Test 2 MATH 222 10/22/2014
Solutions

There are two colors (versions) of the exam, blue and white. Each problem

has one or two solutions depending on whether the problems differed between the
versions.

JE
2
la. / rtanz? dz. (both versions)
0
1

Withx:O,u:O,andwithng,u:

A T d
u
/ ztanz? dr = / tanu
0 0 2

Let v = 22, du = 2z dx, xdx =

us
1-

= % [In | secul] |§
= % [1H‘S€C%| —1n|sec0|}
- % [In(v2) ~ n(1)] = %m(ﬁ) - iln(Q).

s
1b. / xcosx dx. (blue version) Let u = x, dv = cosz dx, du = dx, v = sinz.
0
/mcosxdx =zsinx — /sinxdw =zsinz — (—cosz)+ C

T

/ xcosxzdr = (msinx+cosx)|g = (msinm + cosm) — (0 4 cos0) = —2.
0
s

1b. xsinz dz. (white version)

0
Let u =z, dv = sinx dx, du = dx, v = —cos .

/xsinacdx:—xcosx—/—cosxdx:—xcosx—I—sinx—i—C

/ rsinxdr = (—xcosx+sinx)|g =(—mcosm+0)—(0) = —7(-1) = .
0



2

lc. /z3 Inx dz. (blue version)

4

. 1
Let du =23, v=Inz, u=—, dv = —dx.
x

4;&

4

1 23 1 T
3 _ — 4 —_ —_ = — 4 _—
/:E Inzdx = 4x Inz / 1 dx 41’ Inz 6 +C.

le. /;E4 Inz dx. (white version)
5

1
Let du=a2*, v=Inz, u= x—, dv = —dx.

) x

1 4 1 5
/m4lnxdm= 5x5lnx—/%dx: 5x5lnx—§—5+0.

3
x .
1d. / oY dz. (both versions)

3 d
Dividing 22 + 1 into 22 gives xQL—H =z — %—H Note %(1‘2 +1) = 2.

x3 1 2z 2 1 9

2a. /tan4xdx. (both versions)

/tan4 rdr = /tan2 z(sec?z — 1) dr = /(tan2 rsec? r — tan® ) dz

3 tand
/taanseCQxdx:/fdu:%—&—C: ar; x—i—C’

using v = tanx, and

/tanzxdx:/(seCQx—l)dz:tanz—x+C’,

tan® tan®
/tan4xdﬂc: ar;m—(tanx—x)—&—C: ar;x—tanx—i—x—l—c.

or — 1
2b. / T e (both versions) 22 — 2 — 2 = (x — 2)(x + 1) and

2 —x—2
52— 1 A B Avr+A+Br—2B (A+ B)z+(A-2B)
@2+l -2 211 @-2@+D)  @-2@+D)
5=A+B, A=5-B
—-1=A—-2B=5—-B—-2B=5—-3B, -6 =-3B B=2

A=5-B=5-2=3

5r — 1 3 2
/xQ—x—2dx_/m—2dm+/x+ldx

=3z —2[+2Infz+1|+C =z —2)3*@x+1)? +C.




(both versions)

2. /did
V3 —122 -2z
3—2?—20=—(2"+20-3) = —(2* +22+1-4) = —((z+1)* —4) =4— (z +1)2

1
Let # + 1 = 2sinu, de = 2cosudu, u = sin™! (m—2|— >

2cosudu cosu du

dx /
/m_ \/4f4sin2u_ \/m_

1
=sin~* (x—;—) +C

2d /sin4 x dz. (blue version)

/sin4mdx/(sin2x)2dx/(1_CZS(2x)>2 da

= i / (1 = 2cos(2z) 4 cos®(2z)) dz

= i/ <12cos(2z)+ W) dx

du=u+C

= i/ <z — 2cos(2z) + ;cos(llx)) dx

_1 (393 ~ sin(22) + 1Sin(4x)) +C

4\ 2 2 4

3 1 1
=3%" 1 sin(2x) + D) sin(4x) + C

2d / cos? z dzx. (white version)

/cos4mdx: /((3052 x)?dr = / <1+C‘;S(25”))2 dx

- i / (1 + 2 cos(2x) + COSQ(QQU)) dx

= i/ <1+2cos(2:v)+ HC(;S(M)) dx

1 3 1
=1 / <2 + 2cos(2z) + 3 cos(4x)) dx

1/3 1sin(4
=1 (23: + sin(2z) + §Smi x)) +C

3 1 1
=3 + 1 sin(2x) + 3 sin(4x) + C



4

3(i)./ __de (both versions)
0

2 + 6z + 10
/°° dx _/°° dx _/°° dx
o 24+6x+10 Jy 22+62+9+1 Sy (x+3)2+1
@ d
= lim Y _ fim [tan™"(a + 3) — tan™" 3]

a—o0 Jq (ﬂf + 3)2 +1 a—00

Ll -1
=-—t 3
5 —tan

where we used (z + 3) = tanu and dz = sec? u du so that

dxr sec*udu _
/(x+3)2+1:/ secZ u :/du:u+C’:tan @y L

oo 2
3(ii)/0 %dw. (blue version)

$2+6m+102(x+3)2+1>0and1zsin2x20, SO

1 sin® x

> 0.
22 +6x+10 — 22+ 62 +10 —

S /OO dx /OO sin? z dz by th .
mece —— = converges, ———— converges € comparison
o 22+6a+10 8% |, 2216z +10 ses by P

theorem.

22 + 62 + 10
Since 1 > cos?z > 0, similar to the behavior of sin? x, the argument is similar
to that of the2 blue version.3
t in” ¢
4. z(t) = CO; , y(t) = SH; for t € [0, g] (blue version)
i)

oo 2
3(ii) / S (white version)
0

dy  dy/dt sin®t cost )
— = = - = —sint.
dx  dx/dt  cost(—sint)

d dy
d’y it (H) —cost 1 ;
= = = —— =csc
dx? dx/dt cost(—sint)  sint

ii)

d 2
ﬁ(ﬁ):_@, DDy -va
dr \4 2 dx? \ 4

iii) from dy/dx = —sint and d%y/dx? = csct on [0,7/2] we know the curve is
decreasing and concave up. It goes through (0,1/3) and (1/2,0).



iv)

1/2 0 d 0 4indt
A:/ ydx:/ y(t)d—gtcdt:/ SH; cost(—sint)dt
0 3

us
2

™

1/5 ot eostdi — | sint3 1
== sin” t cos = - = —.
3 Jo 3 5 lo 15

v) This applies to both blue and white versions since switching z(¢) and y(¢t) does
not change the integral.

fus 2 2 Just
2 d d 2
L:/ a + & dt:/ \/cos2tsin2t+sin4tcos2tdt
s 1
2
:/ costsint\/1+sin2tdt:/ uy/ 14 u?du
0 0

using v = sint, du = costdt, u =0 when t = 0 nd u = 1 when t = /2.
Setting u = tan @, du = sec?0df, § = 0 when v = 0 and § = 7/4 when u = 1 gives

™

L= /4 tan 6 sec 0 sec? 0 d
0

v =sech, dv =secOtanfdf, v =1 when § = 0 and v = v/2 when 0 = 7/4 gives
V2 3v2 1
L:/ Vdv= "L = (2v2-1).
1 1 3
sin® ¢ cos? t T
4. z(t) = —3 y(t) = 5 for t € {0, 5] (white version: «(t) and y(t) are

switched from the blue version)

i

dy dy/dt cost(—sint) —1
%:dm/dt: sint cost :@:_CSCt'
d (dy
d*y (d.L) csctcott cost 1 4
dz? dx/dt T sin’tcost sintsin’tsinfcost  sinit et

ii)

dy (m d’y /7
Z(E)=-va L (5)=s
dx (4) V2 dx? \ 4

iii) from dy/dz = —1/sint and d?y/dz? = csc*t on [0,7/2] we know the curve is
decreasing and concave up. It goes through (0,1/2) and (1/3,0).



iv)

1/3 /2 d /2 24
A= ydr = / y(t)idt:/ 0% ¥ sin® t cost dt
0 0 dt 0 2

1 [ 1! 1(u® WS\ |11
25/0 (1—sin2t)(sin2t)costdt:5/0 (ug—u4)du=2<1;—u5> ‘OZB.

v) See solution for blue version.

5.
i) (both versions) lim = L means that for every e > 0, there is a positive integer
n—00

N so that if n > N, then |a, — L| < e.

ii) a, = 757_:27;_112 (blue version)
a) Let f(z) = %, so a, = f(n).
Flz) = (22 + 2+ 1)(62) — (322 —1)(2z + 1)
(x2 +2+1)2
623 + 62% + 62 — (62° +32%2 —2r —1) 322 +8x+1
- (22 + 2+ 1)2 :(x2+x+1)2

For x > 0, both the numerator and denominator are positive so for z > 0, we have
f(z) is increasing and so a,, is increasing.

b)
3n% -1 L 3n?-1 3- 4
hmanfhmiflim%i 7”*3
2n° —1
i) ap = m (white version)
223
) Let f( ) ﬁ SO ap = f(n)
() = (2% + 2+ 1)(62) — (223 — 1)(32% + 1)
B (3 + 2+ 1)2
_ 62° 4 62° + 622 — (62° +22° — 322 —1)  4a® + 922 + 1
- (23 + 2+ 1)2 S (P +1)?

For x > 0, both the numerator and denominator are positive so for z > 0, we have
f(z) is increasing and so a,, is increasing.
b)

on® — 1 s 21 2-L

lim a, = lim — lim %

S 3
n— oo n—>oo’n,3—|—n+1 n—oo —5 n3—|—n—|—1 n—>001+n2+



