximate the number of new patients who will be receiving treatment 15
months from now, divide the 15-month time interval 0 <t < 15 into n equal subin-
tervals of length At months and let t; denote the beginning of the jth subinterval. Since
new patients are accepted at the rate of 10 per month, the number of new patients
accepted during the jth subinterval is 10At. Fifteen months from now, approximately
15 — t; months will have elapsed since these 10At new patients had their initial visits,
and so approximately (10At)f(15 — t;) of them will still be receiving treatment at that
time (Figure 5.23). It follows that the total number of new patients still receiving treat-
ment 15 months from now can be approximated by the sum

n
> 10f(15 — t;) At
i=1

Adding this to the number of current patients who will still be receiving treatment in
15 months, you get

n
P ~ 300f(15) + Y, 10f(15 — t;) At
ji=1

where P is the total number of all patients (current and new) who will be receiving
treatment 15 months from now.

15—t months
10 At > (10 Af(15-1;)

o

-
iy
e
o
+
AN
—
=}

FIGURE 5.23 New members arriving during the jth subinterval.
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As n increases without bound, the approximation improves and approaches the
true value of P. It follows that

P =300f(15) + lim Y, 10f(15 — t)At
n—+e 7

15
— 300f(15) + f 10f(15 — ) dt
[0}

Since f(t) = e %, we have f(15) = e ¥* and f(15 — t) = e (15 0/20 = o~ 3/4gl/20,
Hence,

15

P = 300e”¥* + 10e ¥4 f e’ dit
0

15

= 300e % + 10e ¥4 &
1/20

= 300e” ¥4 + 200(1 — e~ ¥4
~ 247.24

0

That is, 15 months from now, the clinic will be treating approximately 247 patients.

In Example 5.6.1, we considered a variable survival function f(t) and a constant
renewal rate function g(t). Essentially the same analysis applies when the renewal
function also varies with time. Here is the result. Note that for definiteness, time is
given in years, but the same basic formula would also apply for other units of time,
for example, minutes, weeks, or months, as in Example 5.6.1.

Survival and Renewal m Suppose a population initially has P, members
and that new members are added at the (renewal) rate of R(t) individuals per year.
Further suppose that the fraction of the population that remain for at least t years
after arriving is given by the (survival) function St). Then, at the end of a term
of T years, the population will be

T

P(T) = PoY(T) + f R(t) ST —t) dt

0

In Example 5.6.1, each time period is 1 month, the initial “population” (member-
ship) is Po = 300, the renewal rate is R = 10, the survival function is f(t) = e %,
and the term is T = 15 months. Here is another example of survival/renewal from
biology.

EXAMPLE 5.6.2

A mild toxin is introduced to a bacterial colony whose current population is 600,000.
Observations indicate that R(t) = 200e®°"* bacteria per hour are born in the colony
at time t and that the fraction of the population that survives for t hours after birth is
St) = e %% What is the population of the colony after 10 hours?
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Y)

R

FIGURE 5.24 Subdividing

a cross section of an artery into

concentric rings.
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Solution

Substituting Py = 600,000, R(t) = 200e®%Y, and (t) = e > into the formula for
survival and renewal, we find that the population at the end of the term of T = 10
hours is

10

P(].O) — 600,0006_ 0.015(10) 4 J 200 eO.Olt e 0.015(10—t) dt

— -
Po S10) R(t) ST -1
10
~ 516,425 + j ZOOe0.0lt [e—0.015(10) e0.015t] dt since ea b _ ea e b
0

factor 200~ %-015(10)

10
~ 516.425 + 200e 9-015(10) [eo.on e0.0lSt] dt
, 0 outside the integral

10

~ 516,425 + 172.14 f D025t i
0

since €8P = @ &® and
200e 901519 <~ 17214

10 .
exponentia rule for

integration

0.025t
~ + 172,
516,425 + 172 14[ 00 25}

0

172.14
~ 516,425 + ——— [g*025(10) _ 0
0025 - ]

~ 518,381

Thus, the population of the colony declines from 600,000 to about 518,381 during
the first 10 hours after the toxin is introduced.

Biologists have found that the speed of blood in an artery is a function of the dis-
tance of the blood from the artery’s central axis. According to Poiseuille’s law, the
speed (in centimeters per second) of blood that isr centimeters from the central axis
of the artery is §(r) = k(R? — r?), where R is the radius of the artery and k is a con-
stant. In Example 5.6.3, you will see how to use this information to compute the rate
at which blood flows through the artery.

EXAMPLE 5.6.3

Find an expression for the rate (in cubic centimeters per second) at which blood flows
through an artery of radius R if the speed of the blood r centimeters from the central
axis is r) = k(R? — r?), where k is a constant.

Solution

To approximate the volume of blood that flows through a cross section of the artery
each second, divide theinterval 0 = r = Rinto n equal subintervals of width Ar cen-
timeters and let r; denote the beginning of the jth subinterval. These subintervals deter-
mine n concentric rings as illustrated in Figure 5.24.
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If Ar is small, the area of the jth ring is approximately the area of a rectangle
whose length is the circumference of the (inner) boundary of the ring and whose width
isAr. That is,

Area of jth ring = 2mr; Ar

If you multiply the area of the jth ring (square centimeters) by the speed (centimeters
per second) of the blood flowing through this ring, you get the volume rate (cubic cen-
timeters per second) a which blood flows through the jth ring. Since the speed of blood
flowing through the jthring is approximately S(r;) centimeters per second, it follows that

(Volume rate of flow) - (areaof )( speed of blood )
through jth ring jthring /\ through jth ring
~ (2mr; Ar)S(r))
~ (2mr; Ar)[K(R? — r?)]
~ 2mk(Rer; — r}) Ar

The volume rate of flow of blood through the entire cross section is the sum of n
such terms, one for each of the n concentric rings. That is,

n
Volumerate of flow ~ Y 2ak(R?r; — r¥) Ar
i=1

As n increases without bound, this approximation approaches the true value of
the rate of flow. In other words,

n

Volumerate of flow = |im 2mk(RPrj — 1) Ar
1

n— +oo (=

R
=f 2mk(Rer — r3) dr

(0]

R, 1,\[°
= 2’1Tk<? r2— Zr“)

(o]

wkR*

Thus, the blood is flowing at the rate of

cubic centimeters per second.

In studying the cardiovascular system, physicians and medical researchers are often
interested in knowing the cardiac output of a person’'s heart, which is the volume
of blood it pumps in unit time. Cardiac output is measured by a procedure called
the dye dilution method.* A known amount of dye is injected into a vein near the
heart. The dye then circulates with the blood through the right side of the heart, the

*See the module, “Measuring Cardiac Output,” by B. Horelick and S. Koont, UMAP Modules 1977:
Tools for Teaching, Lexington, MA: Consortium for Mathematics and Its Applications, Inc., 1978.
Another good source is Calculus and Its Applications, by S. Farlow and G. Haggard, Boston:
McGraw-Hill, 1990, pp. 332-334.
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lungs, and the left side of the heart before finally appearing in the arterial system.
A monitoring probe is introduced into the aorta, and blood samples are taken at reg-
ular time intervals to measure the concentration of dye leaving the heart until all
the dye has passed the monitoring point. A typical concentration graph is shown in
Figure 5.25.

C (mg/L)
A

5,,

y =C()

Concentration

}—t (se0)
To

FIGURE 5.25 A typica graph showing concentration of dye in a patient’s aorta.

Suppose the amount of dye injected is D mg, and that C(t) (mg/L) is the con-
centration of dye at time t. Let Ty denote the total time required for al the dye to
pass the monitoring point, and divide the time interval 0=t =Ty into n equa

To

subintervals, each of length At = . If R is the cardiac output (liters/min),

then approximately RAt liters of blood flow past the monitoring probe during the kth
time subinterval t,_; =t =t carrying C(t,) RAt mg of dye. Adding up the amounts
of dye over al n subintervals, we obtain the sum

n
' C(ti) RAt
k=1

as an approximation for the total amount of dye, and by taking the limit asn — +o
we obtain the actual total amount of dye as a definite integral:

lim 2 Ct) RAL = f TOC(t)R dt = R f TOC(t) dt

N—>+op—y 0 0

Since D milligrams of dye were originally injected, we must have
To
D=R f C(t) dt
]

so the cardiac output is given by

D
R=—-m——

f C(t) dt
[0}
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EXPLORE! [3
o885
Refer to Example 5.6.4. Graph
the dye concentration function
C(t) = 0.092e %% sing the
window [0, 23.5]5 by [—1, 6]1.
Compute the patient’s cardiac
output assuming only a
20-second observation period
and compare with the results
obtained in the example (for
a 23-second period).

Population Density

EXAMPLE 5.6.4

A physician injects 4 mg of dye into a vein near the heart of a patient, and a moni-
toring device records the concentration of dye in the blood at regular intervals over
a 23-second period. It is determined that the concentration at timet (0=t = 23) is
closely approximated by the function

C(t) = 0.09t%e %007 mg/L
Based on this information, what is the patient’s cardiac output?

Solution
Integrating C(t) over the time interval 0 < t < 23, we find that

23 23 s
J C(t) dt = f 0.09t%e~ 00007 gt

0 0

23 _ ,
= 0.09| e 000072y substitute u = t
L () du = 3t*dt

12,167
= 0.09 e70_0007u l du when x = O,u=0
o 3 when x = 23, u = (23)% = 12,167

0.09 (e 0.0007u )

12,167

3 \ 00007/,
~ —42.86 [e—0.0007(12,167) _ eo]
~ 42.85
Thus, the cardiac output is
4
R=-—o53——
f C()dt
[0}
= i ~ 0.093 liters/sec
42.85 ’

or equivalently,
R = (0.093 liters/sec)(60 sec/min) = 5.6 litersmin

The population density of an urban area is the number of people p(r) per square
mile that are located a distance r miles from the city center. We can determine the
total population P of the portion of the city that lies within R miles of the city cen-
ter by using integration.

Our approach to using population density to determine total population will be
similar to the approach used earlier in this section to determine the flow of blood
through an artery. In particular, divide the interval O =<r =< R into n subintervals,

R
each of width Ar = o and let r, denote the beginning (left endpoint) of the kth

subinterval, for k = 1, 2, . . ., n. These subintervals determine n concentric rings,
centered on the city center as shown in Figure 5.26.



452

CHAPTER 5

Integration 5-82

FIGURE 5.26 Subdividing an urban area into concentric rings.

The area of the kth ring is approximately the area of a rectangle whose length is
the circumference of the inner boundary of the ring and whose width is Ar. That is,

Area of kth ring = 2mr Ar
and since the population density is p(r) people per square mile, it follows that
Population within kth ring = p(ry) - [27rAr] = 2mr p(ry) Ar
W_J
population  area
per unit area of ring

We can estimate the total area with the bounding radius R by adding up the popula-
tions within the approximating rings; that is, by the Riemann sum

[Total popul ation
within radius R

By taking the limit as n — o, the estimate approaches the true value of the total pop-
ulation P, and since the limit of a Riemann sum is a definite integral, we have

n R
P(R) = lim > 2w r, p(r) Ar = J 27rp(r) dr
n—ek=1 0

} = P(R) = kzlzmk p(r) Ar

To summarize:

Total Population from Population Density = If aconcentration of indi-
viduals has population density p(r) individuals per square unit at a distance r from
the center of concentration, then the total population P(R) located within distance
R from the center is given by

P(R) = f szr p(r) dr

(0}

NOTE We found it convenient to derive the population density formula by
considering the population of a city. However, the formula also applies to more
general population concentrations, such as bacterial colonies or even the “popu-
lation” of water drops from a sprinkler system.
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EXAMPLE 5.6.5
A city has population density p(r) = 3e , Where p(r) is the number of people (in
thousands) per square mile at a distance of r miles from the city center.
a. What population lives within a 5-mile radius of the city center?

b. The city limits are set at a radius R where the population density is 1,000 people
per square mile. What is the total population within the city limits?

—0.01r2

Solution
a. The population within a 5-mile radius is

5

5
P(5) = f 2nr (38 %% dr = 6m f e 0% g
6] 6]

Using the substitution u = —0.01 r?, we find that

du
du= —-001(2rdr) or rdr= o —50du

In addition, the limits of integration are transformed as follows:

Ifr =5,thenu= —0.01(5)> = —0.25
Ifr =0, thenu= —0.01(0)> = 0

Therefore, we have

5

P(5) = 6m J P

0—0.25
= GwL e"(—50 du) sincer dr = —50 du
u= —-0.25
u=0
—300m[e %%° — €7
=~ 208.5

6m (—50)[e"]

So roughly 208,500 people live within a 5-mile radius of the city center.
b. To find the radius R that corresponds to the city limits, we want the population
density to be 1 (one thousand), so we solve

3e—0.OlR2 — 1
—0.01R? 1
e — —
3
_ 1 take logarithms on
—0.01R* = In (5) both sides
1
In <§>
R? = = 109.86

—0.01
R~ 10.48
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Finally, using the substitution u = —0.01r from part (a), we find that the population
within the city limits is

10.48

P(10.48) = 6m j e 01 g

o 11 Limits of integration:

= Gﬂf eu(_50 du) when r = 10.48, then u = —0.01(10.48)> ~ —1.1
0

when r = 0,then u=0

u=-11
~ —300m [€
m (€] u=0
~ —300m[e ! - &
~ 628.75

Thus, approximately 628,750 people live within the city limits.

The Volume of a In the next application, the definite integral is used to find the volume of a solid of
Solid of Revolution revolution formed by revolving a region R in the xy plane about the x axis.

The technique is to express the volume of the solid as the limit of a sum of the
volumes of approximating disks. In particular, suppose that Sis the solid formed by
rotating the region R under the curve y = f(x) between x = a and x = b about the
X axis, as shown in Figure 5.27a. Divide the interval a =< x < b into n equal subin-
tervals of length Ax. Then approximate the region R by n rectangles and the solid S
by the corresponding n cylindrical disks formed by rotating these rectangles about the
x axis. The general approximation procedure is illustrated in Figure 5.27b for the case
wheren = 3.

y y=1(¥)
A
— X
(a) Theregion Runder y = f(x) between (b) The approximation of R by rectangles
x = aand x = b isrotated about the x axis and the corresponding approximation
to generate the solid S of Shy disks.

FIGURE 5.27 A solid Sformed by rotating the region R about the x axis.

If x; denotes the beginning (left endpoint) of the jth subinterval, then the
jth rectangle has height f(x) and width Ax as shown in Figure 5.28a. The jth
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approximating disk formed by rotating this rectangle about the x axis is shown in

Figure 5.28b.
y y
A = f(x A
=i y=109
7 77
fo5) (%)
AXx
X > X
Xj Xj
AX
(&) The jth approximating (b) The corresponding jth
rectangle cylindrical disk

FIGURE 5.28 The volume of the solid Sis approximated by adding volumes of
approximating disks.

Since the jth approximating cylindrical disk has radius r; = f(x;) and thickness
AX, its volume is

Volume of jth disk = (areaof circular cross section)(width)
= arf(width) = [ f(%)]* Ax

The total volume of Sis approximately the sum of the volumes of the n disks; that
is,

n
Volume of S~ ' m[ f(x)]?Ax
j=1
The approximation improves as n increases and
n b
Volume of S= lim Y o[ f(x)]?Ax = wf [ f(X)]? dx
N—%i=1 a

To summarize:

Volume Formula

Suppose f(X) is continuous and f(X) = 0on a = x = b and let R be the region under
the curve y = f(X) between x = a and x = b. Then the solid S formed by rotating
R about the x axis has volume

b
Volume of S= wf [ f(X)]? dx
a

Here are two examples.
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EXAMPLE 5.6.6

Find the volume of the solid S formed by revolving the region under the curve
y=x*>+ 1fromx = 0to x = 2 about the x axis.

Solution
The region, the solid of revolution, and the jth disk are shown in Figure 5.29.

y y
\ f(x) =x2+ 1 f() =x2+1

)
R/

(=) [
x

>

X<
N

4

<
==

FIGURE 5.29 The solid formed by rotating the region under the curvey = x* + 1
between x = 0 and x = 2 about the x axis.

The radius of the jth disk is f(x) = x* + 1. Hence,
Volume of jth disk = w[f(x)]? Ax = m(& + 1)% Ax

and

n
Volumeof S= lim >, w(x* + 1)% Ax
h—)wl‘:l

2

w | ¢+ 1)%dx
0

2
=7rj(X4+2X2+l)dX
0

2

1 2 206
=+ =3 + ) =—m ~4314
'1T<5 3 X 15 oy 3

0

EXAMPLE 5.6.7
A tumor has approximately the same shape as the solid formed by rotating the region

1 . .
under the curve y = 3 \/16 — 4x? about the x axis, where x and y are measured in

centimeters. Find the volume of the tumor.
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Solution
The curve intersects the x axis where y = 0; that is, where

%m -0
16 = 42 sinceVa—b=0onlyifa=Db
X2 =4 divide both sides by 4
X==*2

The curve (called an dllipse) is shown in Figure 5.30.

<

FIGURE 5.30 Tumor with the approximate shape of the solid formed by rotating the
curvey = % V16 — 4x? about the x axis.

1
Let f(x) = 5\/ 16 — 4x2. Then the volume of the solid of revolution is given by

2 2 1 2
sz 1'r[f(X)]2dx=f 11[5\/16—4x2} dx
-2 -2
2
n
= f25(16 — 4%%) dx

2

™ 4
=§|:16X—§X3:|

= 3[16(2) - %(2)32] - 5[16(— 2) - %(—2)3]
=~ 14.89

Thus, the volume of the tumor is approximately 15 cm?.
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EXERCISES = 5.6

SURVIVAL AND RENEWAL

6, an initial population Py is given along with a
renewal rate R, and a survival function t). In each
case, use the given information to find the population
at the end of the indicated term T.

1

Py = 50,000; R(t) = 40; t) = e ®¥, t in months;
term T = 5 months

P, = 100,000; R(t) = 300; S(t) = e %%,

t in days, term T = 10 days

P, = 500,000; R(t) = 800; t) = e %™ tin
years; term T = 3 years

P, = 800,000; R(t) = 500; S(t) = e %%

t in months; term T = 5 months

Po = 500,000; R(t) = 100e”**; §t) = e >,
tin years; term T = 8 years

Po = 300,000; R(t) = 150>%*; §t) = e %%,
t in months; term T = 20 months

VOLUME OF A SOLID OF REVOLUTION In
Exercises 7 through 14, find the volume of the solid of
revolution formed by rotating the region R about the x

axis.

7.

10.

11.

12.

13.

14.

15.

R is the region under the liney = 3x + 1 from
x=0tox=1

R is the region under the curve y = \V/x from
x=1ltox=4

R is the region under the curve y = x* + 2 from
x=—-1ltox=3.

R is the region under the curvey = 4 — x° from
X=—-2tox=2

R is the region under the curve y = V4 — x2
fromx = —2tox= 2.

. . 1
R is the region under the curve y = X fromx =1
to x = 10.

. ) 1
R is the region under the curve y = x from
x=1tox=¢€.
R is the region under the curve y = e ™ from
x = 0to x=10.

NET POPULATION GROWTH It is projected
that t years from now the population of a certain
country will be changing at the rate of €*%*

In Exercises 1 through

16.

17.

18.

19.

20.

21.
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million per year. If the current population is
50 million, what will be the population 10 years
from now?

NET POPULATION GROWTH A study
indicates that x months from now, the population
of a certain town will be increasing at the rate of
10 + 2V/x people per month. By how much will
the population increase over the next 9 months?

GROUP MEMBERSHIP A national consumers
association has compiled statistics suggesting that
the fraction of its members who are still active t
months after joining is given by f(t) = e %% A
new local chapter has 200 charter members and
expects to attract new members at the rate of 10
per month. How many members can the chapter
expect to have at the end of 8 months?

POLITICAL TRENDS Sarah Greene is running
for mayor. Polls indicate that the fraction of those
who support her t weeks after first learning of her
candidacy is given by f(t) = e %% At the time
she declared her candidacy, 25,000 people
supported her, and new converts are being added
at the constant rate of 100 people per week.
Approximately how many people are likely to vote
for her if the election is held 20 weeks from the
day she entered the race?

SPREAD OF DISEASE A new strain of
influenza has just been declared an epidemic by
hedlth officias. Currently, 5,000 people have the
disease and 60 more victims are added each day. If
the fraction of infected people who still have the
disease t days after contracting it is given by

f(t) = € %% how many people will have the flu
30 days from now?

NUCLEAR WASTE A certain nuclear power
plant produces radioactive waste in the form of
strontium-90 at the constant rate of 500 pounds
per year. The waste decays exponentially with a
half-life of 28 years. How much of the radioactive
waste from the nuclear plant will be present after
140 years? [Hint: Think of this as a survival and
renewal problem.]

ENERGY CONSUMPTION The administration
of a small country estimates that the demand for
ail is increasing exponentialy at the rate of 10%
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22.

23.

24,

25.

26.

= 2.

28.

per year. If the demand is currently 30 billion
barrels per year, how much oil will be consumed
in this country during the next 10 years?

POPULATION GROWTH The administrators
of atown estimate that the fraction of people who
will still be residing in the town t years after they
arrive is given by the function f(t) = e %%, If
the current population is 20,000 people and new
townspeople arrive at the rate of 500 per year,
what will be the population 10 years from now?

COMPUTER DATING The operators of a new
computer dating service estimate that the fraction of
people who will retain their membership in the ser-
vice for at least t months is given by the function
f(t) = e V2°. There are 8,000 charter members,
and the operators expect to attract 200 new
members per month. How many members will the
service have 10 months from now?

FLOW OF BLOOD Calculate the rate (in cubic
centimeters per second) at which blood flows
through an artery of radius 0.1 centimeter if the
speed of the blood r centimeters from the central
axis is 8 — 800r? centimeters per second.

CARDIAC OUTPUT A physician injects 5 mg
of dye into a vein near the heart of a patient and
by monitoring the concentration of dye in the
blood over a 24-second period, determines that the
concentration of dye leaving the heart after t
seconds (0 =t = 24) is given by the function

C(t) = —0.028t* + 0.672t mg/L

a. Usethisinformation to find the patient’s cardiac
output.

b. Sketch the graph of C(t), and compare it to the
graphin Figure 5.25. How are the two graphs
aike? How are they different?

CARDIAC OUTPUT Answer the questions in
Exercise 25 for the dye concentration function

0 foro=t=2
c) = _ 2 _
0.034(t° — 26t + 48) for2=t=24
CARDIAC OUTPUT Answer the questions in

Exercise 25 for the dye concentration function

ct) =

5300 (t* — 48t + 378t2 + 4,7521)

POPULATION DENSITY The population
density r miles from the center of a certain city is
D(r) = 5,000(1 + 0.5r%)~* people per square mile.

SECTION 5.6 ADDITIONAL APPLICATIONS TO THE LIFE AND SOCIAL SCIENCES

29.

30.

31.

32.
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a. How many people live within 5 miles of the city
center?

b. Thecity limitsare set at aradius L where the
population density is 1,000 people per square
mile. What is L and what is the total population
within the city limits?

POPULATION DENSITY The population
density r miles from the center of a certain city is
D(r) = 25,0006 %" people per square mile.
How many people live between 1 and 2 miles
from the city center?

POISEUILLE’'S LAW Blood flows through an
artery of radius R. At a distance r centimeters
from the central axis of the artery, the speed of
the blood is given by (r) = k(R? — r?). Show that
the average velocity of the blood is one-half the
maximum speed.

CHOLESTEROL REGULATION Fat travels
through the bloodstream attached to protein in a
combination called a lipoprotein. Low-density
lipoprotein (LDL) picks up cholesterol from the
liver and delivers it to the cells, dropping off any
excess cholesterol on the artery walls. Too much
LDL in the bloodstream increases the risk of heart
disease and stroke. A patient with a high level of
LDL receives a drug that is found to reduce the
level at a rate given by

L'(t) = —0.3t(49 — t)°* unitg/day

where t is the number of days after the drug is

administered, for 0=t=7.

a. By how much doesthe patient’s LDL level
change during the first 3 days after thedrug is
administered?

b. Supposethe patient’sLDL level is 120 at the
time the drug is administered. Find L(t).

¢. Therecommended “safe” LDL level is 100.
How many days does it take for the patient’s
LDL level to be “safe’?

CHOLESTEROL REGULATION During his
annual medical checkup, a man is advised by his
doctor to adopt a regimen of exercise, diet, and
medication to lower his blood cholesterol level
to 220 milligrams per deciliter (mg/dL). Suppose
the man finds that his cholesterol level t days
after beginning the regimen is

L(t) = 190 + 65e %003t
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33.

35.

36.
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a. What isthe man's cholesterol level when he
begins the regimen?

b. How many days N must the man remain on
the regimen to lower his cholesterol level to
220 mg/dL?

¢. What was the man’s average cholesterol level
during the first 30 days of the regimen? What was
the average level over theentireperiod0 =t =N
of the regimen?

BACTERIAL GROWTH An experiment is
conducted with two bacterial colonies, each of
which initially has a population of 100,000. In
the first colony, a mild toxin is introduced that
restricts growth so that only 50 new individuals
are added per day and the fraction of individuals
that survive at least t days is given by
f(t) = e ®% The growth of the second colony
is restricted indirectly, by limiting food supply
and space for expansion, and after t days, it is
found that this colony contains

5,000
1 + 49g0-00%t
thousand individuals. Which colony is larger after
50 days? After 100 days? After 300 days?

GROUP MEMBERSHIP A group has just been
formed with an initial membership of 10,000.
Suppose that the fraction of the membership of
the group that remain members for at least t years
after joining is t) = e %% and that at time't,
new members are being added at the rate of

R(t) = 10€°°*" members per year. How many
members will the group have 5 years from now?

GROWTH OF AN ENDANGERED SPECIES
Environmentalists estimate that the population of
a certain endangered species is currently 3,000.
The population is expected to be growing at the
rate of R(t) = 10e”°™ individuals per year t years
from now, and the fraction that survive t years is
given by S(t) = e %%, What will the population
of the species be in 10 years?

POPULATION TRENDS The population of a
small town is currently 85,000. A study
commissioned by the mayor’s office finds that
people are settling in the town at the rate of

R(t) = 1,200e*° per year and that the fraction of
the population who continue to live in the town

t years after arriving is given by S(t) = e %%,
How many people will live in the town in

10 years?

P(t) =

37.

38.

39.

40.
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POPULATION TRENDS Answer the question in
Exercise 36 for a constant renewa rate R = 1,000
and the survival function

EVALUATING DRUG EFFECTIVENESS A
pharmaceutical firm has been granted permission
by the FDA to test the effectiveness of a new drug
in combating a virus. The firm administers the
drug to a test group of uninfected but susceptible
individuals, and using statistical methods,
determines that t months after the test begins,
people in the group are becoming infected at the
rate of D'(t) hundred individuals per month, where
D'(t) = 0.2 — 0.04t¥*
Government figures indicate that without the drug,
the infection rate would have been W'(t) hundred
individuals per month, where
0.8e>™*
W) = o1z
@a+e
If the test is evaluated 1 year after it begins, how
many people does the drug protect from infection?
What percentage of the people who would have
been infected if the drug had not been used were
protected from infection by the drug?

EVALUATING DRUG EFFECTIVENESS
Repeat Exercise 38 for another drug for which the
infection rate is

0.08
D'(t) =012 + —
® t+1

Assume the government comparison rate stays the
same; that is,

0.8e0.l3t
(1 + e0.13t)2

LIFE EXPECTANCY In a certain undeveloped
country, the life expectancy of a person t years
old is L(t) years, where

L(t) = 41.6(1 + 1.071)°*3

a. What isthelife expectancy of apersoninthis
country at birth? At age 50?

b. What isthe average life expectancy of all people
in this country between the ages of 10 and 70?

c. FindtheageT suchthat L(T) = T. Cal T thelife
limit for this country. What can be said about the
life expectancy of aperson older than T years?

d. Find the average life expectancy L. over the age
interval 0 =t = T. Why isit reasonable to call
L. the expected length of life for peoplein this
country?

wW'(t) =
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41. LIFE EXPECTANCY Answer the questions in
Exercise 40 for a country whose life expectancy
function is

11060.015(

42. ENERGY EXPENDED IN FLIGHT Inan
investigation by V. A. Tucker and K. Schmidt-
Koenig,* it was determined that the energy E
expended by a bird in flight varies with the speed v
(km/hr) of the bird. For a particular kind of parakest,
the energy expenditure changes at a rate given by

dE  0.31v° — 47175
dv vz

where E is given in joules per gram mass per

kilometer. Observations indicate that the parakeet

tends to fly at the speed v,,,i, that minimizes E.

a. What isthe most economical speed Vp,in?

b. Suppose that when the parakeet flies at the most
economical speed v,,,i, its energy expenditureis
Ennin- Use thisinformation to find E(v) for v > 0
interms of Epin.

43. MEASURING RESPIRATION A pneumotacho-
graph is a device used by physicians to graph the
rate of air flow into and out of the lungs as a
patient breathes. The graph in the accompanying
figure shows the rate of inspiration (breathing in)
for a particular patient. The area under the graph
measures the total volume of air inhaled by the
patient during the inspiration phase of one breathing
cycle. Assume the inspiration rate is given by

R(t) = —0.41t* + 0.97t liters/sec
a. How long isthe inspiration phase?
b. Find the volume of air taken into the patient’s
lungs during the inspiration phase.
c. What isthe average flow rate of air into the
lungs during the inspiration phase?

L(t) =

forv>0

R (liters/sec)

= — 2
05 R 0.41t2 + 0.97t

EXERCISE 43

*E. Batschelet, Introduction to Mathematics for Life Scientists,
3rd ed., New York, Springer-Verlag, 1979, p. 299.
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MEASURING RESPIRATION Repeat
Exercise 43 with the ingpiration rate function

R(t) = —1.2t3 + 572t liters/sec

and sketch the graph of R(t).

WATER POLLUTION A ruptured pipe in an
offshore ail rig produces a circular oil dick that
is T feet thick at a distance r feet from the
rupture, where

3
2+r

T(r) =

At the time the spill is contained, the radius of the
slick is 7 feet. We wish to find the volume of ail
that has been spilled.

a. Sketch the graph of T(r). Notice that the volume
we want is obtained by rotating the curve T(r)
about the T axis (vertical axis) rather than ther
axis (horizontal axis).

for r in terms of

b. Solvetheequation T =
2+

T. Sketch the graph of r(T), with T on the
horizontal axis.

¢. Find the required volume by rotating the graph
of r(T) found in part (b) about the T axis.

WATER POLLUTION Rework Exercise 45 for
a situation with spill thickness

2
1+ r?
(T and r in feet) and radius of containment 9 feet.

AIR POLLUTION Particulate matter emitted
from a smokestack is distributed in such a way
that r miles from the stack, the pollution density
is p(r) units per square mile, where

200

PO =552

a. What isthetotal amount of pollution within a
3-mile radius of the smokestack?

b. Suppose a health agency determinesthat it is
unsafe to live within aradius L of the smoke-
stack where the pollution density is at least
four units per square mile. What is L, and what
isthe total amount of pollution in the unsafe
zone?

VOLUME OF A SPHERE Use integration to
show that a sphere of radius r has volume

T(r) =

4
V=§1Tr3
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[Hint: Think of the sphere as the solid formed by [Hint: Think of the cone as a solid formed by
rotating the region under the semicircle shown in rotating the triangle shown in the accompanying
the accompanying figure about the x axis.] figure about the x axis.]
y
A A
y=J/r2—x
—r r \ > X f
/ h > » X

EXERCISE 48

49. VOLUME OF A CONE Use integration to EXERCISE 49
show that a right circular cone of height h and
top radius r has volume

1
V= §¢rr2h

Important Terms, Symbols, and Formulas

Antiderivative; indefinite integral: (372, 374) Definite integral:  (401)
b
ff(x)dx = F(x) + Cifand only if F'(X) = f(X) f fO)dx= lim [f(xq) + - - + f(X,))]AX
a n—+o
Power rule:  (375) Area under a curve: (399, 401)

Xn+1
fx"dx=n+1+C forn# —1

1 y
Logarithmic rule: J; dx=In|x + C (375 i
Area of R
. 1 b
o akx gy — T akx - =f
Exponential rule: J’ edx ="+ C (379 77_’3’ ®) _ j F(x) dx
Constant multiple rule:  (376) R a
» X
f kf(x) dx = k f f(x)dx a b

Sum rule:  (376)

J[f(x) + g(X)] dx = Jf(x) dx + fg(x) dx

Initial value problem (378) .
. Lo a

Integration by substitution:  (386) f F00 dx = — f F09 dx
b

f JUO)U’ (¥) dx = f g(U) du  where u = u(x) :
du = u’'(x) dx

Specia rules for definite integrals.  (404)
a
f f(x)dx=10

a
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Constant multiple rule:

b b
f kf(x) dx = kf f(x) dx for constant k
a

a

(404)

Sum rule:

b b b
f [f(X) + g(X)] dx = f f(x) dx + f g(x) dx
(404)

(404)

Difference rule:

b b b
f [fX) — g(X)] dx = f f(x) dx — f g(x) dx
Subdiv?sion rule: (404) ) )
fbf(x) dx = fcf(x) dx + fbf(x) dx
Fundamentaél1 theorem of {::alculus: (202)
fbf(x) dx = F(b) — F(@) whereF’(x) = f(x)

a
Net change of Q(X) over the interval a = x = b:

b
Q(b) — Qa) = f Q'(x) dx
Area between two curves. (417)

(408)

Area of R

=f(x) b
— - f [£(x) — g09] dx

-
a D > X
- _~Y=9(¥

Average value of a function f(x) over an interval
as=x=b: (424

1 b
VszaLf(X)dX

Checkup for Chapter 5

1. Find these indefinite integrals (antiderivatives).
a. fx3 —V3x + 5e” *dx

2
- 2x+ 4
b [FE2 4

C. f\/i(xz—%) dx

CHAPTER SUMMARY 463

Lorentz curve (421, 422)

Gini index = 2| [x — L(X)] dx
0
Net excess profit (419)

Future value (amount) of an income stream  (435)
Present value of an income stream  (436)
Consumers' willingness to spend  (437)
Consumers' surplus:  (440)

Yo
CS= J D(q) dg — poQo, Where p = D(q) is demand
6]
Producers’ surplus:  (440)
o
PS = pogo — | S(a) dg, wherep = S(q) is supply
]

Survival and renewal (447)

Flow of blood through an artery (448)
Cardiac output  (449)

Population from population density (452)
Volume of a solid revolution (455)

X
d. fmdx
fln\/i
e.
X

dx

f. Jxe”xzdx

2
<
=
=
-
2]
o
LU
-
o
<
L
O
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Evaluate each of these definite integrals.
4
a f x3? + 2 dx
X

1

3
b. f e3 X dx
0

1
X
. d
¢ Lx+1 X
3
+
o VX2 +6x+ 4

In each case, find the area of the specified region.

a. Theregion bounded by thecurvey = x + VX,
thex axis, and thelinesx = 1and x = 4.

b. The region bounded by the curvey = x* — 3x
and theliney = x + 5.

d

-2
Find the average vaue of the function f(x) = XT

over the interval 1 = x = 2.

NET CHANGE IN REVENUE The marginal
revenue of producing q units of a certain
commodity is R'(g) = q(10 — q) hundred dollars
per unit. How much additional revenue is
generated as the level of production is increased
from 4 to 9 units?

BALANCE OF TRADE The government of a
certain country estimates that t years from now,
imports will be increasing at the rate |'(t) and
exports at the rate E'(t), both in billions of dollars
per year, where

I'(t) = 12.5¢>* and E'(t) = 1.7t + 3

Review Exercises

In Exercises 1 through 20, find the indicated indefinite
integral.

1

2.

3.

4,

f(x3+\/>—<—9)dx
J(x2’3—)—1(+5+\/>—()dx

f(x4 — 5e” 2 dx

2\‘7§+§ ds
Jlews)

10.

o

o

~

©

5-94

The trade deficit is D(t) = I(t) — E(t). By how
much will the trade deficit for this country change
over the next 5 years? Will it increase or decrease
during this time period?

CONSUMERS’ SURPLUS Suppose q hundred
units of a certain commaodity are demanded by
consumers when the price is p = 25 — ¢ dollars
per unit. What is the consumers' surplus for the
commodity when the level of production is gy = 4
(400 units)?

AMOUNT OF AN INCOME STREAM

Money is transferred continuously into an account
at the constant rate of $5,000 per year. The
account earns interest at the annual rate of 5%
compounded continuously. How much will be in
the account at the end of 3 years?

POPULATION GROWTH Demographers
estimate that the fraction of people who will still
be residing in a particular town t years after they
arrive is given by the function f(t) = e %%, If the
current population is 50,000 and new townspeople
arrive at the rate of 700 per year, what will be the
population 20 years from now?

AVERAGE DRUG CONCENTRATION A
patient is injected with a drug, and t hours later,
the concentration of the drug remaining in the
patient’s bloodstream is given by

(o)

S @rage Mo

What is the average concentration of the drug
during the first 3 hours after the injection?

f (X + D2 + VX) dx

f\/3x+ 1dx
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10. f (3x + 1)V3xZ + 2x + 5dx
11. f (x + 2)(x* + 4x + 2)°dx
1. f ﬁxiz dx

13 f(zngi(;(i 3)? 2 &

14. f (t — 5)*dt

15. fv(v - 5%2dv

16. fw dx
X

17. f 5xe X dx

o f (xf‘l) *
) e
N

In Exercises 21 through 30, evaluate the indicated
definite integral.

1

©

1

21. f (5x* — 83 + 1) dx
0
4

22. f (Vt+t %) dt
1
1

23. f (e + 4V/X) dx
(0]
9,2 .

o f X VX=B
1 X

2
25. f 30(5x — 2)?dx
-1

fl (3x + 6)

10 + 4x + 5)?

1
27. f 2te” Lt
0

1
28. f e (e X + 1)Y2dx
(0]

26.
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e—1
29, f ( X )dx
0 X+ 1

e
1
L x(In x)? dx

AREA BETWEEN CURVES In Exercises 31 through 38,
sketch the indicated region R and find its area by
integration.

31. Risthe region under the curve y = x + 2\/x over
theinterval 1 =x=4.

32. Risthe region under the curvey = € + e * over
theinterval —1=x=1.

2
<
=
=
-
2]
o
LU
-
o
<
L
O

. . 1
33. Risthe region under the curve y = < + x2 over

theinterval 1 =x= 2.

34. Risthe region under the curve y = V9 — 5x?
over theinterval 0 =x = 1.

4
35. Risthe region bounded by the curve y = X and

thelinex +y =5,

36. Ris the region bounded by the curves y = )% and

y = Vx and the line x = 8.

37. Risthe region bounded by the curvey = 2 + x — X°
and the x axis.

38. Risthe triangular region with vertices (0, 0),
(2, 4), and (0, 6).

AVERAGE VALUE OF A FUNCTION In Exercises
39 through 42, find the average value of the given func-
tion over the indicated interval.

39. fX)=x>—3x+ V2x;overl=x=38

40. f(t) =tV8 — 7t2;over0=t=1

41. g(v) = ve ™V over0=v=2

e
42. h(x)=m;over05xsl

CONSUMERS’ SURPLUS In Exercises 43 through 46,
p = D(g) is the demand curve for a particular commodity;
that is, g units of the commodity will be demanded when
the priceis p = D(q) dollars per unit. In each case, for the
given level of production g, find py = D(qp) and compute
the corresponding consumers surplus.

43. D(q) = 4(36 — ¢°); qo = 2 units
44. D(g) = 100 — 49 — 39 o = 5 units
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45. D(g) = 10e %% g = 4 units
46. D(g) =5+ 3e %% g, = 10 units

LORENTZ CURVES In Exercises 47 through 50,

sketch the Lorentz curve y = L(X) and find the corre-

sponding Gini index.

47. L(X) = x?

48. L(x) = x*?

49. L(x) = 0.3 + 0.7x

50. L(x) = 0.75%* + 0.25x

SURVIVAL AND RENEWAL In Exercises 51 through

54, an initial population Pqis given along with a renewal

rate R(t) and a survival function St). In each case, use

the given information to find the population at the end of

the indicated term T.

51. Py = 75,000; R(t) = 60; §(t) = e % tin
months; term T = 6 months

52. Pg = 125,000; R(t) = 250; §(t) = e %% t in
years, term T = 5 years

53. P, = 100,000; R(t) = 90 €*™; S(t) = e *%; tin
years; term T = 10 years

54. Po = 200,000; R(t) = 50 e”**; §t) = e %" tiin
hours; term T = 20 hours

VOLUME OF SOLID OF REVOLUTION In Exer-

cises 55 through 58, find the volume of the solid of rev-

olution formed by rotating the specified region R about
the x axis.

55. Ris the region under the curve y = x* + 1 from
X=—-1ltox=2

56. R is the region under the curve y = e *° from
x=0tox=10.
. . 1
57. Risthe region under the curvey = x from

XxX=1tox=3.

. . X+ 1
58. Risthe region under the curvey = from

Vx

XxX=1tox =4

In Exercises 59 through 62, solve the given initial value
problem.

59. g—i = 2, wherey = 4whenx = —3
dy
60. — = X(x — 1), wherey = 1whenx = 1

dx

61.

62.

63.

65.

66.

67.

68.

69.

70.
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% =e % wherex = 4whent = 0
d t+1
E)t/ = T,wherey: 3whent =1

Find the function whose tangent line has slope
x( + 1)~ for each x and whose graph passes
through the point (1, 5).

Find the function whose tangent line has slope
xe~ 2 for each x and whose graph passes through
the point (0, —3).

NET ASSET VALUE It is estimated that t days
from now a farmer’s crop will be increasing at the
rate of 0.5t% + 4(t + 1) * bushels per day. By
how much will the value of the crop increase
during the next 6 days if the market price remains
fixed at $2 per bushel?

DEPRECIATION The resde value of a certain
industrial machine decreases at a rate that changes
with time. When the machine is t years old, the rate
at which its value is changing is 200(t — 6) dollars
per year. If the machine was bought new for
$12,000, how much will it be worth 10 years later?

TICKET SALES The promoters of a county
fair estimate that t hours after the gates open at
9:00 A.M. visitors will be entering the fair at the
rate of —4(t + 2)3 + 54(t + 2)? people per hour.
How many people will enter the fair between
10:00 A.m. and noon?

MARGINAL COST At acertain factory, the
marginal cost is 6(q — 5)? dollars per unit when
the level of production is g units. By how much
will the total manufacturing cost increase if the
level of production is raised from 10 to 13 units?

PUBLIC TRANSPORTATION It is estimated
that x weeks from now, the number of commuters
using a new subway line will be increasing at the
rate of 18x* + 500 per week. Currently, 8,000
commuters use the subway. How many will be
using it 5 weeks from now?

NET CHANGE IN BIOMASS A protein with
mass m (grams) disintegrates into amino acids at a
rate given by

dm  —15t

dt t>+5
What is the net change in mass of the protein
during the first 4 hours?
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CONSUMPTION OF OIL It is estimated that

t years from the beginning of the year 2005, the
demand for oil in a certain country will be changing
a the rate of D'(t) = (1 + 2t) * billion barrels per
year. Will more oil be consumed (demanded) during
2006 or during 20097 How much more?

FUTURE VALUE OF AN INCOME STREAM
Money is transferred continuously into an account
at the rate of 5,000e”°** dollars per year at time t
(years). The account earns interest at the annual
rate of 5% compounded continuously. How much
will be in the account at the end of 3 years?

FUTURE VALUE OF AN INCOME STREAM
Money is transferred continuously into an account
at the constant rate of $1,200 per year. The
account earns interest at the annual rate of 8%
compounded continuously. How much will be in
the account at the end of 5 years?

PRESENT VALUE OF AN INCOME STREAM
What is the present value of an investment that will
generate income continuoudly at a constant rate of
$1,000 per year for 10 years if the prevailing annua
interest rate remains fixed at 7% compounded
continuously?

REAL ESTATE INVENTORY In acertain
community the fraction of the homes placed on
the market that remain unsold for at least t weeks
is approximately f(t) = e %%, If 200 homes are
currently on the market and if additional homes
are placed on the market at the rate of 8 per
week, approximately how many homes will be on
the market 10 weeks from now?

AVERAGE REVENUE A bicycle manufacturer
expects that x months from now consumers will be
buying 5,000 bicycles per month at the price of
P(X) = 200 + 3V/x dollars per bicycle. What is the
average revenue the manufacturer can expect from
the sale of the bicycles over the next 16 months?

NUCLEAR WASTE A nuclear power plant
produces radioactive waste at a constant rate of 300
pounds per year. The waste decays exponentialy
with a half-life of 35 years. How much of the
radioactive waste from the plant will remain after
200 years?

GROWTH OF A TREE A tree has been trans-
planted and after x years is growing at the rate of

h'(x) = 0.5 + m

79.

80.

81.

82.

83.
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meters per year. By how much does the tree grow
during the second year?

FUTURE REVENUE A certain oil well that
yields 900 barrels of crude oil per month will run
dry in 3 years. The price of crude ail is currently
$92 per barrel and is expected to rise at the
constant rate of 80 cents per barrel per month. If
the oil is sold as soon as it is extracted from the
ground, what will be the total future revenue from
the well?

CONSUMERS’ SURPLUS Suppose that the

consumers’ demand function for a certain

commodity is D(g) = 50 — 3q — ¢ dollars per

unit.

a. Find the number of unitsthat will be bought if
the market price is $32 per unit.

b. Compute the consumers’ willingness to spend to
get the number of unitsin part (a).

¢. Compute the consumers' surplus when the mar-
ket price is $32 per unit.

d. Usethe graphing utility of your calculator to
graph the demand curve. Interpret the con-
sumers' willingness to spend and the con-
sumers' surplus as areas in relation to this curve.

AVERAGE PRICE Records indicate that t
months after the beginning of the year, the price
of bacon in loca supermarkets was

P(t) = 0.06t* — 0.2t + 6.2 dollars per pound.
What was the average price of bacon during the
first 6 months of the year?

SURFACE AREA OF A HUMAN BODY The
surface area S of the body of an average person
4 feet tall who weighs w Ib changes at the rate
S'(w) = 110w %" in?/lb

The body of a particular child who is 4 feet tall
and weighs 50 |b has surface area 1,365 in”. If the
child gains 3 Ib while remaining the same height,
by how much will the surface area of the child's
body increase?
TEMPERATURE CHANGE At t hours past
midnight, the temperature T (°C) in a certain
northern city is found to be changing at a rate
given by

T'(t) = —0.02(t — 7)(t — 14) °C/hour
By how much does the temperature change
between 8 A.m. and 8 PM.?
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EFFECT OF A TOXIN A toxin is introduced
to a bacteria colony, and t hours later, the
population P(t) of the colony is changing at the
rate

dP st

i (In3)3
If there were 1 million bacteria in the colony
when the toxin was introduced, what is P(t)?
[Hint: Note that 3¢ = e<'" 3]

MARGINAL ANALYSIS In a certain section of
the country, the price of large Grade A eggs is
currently $2.50 per dozen. Studies indicate that x
weeks from now, the price p(x) will be changing
at the rate of p’(X) = 0.2 + 0.003x? cents per
week.

a. Useintegration to find p(x) and then use the
graphing utility of your calculator to sketch
the graph of p(x). How much will the eggs cost
10 weeks from now?

b. Supposetherate of change of the price were
p'(X) = 0.3 + 0.003x%. How does this affect p(X)?
Check your conjecture by sketching the new
price function on the same screen asthe original.
Now how much will the eggs cost in 10 weeks?

INVESTING IN A DOWN MARKET PERIOD
Jan opens a stock account with $5,000 at the
beginning of January and subsequently, deposits
$200 a month. Unfortunately, the market is
depressed, and she finds that t months after
depositing a dollar, only 100f(t) cents remain,
where f(t) = e %%, If this pattern continues, what
will her account be worth after 2 years? [Hint:
Think of this as a survival and renewal problem.]

DISTANCE AND VELOCITY After t minutes,
an object moving along a line has velocity

v(t) = 1 + 4t + 3t> meters per minute. How far
does the object travel during the third minute?
AVERAGE POPULATION The population (in
thousands) of a certain city t years after January 1,
1995, is given by the function

15080.03t

What is the average population of the city during
the decade 1995-2005?

DISTRIBUTION OF INCOME A study

suggests that the distribution of incomes for social
workers and physical therapists may be

P(t) =

90.

91.

92.

93.
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represented by the Lorentz curvesy = L,(x) and
y = L,(X), respectively, where
Ly(X) = x*® and Ly(x) = 0.65x* + 0.35x

For which profession is the distribution of income
more equitable?

DISTRIBUTION OF INCOME A study
conducted by a certain state determines that the
Lorentz curves for high school teachers and real
estate brokers are given by the functions

Li(X) = 0.67x* + 0.33¢

Lo(x) = 0.72¢ + 0.28x

respectively. For which profession is the
distribution of income more equitable?

CONSERVATION A lake has roughly the same
shape as the bottom half of the solid formed by
rotating the curve 2x? + 3y = 6 about the x axis,
for x and y measured in miles. Conservationists
want the lake to contain 1,000 trout per cubic
mile. If the lake currently contains 5,000 trout,
how many more must be added to meet this
requirement?
HORTICULTURE A sprinkler system sprays
water onto a garden in such a way that 11e” " /1
inches of water per hour are delivered at a distance
of r feet from the sprinkler. What is the total
amount of water laid down by the sprinkler within
a 5-foot radius during a 20-minute watering period?
SPEED AND DISTANCE A car is driven so
that after t hours its speed is S(t) miles per hour.
a. Write down adefiniteintegral that givesthe
average speed of the car during the first N hours.
b. Write down adefiniteintegral that givesthe total
distance the car travels during the first N hours.

c. Discussthe relationship between the integralsin
parts (a) and (b).

. Use the graphing utility of your calculator to draw

the graphs of the curvesy = —x3 — 2x° + 5x — 2
and y = x In x on the same screen. Use ZOOM
and TRACE or some other feature of your
calculator to find where the curves intersect, and
then compute the area of the region bounded by
the curves.

Repeat Exercise 94 for the curves

X— 2 _
= — — 2
x+1 y=V25-x

y and
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EXPLORE! UPDATE

Complete solutions for all EXPLORE! boxes throughout the text can be accessed at
the book-specific website, www.mhhe.com/hoffmann.

Solution for Explore! Store the constants { —4, —2, 2, 4} into L1 and write Y1 = X"3and Y2 = Y1 + L1.
on Page 373 Graph Y1in bold, using the modified decimal window [—4.7, 4.7]1 by [-6, 6]1. At
x = 1 (where we have drawn a vertica line), the slopes for each curve appear equal.

L1 Lz Lz 1 Flakl Flakz Flokz
ST N w9 BEE
.f ~MeBEY1+LA
“Mr=
h ~My=
h$5=
Yy =
LiEI= 4=1 =

“Me=
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Using the tangent line feature of your graphing calculator, draw tangent lines at
x =1 for several of these curves. Every tangent line at x = 1 has a slope of 3,
athough each line has a different y intercept.

éf/f/

=1
SE000001H+ -6.000001

" "
W W

n
b

=1
=Eoanniy+1.990990

i
000001+ 2. 000001

Solution for Explore! The numerica integral, fnint(expression, variable, lower limit, upper limit) can be
on Page 374 found viathe MATH key, 9:fnInt(, which we use to write Y 1 below. We obtain a fam-
ily of graphs that appear to be parabolas with vertices on they axisat y = 0, —1,
and —4. The antiderivative of f(x) = 2xisF(x) = x* + C, whereC = 0, —1, and —4,
in our case.

Flakl Flakz Flotz MEFRInELEH L0l aE )
SMBfnInt C2E Ha L
B,1,23:%)
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CHAPTER 5

Solution for Explore!
on Page 375

Solution for Explore!
on Page 377

Solution for Explore!
on Page 403

Integration

5-100

Place y = F(x) = In [x| into Y1 as In(abs(x)), using a bold graphing style, and store
f(x) = )—1( into Y2; then graph using a decima window. Choose x = 1 and compare

I S . d
the derivative F'(1), which is displayed in the graph on the left as d—:(/ = 1.0000003,
with the value y = 1 of f(1) displayed on the right. The negligible difference in value
in this case can be attributed to the use of numerical differentiation. In general, choos-
ing any other nonzero x value, we can verify that F'(x) = f(X). For instance, when

X = =2, we have F'(-2) = —0.5 = f(-2).

b

A =1, 000000

e

n=l Yi

Place the integers from —5to 5 into L1 (STAT EDIT 1). Set up the functions in the
equation editor as shown here. Now graph with the designated window and notice
that the antiderivative curves are generated sequentially from the lower to the upper
levels. TRACE to the point (2, 6) and observe that the antiderivative that passes
through this point is the second on the listing of L1. This curveis F(x) = x° + x — 4,
which can aso be calculated analytically, as in Example 5.1.4. For f(x) = 3x* — 2,
the family of antiderivatives is F(x) = x> — 2x + L1 and the same window dimen-
sions can be used to produce the screen on the right. The desired antiderivative is the
eighth in L1, corresponding to F(x) = x> — 2x + 2, whose constant term can also be

confirmed algebraically.

Following Example 5.3.3, set Y1 = x> + 1 and graph using a window [—1, 3]1
by [—1, 2]1. Access the numerical integration feature through CALC, 7:[f(x) dx,
specifying the lower limit as X = 0 and the upper limit as X = 1 to obtain
[0 + 1) dx = 1.25. Numerical integration can aso be performed from the home
screen via MATH, 9: fnint(, as shown in the screen on the right.

e

Flokl Flokz Flotx
WY E3EE+]
] ~ e et I
wMz=
My =
wHe=
“ME=
wMa= HzZ

Ye=i~r-zh+L1

[TETRETE {?IntiH”EH 2 Ea
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|
Lotk Lirmk?
“= FPCxadi=l.zE
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Solution for Explore!
on Page 418

Solution for Explore!
on Page 424

Solution for Explore!
on Page 438
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Following Example 5.4.2, set Y1 = 4X and Y2 = X3 + 3X? in the equation editor of
your graphing calculator. Graph using the window [—6, 2]1 by [—25, 10]5. The points
of intersection are at x = —4, 0, and 1. Considering y = 4x as a horizontal baseline, the
area between Y1 and Y2 can be viewed as that of the difference curve Y3 =Y2 — Y1.
Deselect (turn off) Y1 and Y2 and graph Y3 using the window [—4.5, 1.5]0.5 by
[—5, 15]5. Numerical integration applied to this curve between x = —4 and 0 yields
an area of 32 sguare units for the first sector enclosed by the two curves. The area of
the second sector, between x = 0 and 1, has area —0.75. The total area enclosed by
the two curves is 32 + |—0.75| = 32.75.

| |"'
JECxddx=-75

Inkerseckion
H="4 T

JFCx1du=3g l

Y=-16

Set Y1=x3— 6x° + 10x — 1 and use the CALC, 7:ff(x) dx feature to determine
that the area under the curve from x = 1 to x = 4 is 9.75 sguare units, which equals
the rectangular portion under Y2 = 9.75/(4 — 1) = 3.25 of length 3. It is as though
the area under f(x) over [1, 4] turned to water and became a level surface of height
3.25, the average f(x) vaue. This value is attained at x = 1.874 (shown on the right)
and also at x = 3.473. Note that you must clear the previous shading, using
DRAW, 1:ClrDraw, before constructing the next drawing.

/’ﬁ"w

Inkerseckion
nw=1.B79098 Y=:.ek

JFCxadx=9.7% SFCxidx=08.7E

We graph Dye,(0) in bold as Y2 = 4(23 — X?) with D(q) in Y1 = 4(25 — X?), using
the viewing window [0, 5]1 by [0, 150]10. Visually, Dpan(q) is less than D(q) for the
observable range of values, supporting the conjecture that the area under the curve of
Dren(q) Will be less than that of D(g) over the range of values [0, 3]. This areais cal-
culated to be $240, less than the $264 shown for D(q) in Figure 5.20.
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= THINK ABOUT IT

JUST NOTICEABLE DIFFERENCES
IN PERCEPTION

THINK ABOUT

Calculus can help us answer questions about human perception, including questions
relating to the number of different frequencies of sound or the number of different
hues of light people can distinguish (see the accompanying figure). Our present goal
is to show how integral calculus can be used to estimate the number of steps a per-
son can distinguish as the frequency of sound increases from the lowest audible fre-
quency of 15 hertz (Hz) to the highest audible frequency of 18,000 Hz. (Here hertz,
abbreviated Hz, equals cycles per second.)

A mathematical model* for human auditory perception uses the formula
y = 0.767x%%%° where y Hz is the smallest change in frequency that is detectable at
frequency x Hz. Thus, at the low end of the range of human hearing, 15 Hz, the small-
est change of frequency a person can detect is y = 0.767 X 15°%%° = 2.5 Hz, while
at the upper end of human hearing, near 18,000 Hz, the least noticeable difference is
approximately y = 0.767 X 18,000%**° =~ 57 Hz. If the smallest noticeable change of
frequency were the same for all frequencies that people can hear, we could find the
number of noticeable steps in human hearing by simply dividing the total frequency
range by the size of this smallest noticeable change. Unfortunately, we have just seen
that the smallest noticeable change of frequency increases as frequency increases, so
the simple approach will not work. However, we can estimate the number of distin-
guishable steps using integration.

Toward this end, let y = f(X) represent the just noticeable difference of frequency
people can distinguish at frequency x. Next, choose numbers Xg, X4, . . . , X, beginning
a xo = 15 Hz and working up through higher frequencies to x, = 18,000 Hz in such
away thatforj=0,2,...,n—1,

%+ 1) = %2

*Part of this essay is based on Applications of Calculus: Selected Topics from the Environmental and
Life Sciences, by Anthony Barcellos, New York: McGraw-Hill, 1994, pp. 21-24.
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In other words, X, 1 is the number we get by adding the just noticeable difference at
X; to x; itself. Thus, the jth step has length
A% = %1 =% =1(%)
Dividing by f(x;), we get
AXj _ Xj+1—Xj -1
f(x;) f(x;)
and it follows that
”_1L=“21Xj+1—xj=x1—x0+x2—x1+_”+xn—xn_1
S0 06 =6 f(x) o) f(x) (%)
=14+1+---+1=n
%_J
n terms

The sum on the left side of this equation is a Riemann sum, and since the step sizes
Ax = %41 — X are very small, the sum is approximately equal to a definite integral.
Specificaly, we have

% ) =0 f(x)

Finally, using the modeling formula f(x) = 0.767x>** along with x, = 15 and
X, = 18,000, we find that

Xn ﬂ B 18,000 dX
W f)  Jis 0.767x04°

1 <X0_551> 18,000
0.767\0.561 |

= 2.324(18,000%°" — 15°°%)
= 556.2

f"dh“ﬁ_

Thus, there are approximately 556 just noticeable steps in the audible range from 15 Hz
to 18,000 Hz.

Here are some questions in which you are asked to apply these principles to issues
involving both auditory and visual perception.

Questions

1. The 88 keys of a piano range from 15 Hz to 4,186 Hz. If the number of keys
were based on the number of just noticeable differences, how many keys would
a piano have?

2. An 8-hit gray-scale monitor can display 256 shades of gray. Let x represent the
darkness of a shade of gray, where x = O for white and x = 1 for totally black.
One model for gray-scale perception uses the formula y = Ax®3, where A is a
positive constant and y is the smallest change detectable by the human eye at
gray-level x. Experiments show that the human eye is incapable of distinguish-
ing as many as 256 different shades of gray, so the number n of just noticeable
shading differences from x = 0 to x =1 must be less than 256. Using the
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assumption that n < 256, find a lower bound for the constant A in the modeling
formulay = AX%3,
3. One model of the ability of human vision to distinguish colors of different hue
uses the formulay = 2.9 X 10~2* X2 where'y is the just noticeable difference
for a color of wavelength x, with both x and y measured in nanometers (nm).
a. Blue-green light has a wavelength of 580 nm. What is the least noticeable
difference at this wavelength?

b. Red light has a wavelength of 760 nm. What is the least noticeable
difference at this wavelength?

¢. How many just noticeable steps are there in hue from blue-green light to
red light?

4. Find a model of the form y = ax for just noticeable differences in hue for the
color spectrum from blue-green light at 580 nm to violet light at 400 nm. Use
the fact that the minimum noticeable difference at the wavelength of blue-green
light is 1 nm, while at the wavelength of violet light, the minimum noticeable
difference is 0.043 nm.
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