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SECTION 6.1

Integration by Parts; Integral Tables

Integration by parts is a technique of integration based on the product rule for dif-
ferentiation. In particular, if w(x) and v(x) are both differentiable functions of x,
then

d dv du
[ ()] = o)== + v o

so that
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Integrating both sides of this equation with respect to x, we obtain

dv d du
J'[idx]z]dx = f;[u(xh{xj] ax —j[m{x];]dx
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d
since u{x)yv(x) is an antiderivative of;[u{xh{x}l]_ Moreover, we can write this inte-

gral formula in the more compact form
f!rdv = uv —J-rdu

dv=24g 4 du=
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sInce

The equation J-u dv = uv —fl'du is called the integration by parts formula.

The great value of this formula is that if we can find functions 1 and v so that a given

integral J}{x].tix can be expressed in the form ff{xj dx =J-u dv, then we have

Jf(x}dt =J-ud'1' = uv —jvdu

and the given integral is effectively exchanged for the integral frd'u. If the integral

J-rd'u is easier to compute than fudv, the exchange facilitates finding fj(r] dx. Here

is an example.




EXAMPLE 6.1.1

Find f x° In xdx.

Solution

Owr strategy 1s to express fxz In xdx as J-ua‘v by choosing u and v so that f\du is

casier to evaluate than | wdv. This strategy suggests that we choose

u=Inx and dv = x*dx
since
1
du = —dx
x

is a simpler expression than In x, while v can be obtained by the relatively easy

integration
20y 15
v=|x ==x
3

(For simplicity, we leave the “+ ™ out of the calculation until the final step.) Sub-
stituting this choice for v and v into the integration by parts formula, we obtain
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Here is a summary of the procedure we have just illustrated.

Integration by Parts

To find an integral J_ﬁx}dx using the integration by parts formula:

Step 1. Choose functions 1 and v so that f{x)dx = udv. Try to pick u so that
du 15 simpler than u and a dv that 1s easy to integrate.
Step 2. Organize the computation of du and v as

du v=J.dv

Step 3. Complete the integration by finding j vau. Then

J-ﬂx}dx =jna‘v = uv — |vdu

Add “+ C” only at the end of the computation.
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Choosing a suitable v and dv for integration by parts requires insight and expe-
rience. For instance, in Example 6.1.1, things would not have gone so smoothly if we
had chosen u = x* and dv = In xdx. Certainly du = 2xdx is simpler than u = 2%, but

what 1s v =f]r1 xax? In fact, finding this integral is just as hard as finding the

original integral J'_‘(l In xdy (see Example 6.1.4). Examples 6.1.2, 6.1.3, and 6.1.4

illustrate several ways of choosing u and dv in integrals that can be handled using
integration by parts.

EXAMPLE 6.1.2

Find f xeTdx.

Solution

Although both factors x and &™ are casy to integrate. only x becomes simpler when
differentiated. Therefore, we choose 1 = x and dv = ¢~ dr and find

uH=x dv = e~ dx

1
du = dr v =

Substituting mto the integration by parts formula, we obtain

fx(ehdt} = _r(%elt) —J-(%el‘)dx

u dv 1 v v du
1 2 11 Ix +C
21{’ 7137 [



EXAMPLE 6.1.3

Find -!-x\.f'x + 5dx.

Solution

Again, both factors x and Vx + 5 arc casy to differentiate and to integrate, but x is
simplified by differentiation, while the derivative of Vx + 5 is even more compli-
cated than Vx + 5 itself. This observation suggests that you choose

w=x dv=Vx+ sdr=(x+ 5 dx

so that
2 372
du = dx v= E{x + 5y~

Substituting into the integration by parts formula, you obtain

f:r(\,—’:r + 5dv) = x|:§|{_r + 5]3’2} —-”:%{_r + 5]3’2:|dx

i dv i v ¥ it
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= Sx(x + 5% — —{-(x - 5)5-”2J +C
3 3Ls
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4
e+ 5 - S+ 57+ C

NOTE Some integrals can be evaluated by either substitution or integration by
parts. For instance, the integral in Example 6.1.3 can be found by substituting as
follows:

Letu =x + 5. Then du = dv and x = v — 5, and

J"NI + Sdx =j(:.r — 5% udu =I(n]’ll — 56 ?)du

5/2 /2
w’ Su’

5/2 3/2
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This form of the integral is not the same as that found in Example 6.1.3. To show
that the two forms are equivalent, note that the antidenvative in Example 6.1.3
can be expressed as

2v 4 o2 4
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JE+ 9 i) x+ 53 = -l +5)
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= (x 5 3 =(x 3 x 3
_2 s 10 32

5{1 + 5) 3 (x + 5)

which is the form of the antiderivative obtained by substitution. This example
shows that it is quite possible for you to do everything right and still not get the
answer given at the back of the book.



